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ÀÍÀËÈÒÈ×ÅÑÊÀß ÒÅÎÐÈß
ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ ÓÐÀÂÍÅÍÈÉ

ÎÁ ÎÄÍÎÌ ÄÈÔÔÅÐÅÍÖÈÀËÜÍÎÌ ÓÐÀÂÍÅÍÈÈ
ÒÐÅÒÜÅÃÎ ÏÎÐßÄÊÀ ÑÎ ÑÂÎÉÑÒÂÎÌ ÏÅÍËÅÂÅ

Ò.Ê. Àíäðååâà, Í.Ñ. Áåðåçêèíà, È.Ï. Ìàðòûíîâ, Â.À. Ïðîíüêî

Ðàññìîòðèì àâòîíîìíîå äèôôåðåíöèàëüíîå óðàâíåíèå

(y′ − y2)y2y′′′ =

= (1− 1/ν)y2y′′2 + a1yy′2y′′ + a2y
′4 + a3y

3y′y′′ + a4y
2y′3 + a5y

5y′′ + a6y
4y′2, (1)

ãäå y � êîìïëåêñíîçíà÷íàÿ ôóíêöèÿ îò z , z � íåçàâèñèìàÿ êîìïëåêñíàÿ ïåðåìåííàÿ,
ν ∈ Z\{0} . Óðàâíåíèåì (1) ìîæåò áûòü îïðåäåëåíà îäíà èç êîìïîíåíò êâàäðàòè÷íîé
ñèñòåìû òðåòüåãî ïîðÿäêà.

Óðàâíåíèå (1) ýêâèâàëåíòíî ñèñòåìå
{

y′ = uy2,
(u− 1)u′′ = (1− 1/ν)u′2 − p(u)u′y − q(u)y2,

(2)

ãäå
p(u) = (2− a1 + 4/ν)u2 − (a3 + 6)u− a5,

q(u) = (2− 2a1 − a2 + 4/ν)u4 − (2a3 + a4 + 6)u3 − (2a5 + a6)u
2.

Â ñëó÷àå p(1) = q(1) = 0 Ïåíëåâå-àíàëèç óðàâíåíèÿ (1) ïðîâîäèëñÿ â [1, 2]; ïðè
ν = ∞, p(1) 6= 0 � â [3, 4].

Ñïðàâåäëèâà
Ëåììà 1. Äëÿ íàëè÷èÿ ñâîéñòâà Ïåíëåâå ó ñèñòåìû (2) íåîáõîäèìî âûïîëíåíèå

óñëîâèé
q(1) = νp2(1)/(ν−2)2, (1−2/ν)q′(1)+p(1)(1+p′(1)) = 0 ïðè p(1) 6= 0, ν ∈ N\{2};
p(1) = 0, 2q(1)(1 + p′(1))2 = q′ 2(1) ïðè ν = 2;
q(1) = νp2(1)/(ν − 2)2 ïðè ν = −k, k ∈ N, èëè
q(1) = 3/2p2(1) ïðè ν = −3, èëè q(1) = 5p2(1) ïðè ν = −5, èëè
q(1) = 1/2p2(1) ëèáî p(1) = 0 ïðè ν = −2.
Óñëîâèÿ ëåììû 1 ïðè ν ∈ N ñîäåðæàòñÿ â [5]. Ðåøàåòñÿ çàäà÷à íàõîæäåíèÿ íåîáõî-

äèìûõ è äîñòàòî÷íûõ óñëîâèé íàëè÷èÿ ñâîéñòâà Ïåíëåâå ó óðàâíåíèÿ (1). Ïðèâåäåì
ðåçóëüòàòû, ïîëó÷åííûå ïðè âûïîëíåíèè óñëîâèé ëåììû 1 è

2− 2a1 − a2 + 4/ν 6= 0, a6 = −2a5.

Èìååò ìåñòî
Ëåììà 2. Óðàâíåíèå (1) ïðè êàæäîì íàáîðå êîýôôèöèåíòîâ

a1 = a2 = a5 = a6 = 0, a3 = −3ν/(ν+1), a4 = ν(2ν+1)/(ν+1)2, ν ∈ Z\{−2,−1, 0}; (3)

a1 = a2 = 0, a3 = −4, a4 = −a5 = −ν, a6 = −2ν, ν ∈ Z \ {−1, 0}; (4)

ν = −8, a1 = a2 = a4 = a5 = a6 = 0, a3 = −2
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óäîâëåòâîðÿåò íåîáõîäèìûì óñëîâèÿì íàëè÷èÿ ñâîéñòâà Ïåíëåâå.
Äîêàçàíà
Òåîðåìà. 1) Óðàâíåíèå (1) ñ êîýôôèöèåíòàìè (3) ïðè ν = −k, k ∈ N \ {1, 2},

îáëàäàåò ñâîéñòâîì Ïåíëåâå.
2) Îáùåå ðåøåíèå óðàâíåíèÿ (1) ñ êîýôôèöèåíòàìè (3) ïðè ν ∈ N è ñ êîýôôèöè-

åíòàìè (4) ñîäåðæèò ïîäâèæíûå ëîãàðèôìè÷åñêèå òî÷êè âåòâëåíèÿ.
Ëèòåðàòóðà
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Î ÑÂÎÉÑÒÂÀÕ ÐÅØÅÍÈÉ ÑÈÑÒÅÌÛ
ÄÂÓÕ ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ ÓÐÀÂÍÅÍÈÉ,

ÑÎÄÅÐÆÀÙÈÕ ÏÐÎÈÇÂÎÄÍÛÅ ÂÎ ÂÒÎÐÎÉ ÑÒÅÏÅÍÈ

Å.Ð. Áàáè÷, È.Ï. Ìàðòûíîâ

Ðàññìîòðèì ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé
{

xy′2 − 2x′2 = xy4 − 6x2y2 + 4x3 + ax,

x′2y − 2xx′y′ = 4x3y − x2y3 + bx,
(1)

ãäå a, b � ïîñòîÿííûå, ïðè÷åì ðåçîíàíñû ýòîé ñèñòåìû ðàâíû r1 = −1, r2 = −2.
Ïîäñòàâëÿÿ ðÿäû

x =
1

t2
+

α

t
+

∞∑

k=0

akt
k, y =

±2

t
+

∞∑

k=0

bkt
k, t = z − z0, (2)

â óðàâíåíèÿ ñèñòåìû (1), íàéäåì

α = a0 = a1 = a4 = a5 = b0 = b1 = b2 = b5 = b6 = 0,

a2 = − 1

20
a, a3 = ∓ 1

28
b, a6 =

1

1200
a2, a7 = ± 17

12320
ab, a8 =

39

68992
b2,

b3 = ∓ 1

20
a, b4 = − 1

14
b, b7 = ± 1

4800
a2, b8 =

3

3080
ab, b9 = ± 25

34496
b2,

à îñòàëüíûå êîýôôèöèåíòû ìîæíî íàéòè ïî ðåêóððåíòíûì ôîðìóëàì. Ðÿäû (2)
ñõîäÿòñÿ â îáëàñòè 0 6= |z − z0| < δ, δ > 0.
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Èñêëþ÷àÿ èç ñèñòåìû (1) a è b , ïîëó÷èì ñèñòåìó




x′′ =
1

2

x′2

x
− 2x2 +

3

2
xy2,

y′′ = −6xy + 2y3,
(3)

ðåçîíàíñû êîòîðîé ðàâíû −1, −2, 4, 5. Ëåãêî ïðîâåðèòü, ÷òî óðàâíåíèÿ ñèñòå-
ìû (1) ÿâëÿþòñÿ ïåðâûìè èíòåãðàëàìè ñèñòåìû (3). Ïðè ýòîì êîýôôèöèåíòû a è b
áóäóò ïðîèçâîëüíûìèïîñòîÿííûìè èíòåãðèðîâàíèÿ ñèñòåìû (3), îòâå÷àþùèìè ñîîò-
âåòñòâåííî ðåçîíàíñàì 4, 5.

Èç ðàáîòû [1] ñëåäóåò, ÷òî âåðíà
Òåîðåìà 1. Îáùåå ðåøåíèå ñèñòåìû (1) ÿâëÿåòñÿ ìåðîìîðôíûì.
Èìååò ìåñòî
Òåîðåìà 2. Óïðîùåííàÿ äëÿ (1) ñèñòåìà

{
xy′2 − 2x′2 = xy4 − 6x2y2 + 4x3,

x′2y − 2xx′y′ = 4x3y − x2y3
(4)

èìååò îáùåå ðåøåíèå

x =
1

(t− c1)(t− c2)
, y = ±

(
1

t− c1

+
1

t− c2

)
, (5)

ãäå c1, c2 � ïðîèçâîëüíûå ïîñòîÿííûå.
Ëåììà. Ôóíêöèè (5) óäîâëåòâîðÿþò óñëîâèþ

(y

x

)2

− 4

x
= C, C = (c1 − c2)

2, (6)

à çíà÷èò, (6) ÿâëÿåòñÿ èíòåãðàëîì ñèñòåìû (4).
Ëèòåðàòóðà
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òûêà, âûëi÷àëüíàÿ òýõíiêà i êiðàâàííå. 2014. � 3(180). C. 54�58.

ÑÂÎÉÑÒÂÎ ÏÅÍËÅÂÅ
ÄËß ÎÄÍÎÉ ÄÈÔÔÅÐÅÍÖÈÀËÜÍÎÉ ÑÈÑÒÅÌÛ

ÂÒÎÐÎÃÎ ÏÎÐßÄÊÀ

Ò.Í. Âàíüêîâà, Å.Å. Êóëåø, Â.Ì. Ïåöåâè÷

Öåëüþäàííîé ðàáîòû ÿâëÿåòñÿ ïîèñê íåîáõîäèìûõè äîñòàòî÷íûõóñëîâèé íàëè÷èÿ
ñâîéñòâà Ïåíëåâå ó ðåøåíèé ñèñòåìû äâóõ äèôôåðåíöèàëüíûõ óðàâíåíèé

x′2 = (α1x + α2)x(y + α3)
2,

y′2 = x(y2 + β1y + β2),
(1)

ãäå |α1| + |α2| 6= 0, αi, βj � àíàëèòè÷åñêèå ôóíêöèè ïåðåìåííîé t ïðè óñëîâèè β2 =
=α2

3.
Çàïèñü P 6= 0 îçíà÷àåò, ÷òî P íå îáðàùàåòñÿ â íóëü â íåêîòîðîé îáëàñòè D .
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Ñèñòåìà (1) ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì ñèñòåìû

x′2 = (a24x
4 + a23x

3 + a22x
2 + a21x + a20) y2+

+ (a14x
4 + a13x

3 + a12x
2 + a11x + a10) y + a04x

4 + a03x
3 + a02x

2 + a01x + a00,
y′2 = (b41y

4 + b31y
3 + b21y

2 + b11y + b01)x + b40y
4 + b30y

3 + b20y
2 + b10y + b00

(2)

ñ àíàëèòè÷åñêèìè ïî t êîýôôèöèåíòàìè, ãäå

|a24|+ |a23|+ |a22|+ |a21|+ |a20| 6= 0, |b41|+ |b31|+ |b21|+ |b11|+ |b01| 6= 0.

Ñèñòåìà (2), êîãäà b41 = b31 = b21 = b11 = 0 , b01 6= 0, ðàññìàòðèâàëàñü â [1].
Ñëó÷àé, êîãäà b41 = b31 = b21 = 0 , b11 6= 0, ðàññìàòðèâàëñÿ â [2]. Ñëó÷àé, êîãäà
|b41|+ |b31| 6= 0, ðàññìàòðèâàëñÿ â [3].

Ñèñòåìà (1) ÿâëÿåòñÿ îäíîé èç 7 ñèñòåì, êîòîðûå ÿâëÿþòñÿ íåîáõîäèìûìè óñëî-
âèÿìè íàëè÷èÿ ñâîéñòâà Ïåíëåâå ó ñèñòåìû

x′2 = (a24x
4 + a23x

3 + a22x
2 + a21x + a20) y2+

+ (a14x
4 + a13x

3 + a12x
2 + a11x + a10) y + a04x

4 + a03x
3 + a02x

2 + a01x + a00,
y′2 = (y2 + b11y + b01)x + b40y

4 + b30y
3 + b20y

2 + b10y + b00

ñ àíàëèòè÷åñêèìè ïî t êîýôôèöèåíòàìè, ãäå |a24|+ |a23|+ |a22|+ |a21|+ |a20| 6= 0 [4].
Èñêëþ÷àÿ èç ñèñòåìû (1) êîìïîíåíòó x , îòíîñèòåëüíî êîìïîíåíòû y ïîñòðîèì

äèôôåðåíöèàëüíîå óðàâíåíèå. Èñïîëüçóÿ ìåòîä ìàëîãî ïàðàìåòðà è íåêîòîðûå ëåì-
ìû èç [5], [6], ïîëó÷èì äîïîëíèòåëüíûå óñëîâèÿ íà êîýôôèöèåíòû ñèñòåìû (1).

Ïîñòðîèâ óðàâíåíèå îòíîñèòåëüíî êîìïîíåíòû x è èñïîëüçóÿ ìåòîä ðåçîíàíñîâ,
òåñò Ïåíëåâå, ìåòîä ñðàâíåíèÿ ïîëó÷åííûõ óðàâíåíèé ñ óðàâíåíèÿìè, àíàëèòè÷åñêèå
ñâîéñòâà ðåøåíèé êîòîðûõ èçâåñòíû, óñòàíàâëèâàåì, ÷òî ñïðàâåäëèâà

Òåîðåìà. Äëÿ òîãî, ÷òîáû äèôôåðåíöèàëüíàÿ ñèñòåìà (1) îáëàäàëà ñâîéñòâîì
Ïåíëåâå, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû îíà äðîáíî-ëèíåéíûìïðåîáðàçîâàíèåì x, y
è àíàëèòè÷åñêîé çàìåíîé íåçàâèñèìîé ïåðåìåííîé t ïðèâîäèëàñü ê îäíîìó èç âèäîâ:

x′2 = K1(x + K2)x(y + α3)
2,

y′2 = x(y + α3)
2;

x′2 = K1e
K2tx(y + α3)

2,
y′2 = x(y + α3)

2,

ãäå K1 6= 0 , K2 � íåêîòîðûå ïîñòîÿííûå, α3 � àíàëèòè÷åñêàÿôóíêöèÿ ïåðåìåííîé t.

Ëèòåðàòóðà
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Î ÏÐÅÄÑÒÀÂËÅÍÈÈ ÐÀÖÈÎÍÀËÜÍÛÕ ÐÅØÅÍÈÉ ÓÐÀÂÍÅÍÈÉ
ÎÁÎÁÙÅÍÍÎÉ ÈÅÐÀÐÕÈÈ ÂÒÎÐÎÃÎ ÓÐÀÂÍÅÍÈß ÏÅÍËÅÂÅ

Â.È. Ãðîìàê

Èçâåñòíî, ÷òî óðàâíåíèÿ Ïåíëåâå (P1 − P6) , êîòîðûå ÿâëÿþòñÿ ðåøåíèåì êëàñ-
ñèôèêàöèîííîé ïðîáëåìû îòíîñèòåëüíî ñâîéñòâà Ïåíëåâå äëÿ îáûêíîâåííûõ äèôôå-
ðåíöèàëüíûõ óðàâíåíèé âòîðîãî ïîðÿäêà, â îáùåì ñëó÷àå îïðåäåëÿþò íîâûå òðàíñ-
öåíäåíòíûå ôóíêöèè. Ýòè ôóíêöèè íàõîäÿò ïðèëîæåíèÿ êàê â ðàçëè÷íûõ ìàòåìà-
òè÷åñêèõ ïðîáëåìàõ, òàê è â ðàçëè÷íûõ âîïðîñàõ ôèçèêè, ìàòåìàòè÷åñêîé ôèçèêè è
èãðàþò, ïî ñóòè, òàêóþ æå ðîëü â íåëèíåéíûõ ïðîáëåìàõ êàê è êëàññè÷åñêèå ñïåöè-
àëüíûå ôóíêöèè â ëèíåéíûõ ïðîáëåìàõ. Â ýòîé ñâÿçè â íàñòîÿùåå âðåìÿ ñóùåñòâóåò
îïðåäåëåííûé èíòåðåñ â èçó÷åíèè èåðàðõèé óðàâíåíèé Ïåíëåâå, êîòîðûå ÿâëÿþòñÿ
áåñêîíå÷íûìè ïîñëåäîâàòåëüíîñòÿìè íåëèíåéíûõ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé, èìåþùèõ åäèíóþ äèôôåðåíöèàëüíî�àëãåáðàè÷åñêóþ ñòðóêòóðó, ïðè ýòîì
ïåðâûìè ÷ëåíàìè òàêèõ èåðàðõèé ÿâëÿþòñÿ óðàâíåíèÿ Ïåíëåâå. Óðàâíåíèÿ èåðàð-
õèé, êàê è ñàìè óðàâíåíèÿ Ïåíëåâå, ïðè ñïåöèàëüíûõ çíà÷åíèÿõ ïàðàìåòðîâ èìåþò
ñïåöèàëüíûå êëàññû ðåøåíèé, âûðàæàþùèåñÿ ÷åðåç êëàññè÷åñêèå òðàíñöåíäåíòíûå
ôóíêöèè, à òàêæå àëãåáðàè÷åñêèå èëè äàæå ðàöèîíàëüíûå ðåøåíèÿ. Ïðè ýòîì äëÿ
ðàöèîíàëüíûõ ðåøåíèé âîçíèêàåò çàäà÷à ïðåäñòàâëåíèÿ èõ ÷åðåç ñïåöèàëüíûå ïîëè-
íîìû [1�7].

Èçâåñòíî, ÷òî ðàöèîíàëüíûå ðåøåíèÿ îáîáùåííûõ èåðàðõèé âòîðîãî óðàâíåíèÿ
Ïåíëåâå

P̃
[2N ]
2 ≡ (D + 2w) L̃N [w′ − w2]− zw − α = 0, D =

d

dz
, w = w(z), N = 1, 2, ..., (1)

è ìîäèôèöèðîâàííîãî âòîðîãî óðàâíåíèÿ Ïåíëåâå (îáîáùåííàÿ èåðàðõèÿ óðàâíåíèÿ
P34)

Ψ′′ =
(Ψ′)2

2Ψ
− 2qΨ− σ2

2Ψ
= 0, q(z) := w′(z)− w(z)2, Ψ(q(z)) := L̃N [q]− z/2, (2)

ãäå îïåðàòîð L̃N îïðåäåëÿåòñÿ ðåêóððåíòíûì ñîîòíîøåíèåì

L̃N+1[u] = D−1
(
(D3 + (4u + βN)D + 2uz)L̃N [u]

)
,

L̃1[u] = u, u = u(z)

è α, βN � ïàðàìåòðû, ìîæíî îïðåäåëèòü ÷åðåç ñïåöèàëüíûå ïîëèíîìèàëüíûå îïðå-
äåëèòåëè (äåòåðìèíàíòíîå ïðåäñòàâëåíèå Jacobi-Trudi). Ïðè ýòîì ðàöèîíàëüíûå ðå-
øåíèÿ w[N ](z, α, β), q[N ](z, σ, β), σ = α−1/2, ñóùåñòâóþò òîëüêî ïðè öåëîì α, åäèí-
ñòâåííû ïðè ôèêñèðîâàííîì β è ïðè α = m ∈ N ñïðàâåäëèâà

Òåîðåìà 1. Ðàöèîíàëüíîå ðåøåíèå N-ãî óðàâíåíèÿ èåðàðõèé (1), (2) ìîæåò áûòü
ïðåäñòàâëåíî êàê

w[N ](z,±m,β) = ±D
{

ln(τ
[N ]
m−1/τ

[N ]
m )

}
, q[N ](z,±(m + 1/2), β) = 2D2

{
ln(τ [N ]

m )
}
,
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ãäå ïîëèíîìèàëüíàÿ τ -ôóíêöèÿ τ
[N ]
m (z) åñòü (m×m)-îïðåäåëèòåëü

τ [N ]
m =

∣∣∣∣∣∣∣∣∣

p
[N ]
m (z) p

[N ]
m+1(z) . . . p

[N ]
2m−1(z)

p
[N ]
m−2(z) p

[N ]
m−1(z) . . . p

[N ]
2m−3(z)

... ... . . . ...
p

[N ]
−m+2(z) p

[N ]
−m+3(z) . . . p

[N ]
1 (z)

∣∣∣∣∣∣∣∣∣
,

ãäå ïîëèíîìû p
[N ]
m (z)

(
p

[N ]
m (z) = 0 äëÿ m < 0

)
îïðåäåëÿþòñÿ îáðàçóþùåé ôóíêöèåé

Φ(z, λ) ôîðìàëüíîãî ïàðàìåòðà λ

Φ(z, λ) =
∞∑

k=0

p
[N ]
k (z)λk, Φ(z, λ) = exp

(
zλ−

N∑

l=1

4lsN−l

2l + 1
λ2l+1

)
,

ãäå s0 = 1; sl, l = 1, . . . , N − 1, � îñíîâíûå ñèììåòðè÷åñêèå ïîëèíîìû ïàðàìåò-
ðîâ β1, . . . , βN−1. Åñëè α = m = 0, òî w[N ](z, 0, β) = 0, w[N ](z,±1, β) = ∓1/z,
q[N ](z,±1/2, β) = −2/z2.

Ñïðàâåäëèâà
Òåîðåìà 2. Ïîëèíîìû p

[N ]
m (z) óäîâëåòâîðÿþò ëèíåéíîìó ðàçíîñòíîìó óðàâíå-

íèþ ïîðÿäêà 2N + 1 è ëèíåéíîìó äèôôåðåíöèàëüíîìó óðàâíåíèþ
(4ND2N+1 + 4N−1s1D

2N−1 + ... + 4N−2sN−1D
3 − zD + m)p [N ]

m = 0, (3)

ãäå s0 = 1; sj, j = 1, ..., N − 1, � îñíîâíûå ñèììåòðè÷åñêèå ïîëèíîìû ïàðàìåòðîâ
β1, β2, . . . , βN−1, N = 2, 3, . . . .

Çàìåòèì, ÷òî â ñëó÷àå s1 = s2 = ... = sN−1 = 0, ÷òî ñîîòâåòñòâóåò ñòàöèîíàðíîé
èåðàðõèè P

[2N ]
34 , óðàâíåíèå (3) èìååò âèä

(4NDk − zD + m)p [N ]
m = 0, k = 2N + 1, (4)

äëÿ êîòîðîãî åäèíñòâåííàÿ îñîáàÿ òî÷êà z = ∞ ÿâëÿåòñÿ èððåãóëÿðíîé. Îáùåå ðå-
øåíèå óðàâíåíèÿ (4) èìååò âèä

p [N ]
m =

= c1 · 1F2N

(
−m

k
;
1

k
,
2

k
, . . . ,

k − 1

k
; ς

)
+ c2z · 1F2N

(
1−m

k
;
2

k
,
3

k
, . . . ,

k − 1

k
,
k + 1

k
; ς

)
+

+. . . + ckz
k−1 · 1F2N

(
k − 1−m

k
;
k + 1

k
,
k + 2

k
, . . . ,

2k − 1

k
; ς

)
, (5)

ãäå ς = zk(2k)−2N , ck � ïðîèçâîëüíûå ïîñòîÿííûå, à 1Fq (a; b1, b2, ..., bq; ς) � îáîáùåí-
íàÿ ãèïåðãåîìåòðè÷åñêàÿ ôóíêöèÿ, îïðåäåëÿåìàÿ

1Fq (a; b1, b2, ..., bq; ς) =
∞∑

j=1

(a)j

(b1)j · (b2)j · . . . · (bq)j

ζj

j!
,

ãäå (a)j = a(a + 1)...(a + j − 1) = Γ(a + j)/Γ(a) è Γ(·) � ãàììà ôóíêöèÿ. Åñëè m ∈
∈ Z+, êàê â íàøåì ñëó÷àå, òî îäíà èç ãèïåðãåîìåòðè÷åñêèõ ôóíêöèé, âõîäÿùèõ â (5),
îáðàùàåòñÿ â ïîëèíîì ïî z, òàê êàê â ýòîì ñëó÷àå ôóíêöèÿ

1F2N

(−m; b1, b2, ..., b2N ; zk(2k)−2N
)

åñòü ïîëèíîì z, êîòîðûé è îïðåäåëÿåò ïîëèíîì p
[N ]
m (z). Çàìåòèì, ÷òî ïðè N = 1

óðàâíåíèå (4) ñ îáùèì ðåøåíèåì (5) â ýòîì ñëó÷àå ïîëó÷åíû â [2].
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Î ÌÅÐÎÌÎÐÔÍÛÕ ÐÅØÅÍÈßÕ ËÈÍÅÉÍÛÕ ÓÐÀÂÍÅÍÈÉ,
ÑÂßÇÀÍÍÛÕ ÑÎ ÂÒÎÐÛÌ ÓÐÀÂÍÅÍÈÅÌ ÏÅÍËÅÂÅ

Å.Â. Ãðîìàê

Â ðàáîòå ðàññìàòðèâàþòñÿ àíàëèòè÷åñêèå ñâîéñòâà ðåøåíèé ëèíåéíûõ óðàâíåíèé
âòîðîãî ïîðÿäêà ñ ïîòåíöèàëîì, çàâèñÿùèì îò ìåðîìîðôíûõ ðåøåíèé âòîðîãî óðàâíå-
íèÿ Ïåíëåâå. Ìåòîäîì Ôðîáåíèóñà óñòàíîâëåíû äîñòàòî÷íûå óñëîâèÿ ìåðîìîðôíîñòè
îáùåãî ðåøåíèÿ. Óñòàíîâëåíà èíòåãðèðóåìîñòü â ðàöèîíàëüíûõ ôóíêöèÿõ ëèíåéíîãî
óðàâíåíèÿ âòîðîãî ïîðÿäêà ñ ïîòåíöèàëîì, ñâÿçàííûì ñ ðàöèîíàëüíûìè ðåøåíèÿìè
âòîðîãî óðàâíåíèÿ Ïåíëåâå.

Èçâåñòíî, ÷òî ðåøåíèÿ âòîðîãî óðàâíåíèÿ Ïåíëåâå

w′′ = 2w3 + zw + α (1)

ÿâëÿþòñÿ ìåðîìîðôíûìè ôóêöèÿìè [1, 2]. Îäíèì èç îñíîâíûõ èíñòðóìåíòîâ èññëå-
äîâàíèÿ àíàëèòè÷åñêèõ ñâîéñòâ ðåøåíèé wα = w(z, α) óðàâíåíèÿ (1) ÿâëÿåòñÿ ïðå-
îáðàçîâàíèå Áåêëóíäà, êîòîðîå ïîçâîëèëî, â ÷àñòíîñòè, äîêàçàòü òðàíñöåíäåíòíîñòü
óðàâíåíèÿ (1), à òàêæå ðàçáèòü ìíîæåñòâî ðåøåíèé íà òðè êëàññà: 1. Ðàöèîíàëüíûå
ðåøåíèÿ; 2. Ðåøåíèÿ Ýéðè; 3. Òðàíñöåíäåíòíûå ðåøåíèÿ, ò.å. ðåøåíèÿ, íå âõîäÿùèå
â ïåðâûå äâà êëàññà [3].

Ðàöèîíàëüíûå ðåøåíèÿ ñóùåñòâóþò òîëüêî ïðè α ∈ Z . Îíè ïîðîæäàþòñÿ òðè-
âèàëüíûì ðåøåíèåì w = 0 ïðè α = 0 è ïîñëåäîâàòåëüíûì ïðèìåíåíèåì ê íåìó
ïðåîáðàçîâàíèÿ Áåêëóíäà. Ïðè êàæäîì α ∈ Z ðàöèîíàëüíîå ðåøåíèå åäèíñòâåííî è
èìååò ñòðóêòóðó

w(z) =
Q′

n−1(z)

Qn−1(z)
− Q′

n(z)

Qn(z)
, α = n ∈ N,

ãäå ïîëèíîìû ßáëîíñêîãî-Âîðîáüåâà Qn = Qn(z) îïðåäåëÿþòñÿ ðåêóððåíòíûì ñîîò-
íîøåíèåì [4, 5]

Qn+1Qn−1 = zQ2
n − 4

(
QnQ′′

n − (Q′
n)2

)
, Q0 = 1, Q1 = z.

Äëÿ α = −n, n ∈ N, ðàöèîíàëüíîå ðåøåíèå w−n(z) = −wn(z) è w = 0 äëÿ α = 0.
Êàæäîå ðàöèîíàëüíîå ðåøåíèå èìååò l+ = α(α − 1)/2 è l− = α(α + 1)/2, α ∈ Z+,
ïîëþñîâ ñ âû÷åòîì 1 è −1 ñîîòâåòñòâåííî.
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Ðåøåíèÿ âòîðîãî êëàññà ïîðîæäàþòñÿ ðåøåíèÿìè óðàâíåíèé Ðèêêàòè

w′ = ε1w
2 + ε1z/2, α = ε1/2, ε2

1 = 1

ïðè ïîñëåäîâàòåëüíîì ïðèìåíåíèè ê íèì ïðåîáðàçîâàíèé Áåêëóíäà. Ýòè ðåøåíèÿ
óäîâëåòâîðÿþò óðàâíåíèÿì P -òèïà ïåðâîãî ïîðÿäêà

w′ +
n∑

j=1

Pj(z, w)wn−j = 0, α = m + 1/2, m ∈ Z

è ðàöèîíàëüíûì îáðàçîì âûðàæàþòñÿ ÷åðåç ôóíêöèè Ýéðè è åå ïðîèçâîäíûå. Ïðî-
èçâîëüíîå ðåøåíèå w(z) èç òðåòüåãî êëàññà èìååò áåñêîíå÷íîå ÷èñëî ïîëþñîâ êàê ñ
âû÷åòîì 1 , òàê è ñ âû÷åòîì −1 [3].

Çàìåòèì, ÷òî ðåøåíèå w(z) 6= 0 óðàâíåíèÿ (1) â îêðåñòíîñòè ïîëþñà z = z0 èìååò
ðàçëîæåíèå

w(z) =
ε

t
+

1

6
− εz0t− α + εz

4
t2 + ht3 +

3α + ε

72
z0t

4 + O(t5),

ãäå z − z0 = t, h � ïðîèçâîëüíàÿ ïîñòîÿííàÿ, ε2 = 1.
Èçâåñòíî, ÷òî îáùåå ðåøåíèå ëèíåéíîãî óðàâíåíèÿ u′′+(λ℘(z)+µ)u = 0, ãäå ℘(z) �

äâîÿêîïåðèîäè÷åñêàÿ ýëëèïòè÷åñêàÿ ôóíêöèÿ Âåéåðøòðàññà ñ ïåðèîäàìè ω, ω′ è
äâóêðàòíûìè ïîëþñàìè â òî÷êàõ mω+m′ω′, m′,m ∈ Z, µ � ïðîèçâîëüíîå ïîñòîÿííîå,
λ = −n(n + 1), ãäå n ∈ N (óðàâíåíèå Ëàìå), ïðåäñòàâëÿåò ñîáîé ìåðîìîðôíóþ
ôóíêöèþ [6].

Â íàñòîÿùåé ðàáîòå íà ìíîæåñòâå ðåøåíèé óðàâíåíèÿ (1) ðàññìîòðèì ëèíåéíîå
óðàâíåíèå

u′′ + (aw2 + bw + cw′ + µ)u = 0, (2)

ãäå w(z) � ôèêñèðîâàííîå ðåøåíèå óðàâíåíèÿ (1), à a, b, c, µ � ïîñòîÿííûå ïàðàìåò-
ðû. Íàñ èíòåðåñóþò óñëîâèÿ íà ïàðàìåòðû, ïðè âûïîëíåíèè êîòîðûõ îáùåå ðåøåíèå
óðàâíåíèÿ (2) ìåðîìîðôíî èëè äàæå ðàöèîíàëüíî. ßñíî, ÷òî óðàâíåíèå (2) � óðàâíå-
íèå ñ êîíå÷íûìè ðåãóëÿðíûìè îñîáûìè òî÷êàìè â ïîëþñàõ w(z) è äëÿ ïîñòðîåíèÿ
ôóíäàìåíòàëüíîé ñèñòåìû ìîæíî èñïîëüçîâàòü ìåòîä Ôðîáåíèóñà. Ïðè ýòîì ïðåäïî-
ëàãàåì, ÷òî óðàâíåíèå (2) ñ ðåãóëÿðíûìè êîíå÷íûìè îñîáûìè òî÷êàìè z = zj , êîðíè
îïðåäåëÿþùèõ óðàâíåíèé, ò.å. ïîêàçàòåëè, îòíîñÿùèåñÿ ê îñîáûì òî÷êàì z = zj , öå-
ëûå è ðàçëîæåíèÿ ðåøåíèé â îêðåñòíîñòÿõ îñîáûõ òî÷åê íå ñîäåðæàò ëîãàðèôìîâ
ln(z − zj) . Ñïðàâåäëèâà

Òåîðåìà 1. Åñëè äëÿ óðàâíåíèÿ (2), ãäå w(z) � ôèêñèðîâàííîå ðåøåíèå óðàâíå-
íèÿ (1), âûïîëíÿåòñÿ õîòÿ áû îäíî èç óñëîâèé

a) a = b = c = 0; n = p = 0;
b) a = −1, b = 0, c = 1; n = 1, p = 0;
c) a = −1, b = 0, c = −1; n = 0, p = 1,

(3)

òî îáùåå ðåøåíèå óðàâíåíèÿ (2) ìåðîìîðôíî.
Èñêëþ÷àÿ òðèâèàëüíûé ñëó÷àé (3a), â ñëó÷àÿõ (3b) è (3c) èìååì óðàâíåíèÿ

u′′ + (−w2 + ε2w
′ + µ)u = 0, ε2

2 = 1. (4)

Äëÿ òîãî, ÷òîáû îáùåå ðåøåíèå óðàâíåíèÿ (4) áûëî ðàöèîíàëüíûì, íåîáõîäèìî,
÷òîáû äëÿ ðåøåíèÿ u(z) òî÷êà z = ∞ áûëà ïîëþñîì èëè òî÷êîé ãîëîìîðôíîñòè.
Ñïðàâåäëèâà
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Òåîðåìà 2. Åñëè â óðàâíåíèè (4) µ = 0 è w(z) = Q′
n−1(z)/Qn−1(z)−Q′

n(z)/Qn(z) �
ðàöèîíàëüíîå ðåøåíèå óðàâíåíèÿ (1) ïðè α = n ∈ Z+, ãäå Qn � ïîëèíîìû ßáëîíñêîãî-
Âîðîáüåâà, òî îáùåå ðåøåíèå óðàâíåíèÿ (4) èìååò âèä u(z) = (C1Qn + C2Qn−2) /Qn−1

ïðè ε2 = 1 è u(z) = (C1Qn−1(z) + C2Qn+1(z)) /Qn(z) ïðè ε2 = −1.
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ÎÁ ÎÁÎÁÙÅÍÍÛÕ ÐÅØÅÍÈßÕ
ÂÒÎÐÎÃÎ ÓÐÀÂÍÅÍÈß ÈÅÐÀÐÕÈÈ ÐÈÊÊÀÒÈ

Å.Â. Êóçüìèíà

Â ðàáîòå [1] áûëà ïîñòðîåíà èåðàðõèÿ óðàâíåíèé, ïîðîæäåííàÿ óðàâíåíèåì Ðèêêàòè

w′(z) + γw2(z) = 0.

Ýòî óðàâíåíèÿ âèäà
Dn

Rw = 0, n = 1, 2, 3, . . . ,

ãäå DR åñòü ïðåîáðàçîâàíèå äèôôåðåíöèàëüíûõ âûðàæåíèé, äåéñòâóþùåå ïîôîðìóëå

DR =
d

dz
+ γw, z ∈ C, γ ∈ R.

Ïðè n = 2 ïîëó÷àåì âòîðîå óðàâíåíèå èç èåðàðõèè Ðèêêàòè

w′′(z) + γ2w3(z) + 3γw(z)w′(z) = 0, (1)

êîòîðîå è áóäåò ïðåäìåòîì èññëåäîâàíèÿ.
Ëåììà. Ðåøåíèå çàäà÷è Êîøè äëÿ óðàâíåíèÿ (1) ñ óñëîâèÿìè w(z0) = C1,

w′(z0) = C2 ÿâëÿåòñÿ ðàöèîíàëüíîé ôóíêöèåé è èìååò ñëåäóþùèé âèä:
1) åñëè C2 6= −1

2
γC2

1 , C2 6= −γC2
1 , òî

w(z) =
1

γ

[
1

z − a
+

1

z − b

]
, ãäå (2)

a = z0 − C1

γC2
1 + C2

+

√
−2γC2 − γ2C2

1

γ2C2
1 + γC2

, b = z0 − C1

γC2
1 + C2

−
√
−2γC2 − γ2C2

1

γ2C2
1 + γC2

,

à çíàêîì √ îáîçíà÷åíà îäíà èç âåòâåé ìíîãîçíà÷íîé àíàëèòè÷åñêîé ôóíêöèè;
2) åñëè C2 = −γC2

1 , òî

w(z) =
1

γ(z − a)
, ãäå a = z0 − 1

γC1

;
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3) åñëè C2 = −1

2
γC2

1 , òî

w(z) =
2

γ(z − a)
, ãäå a = z0 − 2

γC1

.

Ïðè äðóãîì âûáîðå âåòâè a è b ìåíÿþòñÿ ìåñòàìè.
Ðàññìîòðèì óðàâíåíèå (1) íà ïðÿìîé, ò.å. óðàâíåíèå âèäà

u′′(x) + γ2u3(x) + 3γu(x)u′(x) = 0, (3)

è çàäà÷ó Êîøè äëÿ ýòîãî óðàâíåíèÿ ñ íà÷àëüíûìè óñëîâèÿìè â òî÷êå x0 íà ïðÿ-
ìîé è âåùåñòâåííûìè C1, C2. Ïî íà÷àëüíûì óñëîâèÿì Êîøè ðåøåíèå ýòîãî óðàâíå-
íèÿ îäíîçíà÷íî îïðåäåëÿåòñÿ òîëüêî íà ÷àñòè ïðÿìîé. Íî ôîðìóëà (2) çàäàåò ôóíê-
öèþ, îäíîçíà÷íî îïðåäåëåííóþ íà âñåé ïðÿìîé, êîòîðóþ áóäåì íàçûâàòü ôîðìàëüíûì
ðåøåíèåì çàäà÷è Êîøè.

Åñëè C2
1 > −2

γ
C2, òî ôîðìàëüíîå ðåøåíèå ÿâëÿåòñÿ ãëàäêèì è åäèíñòâåííûì

îáîáùåííûì ðåøåíèåì.
Åñëè îäèí èëè äâà ïîëþñà ëåæàò íà âåùåñòâåííîé îñè, òî ôîðìàëüíîå ðåøåíèå

èìååò îñîáåííîñòè. Òàêîå ðåøåíèå áóäåì íàçûâàòü ñèíãóëÿðíûì. Åìó ñîîòâåòñòâóåò
ñåìåéñòâî îáîáùåííûõ ôóíêöèé [2]. Ïîäñòàâèòü ðàñïðåäåëåíèå â óðàâíåíèå íåëüçÿ,
òàê êàê íå îïðåäåëåíî ïðîèçâåäåíèå îáîáùåííûõ ôóíêöèé. Ïîýòîìó òðåáóåòñÿ âûÿñ-
íèòü, êàêèå èç ðàñïðåäåëåíèé, ñîîòâåòñòâóþùèõ ôîðìàëüíîìó ðåøåíèþ, è â êàêîì
ñìûñëå ìîæíî ñ÷èòàòü ðåøåíèÿìè óðàâíåíèÿ (1) íà ïðÿìîé.

Ïóñòü C1(ε), C2(ε) ∈ C, C1(ε) → C1, C2(ε) → C2 ïðè ε → 0 è C1(ε), C2(ε) òàêî-
âû, ÷òî ðåøåíèÿ wε(x) çàäà÷è Êîøèäëÿ óðàâíåíèÿ (1) ñ óñëîâèÿìè wε(x0) = C1(ε),
w′

ε(x0) = C2(ε) íå èìåþò îñîáåííîñòåé íà âåùåñòâåííîé îñè.
Îïðåäåëåíèå. Ðàñïðåäåëåíèå W áóäåì íàçûâàòü îáîáùåííûì ðåøåíèåì çàäà÷è

Êîøè äëÿ óðàâíåíèÿ (3) ñ óñëîâèÿìè u(x0) = C1, u′(x0) = C2 ïðè çàäàííîì ñïîñîáå
àïïðîêñèìàöèè íà÷àëüíûõ óñëîâèé, åñëè wε(x) ñõîäÿòñÿ ïðè ε→ 0 ê W â ñìûñëå
ñõîäèìîñòè â ïðîñòðàíñòâå D′(R).

Òåîðåìà. Åñëè C2
1 < −2

γ
C2, C2 6= −γC2

1 , òî ðåøåíèÿ çàäà÷è Êîøè äëÿ óðàâíå-
íèÿ (1), óäîâëåòâîðÿþùèå íà÷àëüíûì óñëîâèÿì wε(x0) = C1(ε), w′

ε(x0) = C2(ε), ãäå
C1(ε) → C1, C2(ε) → C2 ïðè ε → 0, èìåþò âèä

wε(x) =
1

γ

[
1

x− aε

+
1

x− bε

]
,

ãäå ïîëþñà

aε = x0 − C1(ε)

γC2
1(ε) + C2(ε)

+ qε, bε = x0 − C1(ε)

γC2
1(ε) + C2(ε)

− qε

íå ëåæàò íà âåùåñòâåííîé ïðÿìîé è aε → a, bε → b ïðè ε → 0 ,

q2
ε = − 2C2(ε) + γC2

1(ε)

γ
(
γC2

1(ε) + C2(ε)
)2 .

Ñåìåéñòâî wε(x) ïðè ε → 0 ïî÷òè âñþäó ñõîäèòñÿ ê ôîðìàëüíîìó ðåøåíèþ, çà-
äàííîìó ôîðìóëîé (2) íà ïðÿìîé.
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Â ïðîñòðàíñòâå D′(R) ñåìåéñòâî wε(x) ñõîäèòñÿ òîãäà è òîëüêî òîãäà, êîãäà
çíàêè Im a(ε) è Im b(ε) ïîñòîÿííû ïðè äîñòàòî÷íî ìàëûõ ε è, â çàâèñèìîñòè îò
ýòèõ çíàêîâ, îáîáùåííûì ðåøåíèåì ÿâëÿåòñÿ îäíî èç ÷åòûðåõ ðàñïðåäåëåíèé

W±,± =
1

γ
P

(
1

x− a

)
+

1

γ
P

(
1

x− b

)
± iπ

1

γ
δa ± iπ

1

γ
δb.

Âîçìîæíû äâà âûðîæäåííûõ ñëó÷àÿ.
1. Åñëè C2 = −γC2

1 , òî b = ∞, a = x0− 1

γC1

è, â çàâèñèìîñòè îò ñïîñîáà àïïðîê-
ñèìàöèè íà÷àëüíûõ óñëîâèé, èìååòñÿ äâà îáîáùåííûõ ðåøåíèÿ

W± =
1

γ
P

(
1

x− a

)
± iπ

1

γ
δa.

2. Åñëè C2 = −1

2
γC2

1 , òî òî÷êè a è b ñîâïàäàþò íà âåùåñòâåííîé ïðÿìîé. Â çàâè-
ñèìîñòè îò ñïîñîáà àïïðîêñèìàöèè íà÷àëüíûõ óñëîâèé ñóùåñòâóþò òðè îáîáùåííûõ
ðåøåíèÿ

W± =
2

γ
P

(
1

x− a

)
± iπ

2

γ
δa, W =

2

γ
P

(
1

x− a

)
.

Òàêèì îáðàçîì, â çàâèñèìîñòè îò íà÷àëüíûõ óñëîâèé âòîðîå óðàâíåíèå èåðàðõèè
Ðèêêàòè ìîæåò èìåòü îäíî, äâà, òðè èëè ÷åòûðå îáîáùåííûõ ðåøåíèÿ.

Ëèòåðàòóðà

1. Ãðèöóê Å.Â., Êóçüìèíà Å.Â. Èññëåäîâàíèå îáîáùåííîé èåðàðõèè óðàâíåíèÿ Ðèêêàòè íà ñâîé-
ñòâî Ïåíëåâå // Âåñí. Áðýñö. óí-òà. Ñåð. 4. Ôiçiêà. Ìàòýìàòûêà. 2017. � 2. Ñ. 64�72.

2. Âëàäèìèðîâ Â.Ñ. Îáîáùåííûå ôóíêöèè â ìàòåìàòè÷åñêîé ôèçèêå. Ì.: Íàóêà, 1979.

Î ÍÅÊÎÒÎÐÛÕ ÏÅÐÂÛÕ ÈÍÒÅÃÐÀËÀÕ
ÄÈÔÔÅÐÅÍÖÈÀËÜÍÎÃÎ ÓÐÀÂÍÅÍÈß ÒÐÅÒÜÅÃÎ ÏÎÐßÄÊÀ

Ã.Ò. Ìîæäæåð

Ðàññìîòðèì äèôôåðåíöèàëüíîå óðàâíåíèå òðåòüåãî ïîðÿäêà

y′′′ = a1
y′y′′

y
+ a2

y′3

y2
+ a3yy′′ + a4y

′2 + a5y
2y′, a5 6= 0, (1)

ãäå ai, i = 1, 5, � ïîñòîÿííûå êîýôôèöèåíòû.
Óïðîùåííûì óðàâíåíèåì ê óðàâíåíèþ (1) ÿâëÿåòñÿ óðàâíåíèå

y′′′ = a1
y′y′′

y
+ a2

y′3

y2
,

êîòîðîå èìååò õàðàêòåðèñòè÷åñêèé ìíîãî÷ëåí ϕ(λ) = 2λ2 + (a1 + 1)λ− a2 .
Îòñþäà, ñîãëàñíî [1], èìååì, ÷òî a1 + 1 = −2(λ1 + λ2), a2 = −2λ1λ2, ãäå λ1, λ2 �

êîðíè õàðàêòåðèñòè÷åñêîãî ìíîãî÷ëåíà.
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Ïðåäïîëîæèì, ÷òî óðàâíåíèå (1) èìååò ïåðâûé èíòåãðàë âåñà p1 = 2k âèäà

y2k−12y′′4 +
4∑

n=1

2n+1∑
m=1

An,my2k+2m−n−14y′2n+1−my′′4−n = K, (2)

ãäå An,m � ïðîèçâîëüíûå ïîñòîÿííûå, K � ïðîèçâîëüíàÿ ïîñòîÿííàÿ èíòåãðèðîâàíèÿ.
Ïóñòü êîðíè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ ϕ(λ) áóäóò

λ1 =
k − 8

4
, λ2 =

k(2p + 3)− 8(2p− 1)

4(2p− 1)
. (3)

Íàéäåì óñëîâèÿ íà êîýôôèöèåíòû óðàâíåíèÿ (1), ïðè êîòîðûõ îíî èìååò ïåðâûé
èíòåãðàë âèäà (2). Äëÿ ýòîãî ïðîäèôôåðåíöèðóåì (2) ñ ó÷åòîì (1). Ïîëó÷èì

4a1 + 2k − 12 + 2A1,1 = 0, 4a3 + A1,2 = 0,
(4− n)(a2An,m + a4An,m−1 + a5An,m−2) + (3− n)a3An+1,m−1+

+
(
(3− n)a1 + 2k − 15− n + 2m

)
An+1,m + (2n−m + 5)An+2,m = 0,

(4)

ãäå
n = 0, 3, m = 1, 2n + 4,

Ai,j =

{
1, åñëè i = 0, j = 1,

0, åñëè i = 0, j 6= 1; èëè j ≤ 0; èëè i > 4; èëè j > 2i + 1.

Íàéäåì ñëó÷àè, êîãäà óñëîâèÿ (4) ñîâìåñòíû, è â ðåçóëüòàòå âûäåëèì âñå êëàññû
óðàâíåíèé (1), êîòîðûå èìåþò ïåðâûå èíòåãðàëû âèäà (2) ïðè óñëîâèè (3), òî åñòü

a1 = 7− 2p + 1

2p− 1
k, a2 = −(k − 8)(k(2p + 3)− 8(2p− 1))

8(2p− 1)
. (5)

Â ÷àñòíîñòè, åñëè ïîëîæèòü p =
5

2
, a4 =

1

2
a3(k − 4), a5 = 2a2

3, òî óðàâíåíèå (1) è
ïåðâûé èíòåãðàë (2) ïðèìóò ñîîòâåòñòâåííî âèä

y′′′ = (7− 3k/2)
y′y′′

y
− 1

4
(k − 4)(k − 8)

y′3

y2
+ a3yy′′ +

1

2
a3(k − 4)y′2 + 2a2

3y
2y′, (6)

1

48k4
y2k−16

{
3k4(2yy′′ + (k − 4)y′2)4 − 4a3k

4(2yy′′ + (k − 4)y′2)
(
6(2yy′′ + (k − 4)y′2)2+

+c(18yy′′ + (5k − 36)y′2)y4
)
y2y′ + 4a2

3k
3
(
6k(2yy′′ + (k − 4)y′2)2−

−c(96y2y′′2 + 48(k − 8)yy′2y′′ + (5k2 − 96k + 384)y′4)y4
)
y4 + 32a3

3k
3
(
5k(2yy′′+

+(k − 4)y′2)y′2 + 8c(3yy′′ + (k − 6)y′2)y4
)
y6y′ − 16a4

3k
2
(
96y2y′′2+

+48(k − 2)yy′2y′′ + (17k2 − 96k + 384)y′4 − 8c(8yy′′ + (k − 16)y′2)y4
)
y8+

+256a5
3k

2(12yy′′ + (k − 24)y′2 − 4cy4)y10y′ + 512a6
3k(8yy′′ + (k − 16)y′2 − 2cy4)y12−

−4096a7
3ky14y′ − 4096a6

3y
16 + 3ck4(4yy′′ + (k − 8)y′2)(2yy′′ + (k − 4)y′2)2y4

}
= K. (7)

Åñëè ïîëîæèòü p =
29

2
, a4 =

2

7
a3(2k − 7), a5 =

4

9
a2

3, òî óðàâíåíèå (1) è ïåðâûé
èíòåãðàë (2) ïðèìóò ñîîòâåòñòâåííî âèä

y′′′ = (7− 15k/14)
y′y′′

y
− 1

7
(k − 7)(k − 8)

y′3

y2
+ a3yy′′ +

2

7
a3(2k − 7)y′2 +

4

9
a2

3y
2y′, (8)
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1

78764805k4
y2k−16

{
32805k4(7yy′′ + 2(k − 7)y′2)4 − 2187a3k

4
(
144060y3y′′3+

+3430(37k − 252)y2y′2y′′2 + 98(379k2 − 5180k + 17640)yy′4y′′ + (3613k3 − 74284k2+

+507640k − 1152480y′6)y′6
)
y2y′ − 500094a2

3k
3
(
980y3y′′3 − 210(k + 28)y2y′2y′′2−

−30(13k2 − 28k − 392)yy′4y′′ − (71k3 − 780k2 + 840k + 7840)y′6
)
y4+

+333396a3
3k

3
(
4410y2y′′2 + 1260(k − 14)yy′2y′′ − (23k2 + 2520k − 17640)y′4

)
y6y′+

+7779240a4
3k

2
(
98y2y′′2 − 28(5k + 14)yy′2y′′ − (31k2 − 280k − 392)y′4

)
y8−

−108909360a5
3k

2(14yy′′ − (k + 28)y′2)y10y′ − 33882912a6
3k(14yy′′ − (19k + 28)y′2)y12−

−474360768a7
3ky14y′ + 105413504a8

3y
16

}
= K. (9)

Òàêèì îáðàçîì, âåðíà
Òåîðåìà. Åñëè äëÿ óðàâíåíèÿ (1) âûïîëíåíû ñîîòíîøåíèÿ (5) è èìåþò ìåñòî

óñëîâèÿ
p =

5

2
, a4 =

1

2
a3(k − 4), a5 = 2a2

3,

òî óðàâíåíèå (6) ïðèìåò âèä (7).
Åñëè æå èìåþò ìåñòî óñëîâèÿ (5) è

p =
29

2
, a4 =

2

7
a3(2k − 7), a5 =

4

9
a2

3,

òî óðàâíåíèå (8) ïðèìåò âèä (9).
Ëèòåðàòóðà

1. Ìîæäæåð Ã. Ò. Ïåðâûå èíòåãðàëû îäíîãî êëàññà äèôôåðåíöèàëüíûõ óðàâíåíèé âûñøèõ ïîðÿä-
êîâ ñ ðàöèîíàëüíîé ïðàâîé ÷àñòüþ : äèñ. ... êàíä. ôèç.-ìàò. íàóê: 01.01.01. Ãðîäíî, 2006.

ÎÁ ÀÍÀËÈÒÈ×ÅÑÊÈÕ ÑÂÎÉÑÒÂÀÕ ÐÅØÅÍÈß
ÎÄÍÎÐÎÄÍÎÃÎ ÄÈÔÔÅÐÅÍÖÈÀËÜÍÎÃÎ ÓÐÀÂÍÅÍÈß

ÒÐÅÒÜÅÃÎ ÏÎÐßÄÊÀ

À.À. Ìóõèí, Â.À. Ïðîíüêî, È.Ï. Ìàðòûíîâ

Åñëè ðåøåíèå óðàâíåíèÿ

y2y′y′′′ = ay2 (y′′)2
+ by (y′)2

y′′ + c (y′)4
(1)

ïðåäñòàâèòü â âèäå

y = α (z − z0)
−s + ... + h (z − z0)

r−s , s 6= 0, (2)

òî ðåøåíèþ (2) áóäåì ñîïîñòàâëÿòü íàáîð (s, α;−1, r1, r2) . Ïðè ýòîì s äîëæíî óäîâ-
ëåòâîðÿòü ñîîòíîøåíèþ
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(a + b + c− 1) s2 + (2a + b− 3) s + a− 2 = 0. (3)

Èìååò ìåñòî
Ëåììà 1. Åñëè ïðè a 6= 0 â óðàâíåíèè (1) èìååò ìåñòî

b = 3 +
4

n
− 2a

(
1 +

1

n

)2

, c = (a− 2)

(
1 +

1

n

)2

, n∈ N, (4)

òî óðàâíåíèå (3) äàåò êðàòíûå çíà÷åíèÿ äëÿ s :

(s− n)2 = 0.

Óðàâíåíèå (1) çàìåíèì ñèñòåìîé




y′ = nuy,

u′′ =
a(u′)2

u
+ 2 (2− a) uu′ + (a− 2) u3, n∈ N.

(5)

Èìååò ìåñòî
Òåîðåìà 1. Âòîðîå óðàâíåíèå ñèñòåìû (5) èìååò ïîäâèæíûå ëîãàðèôìè÷åñêèå

îñîáûå òî÷êè.
Ñëåäñòâèå 1. Óðàâíåíèå (1) ïðè óñëîâèè (4) èìååò îáùåå ðåøåíèå ñ ëîãàðèôìè-

÷åñêèìè îñîáåííîñòÿìè.
Ïóñòü a = 0 , òîãäà óðàâíåíèå (1) ïðè óñëîâèè (4) ïðèìåò âèä

y2y′′′ =
(

3 +
4

n

)
yy′y′′ −

(
1 +

1

n

)2

(y′)3
. (6)

Ëåììà 2. Óðàâíåíèå (6) èìååò ïðîìåæóòî÷íûé èíòåãðàë

(y′)2
= y2+ 2

n (C1 ln y + C2), (7)

ãäå C1, C2 � ïðîèçâîëüíûå ïîñòîÿííûå.
Òåîðåìà 2.
1) Åñëè C1 = 0 è âûïîëíÿåòñÿ óñëîâèå n2 = C2γ

2
n , òî óðàâíåíèå (7) èìååò

äâóõïàðàìåòðè÷åñêîå ðàöèîíàëüíîå ðåøåíèå

y = γ (z − z0)
−n.

2) Åñëè C1 6= 0 , òî ðåøåíèå óðàâíåíèÿ (7) ìîæíî ïðåäñòàâèòü â âèäå

y = A exp(2v2), z − z0 = B

∫
e−

2
n

v2

dv,

ïðè÷åì C2 = −2C1 ln A, A
2
n B2C = 8.

Çàìå÷àíèå. Ïðè n = 2 çàêëþ÷åíèå òåîðåìû 2 ñîãëàñóåòñÿ ñ ðåçóëüòàòîì èç [1].
Ëèòåðàòóðà

1. ßáëîíñêèé À.È. Àíàëèòè÷åñêèå ñâîéñòâà ðåøåíèé ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé:
àâòîðåô. äèñ. ... ä-ðà ôèç.-ìàò. íàóê : 01.003. Ìèíñê, 1971.
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Î ÐÅØÅÍÈÈ ÏÐÎÁËÅÌÛ ÏÓÀÍÊÀÐÅ
ÄËß ÑÈÑÒÅÌÛ ÄÂÓÕ ÔÓÍÊÖÈÉ

Ë.À. Õâîùèíñêàÿ

Ðàññìàòðèâàåòñÿ ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé êëàññà Ôóêñà äëÿ âåêòîð-
ôóíêöèè Y (z) = (y1, y2)

dY

dz
= Y

(
U1

z − a1

+
U2

z − a2

)
(1)

ñ (2 × 2)-ìàòðèöàìè-âû÷åòàìè U1, U2 è òðåìÿ îñîáûìè òî÷êàìè a1, a2, a3 = ∞.
Òðåáóåòñÿ óêàçàòü íåâûðîæäåííûå (2 × 2)-ìàòðèöû V1, V2, V3 , îáðàçóþùèå ãðóïïó
ìîíîäðîìèè ñèñòåìû (1) è îáëàäàþùèå ñëåäóþùèìè ñâîéñòâàìè:

V1 · V2 · V3 = E è Vk ∼ exp (2πiUk) , k = 1, 2.

Ïóñòü ρk, σk � õàðàêòåðèñòè÷åñêèå ÷èñëà ìàòðèö Uk, k = 1, 2, à ρ, σ � õàðàêòå-
ðèñòè÷åñêèå ÷èñëà ìàòðèöû U1 + U2 . Â ðàáîòå [1] ïîêàçàíî, ÷òî õàðàêòåðèñòè÷åñêèå
÷èñëà ìàòðèö Uk óäîâëåòâîðÿþò íåðàâåíñòâàì

|Re (ρk − σk)| 6 1, k = 1, 2, è 0 < Re (σ − ρ) 6 1.

Òîãäà ÷èñëà
αk = exp (2πiρk) , βk = exp (2πiσk) , k = 1, 2,

α3 = exp (−2πiρ) , β3 = exp
(
2πi(1− σ)

)

ÿâëÿþòñÿ õàðàêòåðèñòè÷åñêèìè ÷èñëàìè ìàòðèö ìîíîäðîìèè V1, V2, V3 , ïðè÷åì

α1β1α2β2α3β3 = 1.

Îáîçíà÷èì sk = αk + βk, dk = αkβk , k = 1, 2, 3 . Óñòàíîâëåíî, ÷òî æîðäàíîâà
ôîðìà ìàòðèöû U1 + U2 ìîæåò áûòü òîëüêî äèàãîíàëüíîé. Ïðè ýòîì ìàòðèöà ìîæåò
ïðèâîäèòüñÿ êàê ê äèàãîíàëüíîé (ïðè σ−ρ 6= 1), òàê è ê òðåóãîëüíîé (ïðè σ−ρ = 1)
æîðäàíîâîé ôîðìå.

Òåîðåìà. Ïóñòü â óðàâíåíèè (1) ρk, σk � õàðàêòåðèñòè÷åñêèå ÷èñëà ìàòðèö
Uk, k = 1, 2, à ρ, σ � õàðàêòåðèñòè÷åñêèå ÷èñëà ìàòðèöû U1+U2, αk = exp (2πiρk),
βk = exp (2πiσk), k = 1, 2, α3 = exp (−2πiρ), β3 = exp

(
2πi(1 − σ)

)
. Òîãäà ìàòðèöû

ìîíîäðîìèè óðàâíåíèÿ (1) íàõîäÿòñÿ ïî ñëåäóþùèì ôîðìóëàì:
1) åñëè σ − ρ 6= 1 , òî

V1 =
1

α3 − β3

D−1

(
d1d3s2 − β3s1 c (α1β3 + β1α3 − d1d3s2)

1

c
(d1d3s2 − α1α3 − β1β3) α3s1 − d1d3s2

)
D,

V2 =
1

α3 − β3

D−1

(
d2d3s1 − β3s2 c (α3s2 − d2d3s2 − d2β1α

2
3)

1

c
(d2d3α1 + d2β1β

2
3 − β3s2) α3s2 − d2d3s1

)
D;

2) åñëè σ − ρ = 1 , òî

V1 = D−1




c d1 (d2α3 − s2)
(c− α1)(c− β1)

d1 (s2 − d2α3)
s1 − c


D,
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V2 = D−1




s2 − d2α3c d2 (d1α3s2 − s1)
α3c (d2α3c− s2) + 1

s1 − d1α3s2

d2α3c


D,

V3 = (V1V2)
−1,

ãäå c � ïðîèçâîëüíàÿ ïîñòîÿííàÿ, D � ëþáàÿ íåâûðîæäåííàÿ (2× 2)-ìàòðèöà.
Ïîëó÷åííûå âûøå ôîðìóëû ìîæíî èñïîëüçîâàòü ïðè ðåøåíèè çàäà÷è Ïóàíêàðå

ñ ÷åòûðüìÿ îñîáûìè òî÷êàìè, ïðåäñòàâèâ ìàòðèöó V −1
4 â âèäå ïðîèçâåäåíèÿ äâóõ

ìàòðèö äâóìÿ ñïîñîáàìè V −1
4 = V1(V2V3) è V −1

4 = (V1V2) V3 .
Ëèòåðàòóðà

1. Khvostchinskaya L., Rogosin S. On a solution method for the Riemann problem with two pairs of
unknown functions // Analytic Methods of Analysis and Di�erential Equations: AMADE-2018 (M.V. Du-
batovskaya, S.V. Rogosin Eds.) Cambridge Scienti�c Publishers, 2020. P. 79�112.

Î ÑÈÑÒÅÌÅ ÄÂÓÕ ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ ÓÐÀÂÍÅÍÈÉ
ÏÅÐÂÎÃÎ ÏÎÐßÄÊÀ, ÀÑÑÎÖÈÈÐÎÂÀÍÍÎÉ ÑÎ ÂÒÎÐÛÌ

ÓÐÀÂÍÅÍÈÅÌ ÏÅÍËÅÂÅ

Â.Â. Öåãåëüíèê

Ðàññìîòðèì ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé

wα = −wα−ε − ε
(2α− ε)ϕ′

2w′
α−ε + 2εw2

α−ε + εϕ
, (1)

wα−ε = −wα + ε
(2α− ε)ϕ′

2w′
α − 2εw2

α − εϕ
(2)

ñ íåèçâåñòíûìè ôóíêöèÿìè wα, wα−ε íåçàâèñèìîé ïåðåìåííîé z, ïðîèçâîëüíûì
ïàðàìåòðîì α, à òàêæå ïàðàìåòðîì ε2 = 1 è ïðîèçâîëüíîé àíàëèòè÷åñêîé ôóíêöèåé
ϕ(z) (ϕ′(z) 6≡ 0).

Èç ñèñòåìû (1), (2) ïðè óñëîâèè

(2α− ε)ϕ′ 6= 0 (3)

ñëåäóåò, ÷òî
w′

α − εw2
α + w′

α−ε + εw2
α−ε = 0. (4)

Èñêëþ÷àÿ èç (4) ïðè óñëîâèè (3) íåèçâåñòíóþ ôóíêöèþ wα−ε îòíîñèòåëüíî wα ïîëó-
÷èì óðàâíåíèå

w′′
α = 2w3

α + ϕwα + αϕ′ +
ϕ′′

2ϕ′
(2w′

α − 2εw2
α − εϕ). (5)

Åñëè èç (4) ïðè óñëîâèè (3) èñêëþ÷èòü íåèçâåñòíóþ ôóíêöèþ wα , òî îòíîñèòåëüíî
wα−ε ïîëó÷èì óðàâíåíèå

w′′
α−ε = 2w2

α−ε + ϕwα−ε + (α− ε)ϕ′ +
ϕ′′

2ϕ′
(2w′

α−ε + 2εw2
α−ε + εϕ). (6)

Òåîðåìà 1. Ïóñòü wα = w(z, α, ε) � ðåøåíèå óðàâíåíèÿ (5) ïðè ôèêñèðîâàííûõ
çíà÷åíèÿõ α, ε2 = 1 è óñëîâèè (3). Òîãäà ôóíêöèÿ wα−ε = w(z, α− ε) , îïðåäåëÿåìàÿ
(2), ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (6).
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Òåîðåìà 2. Ïóñòü wα−ε = w(z, α−ε) � ðåøåíèå óðàâíåíèÿ (6) ïðè ôèêñèðîâàííûõ
çíà÷åíèÿõ α , ε2 = 1 è óñëîâèè (3). Òîãäà ôóíêöèÿ wα , îïðåäåëÿåìàÿ (1), ÿâëÿåòñÿ
ðåøåíèåì óðàâíåíèÿ (5).

Ëåãêî âèäåòü, ÷òî óðàâíåíèå (6) ïîëó÷àåòñÿ èç (5) çàìåíîé ε → −ε , α → α + ε è
íàîáîðîò. Ñêàçàííîå ñïðàâåäëèâî è ïî îòíîøåíèþ ê ôîðìóëàì (2), (1).

Òàêèì îáðàçîì, ôîðìóëû (1), (2) îïðåäåëÿþò ïðÿìîå è îáðàòíîå ïðåîáðàçîâàíèå
Áåêëóíäà óðàâíåíèÿ (5).

Ïîëàãàÿ áåç îãðàíè÷åíèÿ îáùíîñòè ϕ(z) = z, èç (4) ïîëó÷àåì âòîðîå óðàâíåíèå
Ïåíëåâå

w′′
α = 2w3

α + zwα + α. (7)

Ôîðìóëû (1), (2) â ýòîì ñëó÷àå èìåþò âèä

wα = −wα−ε − ε
2α− ε

2w′
α−ε + 2εw2

α−ε + εz
, (8)

wα−ε = −wα + ε
2α− ε

2w′
α − 2εw2

α − εz
. (9)

Ïðåîáðàçîâàíèÿ (8), (9) äëÿ óðàâíåíèÿ (7) â ñëó÷àå ε = 1 ïîëó÷åíû â [1].
Íåòðóäíî óáåäèòüñÿ â òîì, ÷òî âñå ðåøåíèÿ óðàâíåíèÿ Ðèêêàòè 2w′

α = 2w2
α + εϕ

ÿâëÿþòñÿ îäíîâðåìåííî ðåøåíèÿìè óðàâíåíèÿ (5) ïðè 2α = ε .
Îòìåòèì, ÷òî óðàâíåíèå (5) â ñëó÷àå ϕ′′(z) 6≡ 0 íå ÿâëÿåòñÿ óðàâíåíèåì Ïåíëåâå�

òèïà.
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ÐÀÑÏÐÅÄÅËÅÍÈÅ ÇÍÀ×ÅÍÈÉ ÏÎÊÀÇÀÒÅËß ÏÅÐÐÎÍÀ
ÏÎ ÐÅØÅÍÈßÌ ËÈÍÅÉÍÎÉ ÄÈÔÔÅÐÅÍÖÈÀËÜÍÎÉ ÑÈÑÒÅÌÛ

Ñ ÍÅÎÃÐÀÍÈ×ÅÍÍÛÌÈ ÊÎÝÔÔÈÖÈÅÍÒÀÌÈ

Å.À. Áàðàáàíîâ, Â.Â. Áûêîâ

Äëÿ çàäàííîãî n ∈ N ÷åðåç M̃n îáîçíà÷èì êëàññ ëèíåéíûõ äèôôåðåíöèàëüíûõ
ñèñòåì

ẋ = A(t)x, x ∈ Rn, t ∈ R+ ≡ [0, +∞), (1)

ñ êóñî÷íî-íåïðåðûâíûìè êîýôôèöèåíòàìè, ÷åðåç Mn � åãî ïîäêëàññ, ñîñòîÿùèé èç
ñèñòåì, êîýôôèöèåíòû êîòîðûõ îãðàíè÷åíû íà ïîëóîñè, à ÷åðåç x(·; ξ) � ðåøåíèå
ñèñòåìû (1) ñ íà÷àëüíûì âåêòîðîì x(0; ξ) = ξ ∈ Rn. Îáîçíà÷èì ÷åðåç R := R

⊔
⊔ {−∞, +∞} ðàñøèðåííóþ ÷èñëîâóþ ïðÿìóþ ñ åñòåñòâåííûì ïîðÿäêîì è ïîðÿäêî-
âîé òîïîëîãèåé.

Íèæíèì ïîêàçàòåëåì Ïåððîíà íåíóëåâîãî ðåøåíèÿ x(·) ñèñòåìû (1) íàçûâàåò-
ñÿ [1] âåëè÷èíà

π[x(·)] = lim
t→+∞

1

t
ln ‖x(t)‖, (2)

à ôóíêöèÿ íà÷àëüíîãî âåêòîðà πA : Rn \ {0} → R, îïðåäåëÿåìàÿ ðàâåíñòâîì πA(ξ) =
= π[x(·; ξ)], � ïîêàçàòåëåì Ïåððîíà ñèñòåìû (1). Íèæíèå ïîêàçàòåëè Ïåððîíà ïðåä-
ñòàâëÿþò ñîáîé îäèí èç ìíîãî÷èñëåííûõ ïðèìåðîâ àñèìïòîòè÷åñêèõ õàðàêòåðèñòèê �
ôóíêöèîíàëîâ, îïðåäåë¼ííûõ íà ðåøåíèÿõ äèôôåðåíöèàëüíûõ ñèñòåì è îòðàæàþùèõ
òå èëè èíûå êà÷åñòâåííûå èëè àñèìïòîòè÷åñêèå èõ ñâîéñòâà. Âàæíåéøèé èç íèõ � õà-
ðàêòåðèñòè÷åñêèé ïîêàçàòåëü Ëÿïóíîâà (åãî îïðåäåëåíèå ïîëó÷àåòñÿ çàìåíîé â (2)
íèæíåãî ïðåäåëà âåðõíèì). Ïðèâåä¼ì íåêîòîðûå èçâåñòíûå ñâîéñòâà ïîêàçàòåëÿ Ïåð-
ðîíà, ïîêàçûâàþùèå åãî ïðèíöèïèàëüíûå îòëè÷èÿ îò ïîêàçàòåëÿ Ëÿïóíîâà.

À.Ì. Ëÿïóíîâûì óñòàíîâëåíî, ÷òî ÷èñëî ðàçëè÷íûõ ïîêàçàòåëåé Ëÿïóíîâà ñè-
ñòåìû èç Mn íå ïðåâîñõîäèò å¼ ðàçìåðíîñòè n. Î. Ïåððîí îáíàðóæèë [1], ÷òî äëÿ
íèæíèõ ïîêàçàòåëåé ýòî óòâåðæäåíèå íåâåðíî. Äëÿ äèàãîíàëüíûõ ñèñòåì èç Mn êî-
ëè÷åñòâî ðàçëè÷íûõ çíà÷åíèé ïîêàçàòåëÿ Ïåððîíà íå ïðåâîñõîäèò 2n− 1 [2] è ìîæåò
áûòü ëþáûì òàêèì íàòóðàëüíûì ÷èñëîì [3].

Ó íåäèàãîíàëüíûõ ñèñòåì ìíîæåñòâî çíà÷åíèé ïîêàçàòåëåé Ïåððîíà ìîæåò áûòü
óñòðîåíî ãîðàçäî ñëîæíåå: â ðàáîòå [4] ïîñòðîåíà ñèñòåìà, íèæíèå ïîêàçàòåëè ðå-
øåíèé êîòîðîé çàïîëíÿþò öåëûé îòðåçîê, à â ðàáîòå [5] äîêàçàíî, ÷òî ìíîæåñòâî S
ÿâëÿåòñÿ ìíîæåñòâîì çíà÷åíèé ïîêàçàòåëåé Ïåððîíà íåêîòîðîé ñèñòåìû A ∈Mn òî-
ãäà è òîëüêî òîãäà, êîãäà S � îãðàíè÷åííîå ñóñëèíñêîå ìíîæåñòâî, ñîäåðæàùåå ñâîþ
òî÷íóþ âåðõíþþ ãðàíü.

Íåñìîòðÿ íà óêàçàííûå îòëè÷èÿ â ñòðîåíèè ìíîæåñòâ õàðàêòåðèñòè÷åñêèõ è íèæ-
íèõ ïîêàçàòåëåé ñèñòåì (1) ìíîæåñòâà Ëåáåãà ñóæåíèé ýòèõ ïîêàçàòåëåé íà àôôèííûå
ïîäïðîñòðàíñòâà èìåþò îïðåäåë¼ííîå ñõîäñòâî. Òàê, Í.À. Èçîáîâûì óñòàíîâëåíî [2,
6], ÷òî äëÿ ñèñòåìû A ∈ Mn è ïðîèçâîëüíîãî àôôèííîãî ïîäïðîñòðàíñòâà Πk ðàç-
ìåðíîñòè k ( 1 6 k 6 n ) â Rn ìíîæåñòâî

P (Πk) ≡
{
ξ ∈ Πk \ {0} : π(ξ) < sup

ζ∈Πk\{0}
π(ζ)

}
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èìååò íóëåâóþ k -ìåðíóþ ìåðó Ëåáåãà, ò.å.

mes P (Πk) = 0. (3)

Äðóãèìè ñëîâàìè, ìíîæåñòâî ïîêàçàòåëåé Ïåððîíà ðåøåíèé ñ íà÷àëüíûìè âåêòîðàìè
èç àôôèííîé ïëîñêîñòè Πk ñîäåðæèò ñâîé ñóïðåìóì, è äëÿ ïî÷òè âñåõ ïî ìåðå Ëåáåãà
íà÷àëüíûõ âåêòîðîâ èç Πk ðåøåíèÿ, èç íèõ âûõîäÿùèå, èìåþò ïîêàçàòåëü Ïåððîíà,
ðàâíûé ýòîìó ñóïðåìóìó.

Äëÿ îäíîìåðíûõ àôôèííûõ ïîäïðîñòðàíñòâ ïðèâåä¼ííîå ñâîéñòâî ìîæåò áûòü
óñèëåíî [7]: äëÿ ëþáîé àôôèííîé ïðÿìîé Π1 ìíîæåñòâî P (Π1) ÿâëÿåòñÿ ìíîæåñòâîì
íóëåâîé lnν |ln(·)| -ìåðû Õàóñäîðôà ïðè âñÿêîì ν < −1.

Ëåãêî ïîêàçûâàåòñÿ [8], ÷òî ìíîæåñòâî P (Π1) ÿâëÿåòñÿ Gδσ -ìíîæåñòâîì, à ôóíê-
öèÿ πA � ôóíêöèåé âòîðîãî êëàññà Áýðà. Ýòè óòâåðæäåíèÿ è ïðèâåä¼ííîå âûøå óòâåð-
æäåíèå èç [7] íåóëó÷øàåìû [8]: äëÿ ëþáîãî n > 2 ñóùåñòâóåò òàêàÿ ñèñòåìà A ∈Mn,
÷òî äëÿ íåêîòîðîé ïðÿìîé Π1 ìíîæåñòâî P (Π1) � òî÷íîå Gδσ -ìíîæåñòâî áåñêîíå÷-
íîé ln−1|ln(·)| -ìåðû Õàóñäîðôà, à ôóíêöèÿ πA � ôóíêöèÿ òî÷íîãî âòîðîãî êëàññà
Áýðà.

À.Ã. Ãàðãÿíö [9] îáíàðóæèë, ÷òî äëÿ ñèñòåì èç M̃n\Mn ïðè n > 2 ñâîéñòâî (3), âî-
îáùå ãîâîðÿ, íå èìååò ìåñòà. Îí òàêæå óñòàíîâèë [10], ÷òî ñâîéñòâî (3) èìååò ìåñòî äëÿ
âñåõ ñèñòåì A ∈ M̃n, êîýôôèöèåíòû êîòîðûõ ðàñòóò ìåäëåííåå ëþáîé ýêñïîíåíòû:

lim
t→+∞

t−1 ln ‖A(t)‖ 6 0.

Ñòàâèòñÿ çàäà÷à òåîðåòèêî-ìíîæåñòâåííîãî îïèñàíèÿ äëÿ êàæäîãî íàòóðàëüíîãî
n êëàññà ôóíêöèé P̃n = {πA : A ∈ M̃n}.

Â [11] äîêàçàíî, ÷òî äëÿ ëþáîãî n > 2 êëàññ P̃n ñîäåðæèò âñå íåïðåðûâíûå ôóíê-
öèè f : Rn \ {0} → R, óäîâëåòâîðÿþùèå óñëîâèþ

f(cξ) = f(ξ), ξ ∈ Rn \ {0}, c ∈ R1 \ {0}. (4)

Ýòîò ðåçóëüòàò ïåðåíåñ¼í â [12] íà ïîëóíåïðåðûâíûå ñâåðõó ôóíêöèè.
Ïîëíîå îïèñàíèå êëàññà P̃n äëÿ ëþáîãî n > 2 äà¼ò ñëåäóþùàÿ
Òåîðåìà. Ôóíêöèÿ f : Rn \ {0} →R ïðèíàäëåæèò êëàññó P̃n ïðè n > 2, åñëè è

òîëüêî åñëè îíà óäîâëåòâîðÿåò óñëîâèþ (4) è äëÿ ëþáîãî r ∈ R ïðîîáðàç f−1
(
[−∞, r]

)

ÿâëÿåòñÿ Gδ -ìíîæåñòâîì. Êëàññ P̃1 ñîñòîèò èç âñåõ ïîñòîÿííûõ ôóíêöèé
R1 \ {0} → R.
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Î ÌÍÎÆÅÑÒÂÀÕ ÊÈÍÅÌÀÒÈ×ÅÑÊÎÃÎ È ÎÁÎÁÙ�ÍÍÎ
ÊÈÍÅÌÀÒÈ×ÅÑÊÎÃÎ ÏÎÄÎÁÈß ÌÀÒÐÈ×ÍÎÇÍÀ×ÍÛÕ

ÔÓÍÊÖÈÉ Ñ ÂÅÙÅÑÒÂÅÍÍÛÌ ÏÀÐÀÌÅÒÐÎÌ-ÌÍÎÆÈÒÅËÅÌ

Å.Á. Áåêðÿåâà, Í.Ñ. Íèïàðêî

Äëÿ çàäàííîãî n ∈ N ÷åðåç M̃n îáîçíà÷èì êëàññ n -ìåðíûõ ëèíåéíûõ îäíîðîäíûõ
äèôôåðåíöèàëüíûõ ñèñòåì

ẋ = A(t)x, x ∈ Rn, t ∈ R+ ≡ [0, +∞), (1)

ìàòðèöû êîýôôèöèåíòîâ A(·) : R+ → Rn×n êîòîðûõ êóñî÷íî-íåïðåðûâíû íà âðåìåí-
í�îé ïîëóîñè R+, à ÷åðåç Mn � åãî ïîäêëàññ, ñîñòîÿùèé èç ñèñòåì ñ îãðàíè÷åííûìè íà
ïîëóîñè êîýôôèöèåíòàìè, ò. å. òàêèõ, äëÿ êîòîðûõ sup{‖A(t)‖ : t ∈ R+} < +∞. ×åðåç
CM̃n è CMn îáîçíà÷àþòñÿ ïîäêëàññû êëàññîâ M̃n è Mn ñîîòâåòñòâåííî, ìàòðèöû
êîýôôèöèåíòîâ êîòîðûõ íåïðåðûâíû. Áóäåì îòîæäåñòâëÿòü ñèñòåìó (1) è å¼ ìàòðèöó
êîýôôèöèåíòîâ è âñëåäñòâèå ýòîãî ïèñàòü, íàïðèìåð, A ∈ M̃n èëè A ∈ CMn.

Ñäåëàâ â ñèñòåìå (1) ëèíåéíóþ çàìåíó ïåðåìåííûõ x = L(t)y ñ íåâûðîæäåííîé
ïðè âñåõ t ∈ R+ è êóñî÷íî-äèôôåðåíöèðóåìîé ìàòðèöåé L(·) : R+ → Rn×n, ïðèä¼ì
ê ëèíåéíîé îäíîðîäíîé äèôôåðåíöèàëüíîé ñèñòåìå

ẏ = B(t)y, y ∈ Rn, t ∈ R+, (2)

ñ ìàòðèöåé B(·), çàäàâàåìîé ðàâåíñòâîì

B(t) = L−1(t)A(t)L(t)− L−1(t)L̇(t) (3)

(ðàâåíñòâî (3) ïîíèìàåòñÿ âûïîëíåííûì âñþäó íà R+, êðîìå òåõ çíà÷åíèé t, â êîòî-
ðûõ ïðîèçâîäíàÿ L̇(t) íå ñóùåñòâóåò). Êóñî÷íî-íåïðåðûâíûå ìàòðè÷íîçíà÷íûå ôóíê-
öèè A(·) è B(·), ñâÿçàííûå ñîîòíîøåíèåì (3), íàçûâàþò êèíåìàòè÷åñêè ïîäîáíûìè
îòíîñèòåëüíî ìàòðèöû L(·), à ñèñòåìó (1) ïðèâîäèìîé ê ñèñòåìå (2) ïðåîáðàçîâà-
íèåì x = L(t)y.

Åñëè L(·) � ìàòðèöà Ëÿïóíîâà, ò.å. ìàòðèöà, äëÿ êîòîðîé

sup
t∈R+

‖L(t)‖ < +∞, sup
t∈R+

‖L−1(t)‖ < +∞, sup
t∈R+

‖L̇(t)‖ < +∞,
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òî ñèñòåìû A(·) è B(·), ìàòðèöû êîòîðûõ ñâÿçàíû ñîîòíîøåíèåì (3), íàçûâàþòñÿ
ïðèâîäèìûìè äðóã ê äðóãó, à ñàìè ìàòðèöû A(·) è B(·) � êèíåìàòè÷åñêè ïîäîáíûìè.
Åñëè æå ìàòðèöà L(·) � ìàòðèöà îáîáù¼ííîãî ïðåîáðàçîâàíèÿ Ëÿïóíîâà, ò.å. ìàòðèöà,
äëÿ êîòîðîé

lim
t→+∞

t−1 ln ‖L(t)‖ = 0, lim
t→+∞

t−1 ln ‖L−1(t)‖ = 0,

òî ñèñòåìû A(·) è B(·), ìàòðèöû êîòîðûõ ñâÿçàíû ñîîòíîøåíèåì (3), íàçûâàþò-
ñÿ îáîáù¼ííî ïðèâîäèìûìè äðóã ê äðóãó, à ñàìè ìàòðèöû A(·) è B(·) � îáîáù¼ííî
êèíåìàòè÷åñêè ïîäîáíûìè. Ñëåäóÿ ðàáîòå [1], êèíåìàòè÷åñêîå ïîäîáèå ìàòðèö A(·)
è B(·) îáîçíà÷àåì êàê A(·) c∼ B(·), à èõ îáîáù¼ííî êèíåìàòè÷åñêîå ïîäîáèå � êàê
A(·) gc∼ B(·). Òàê êàê ìû îòîæäåñòâëÿåì ñèñòåìó è çàäàþùóþ å¼ ìàòðèöó êîýôôèöèåí-
òîâ, òî äàëåå î ïðèâîäèìûõ (îáîáù¼ííî ïðèâîäèìûõ) äðóã ê äðóãó ñèñòåìàõ ìû áóäåì
ãîâîðèòü òàêæå êàê î êèíåìàòè÷åñêè (îáîáù¼ííî êèíåìàòè÷åñêè) ïîäîáíûõ ñèñòåìàõ.
Î÷åâèäíî, ÷òî îòíîøåíèÿ êèíåìàòè÷åñêîãî ïîäîáèÿ è îáîáù¼ííîãî êèíåìàòè÷åñêîãî
ïîäîáèÿ ÿâëÿþòñÿ îòíîøåíèÿìè ýêâèâàëåíòíîñòè.

Åñëè L(·) � òîæäåñòâåííî ïîñòîÿííàÿ ìàòðèöà, òî ðàâåíñòâî (3) ïðèâîäèò ê îáû÷-
íîìó ïîäîáèþ ìàòðèö, êîòîðîå â ýòîì ñëó÷àå íàçûâàþò òàêæå [2, ñ. 93] ñòàòè÷åñêèì
ïîäîáèåì. Î÷åâèäíî, ÷òî ñòàòè÷åñêè ïîäîáíûå ìàòðèöû îñòàþòñÿ ñòàòè÷åñêè ïîäîá-
íûìè ïîñëå óìíîæåíèÿ èõ íà îäèí è òîò æå ñêàëÿð. Äëÿ îòíîøåíèÿ êèíåìàòè÷åñêîãî
ïîäîáèÿ ýòî, åñëè n > 2, âîîáùå ãîâîðÿ, íå òàê: â [1] ïîñòðîåí ïðèìåð òàêèõ êèíå-
ìàòè÷åñêè ïîäîáíûõ ìàòðèö A(·) è B(·) èç M2, ÷òî, íàïðèìåð, ìàòðèöû 2−1A(·)
è 2−1B(·) íå ÿâëÿþòñÿ êèíåìàòè÷åñêè ïîäîáíûìè. Îáîáùàÿ ýòó ñèòóàöèþ, ââåä¼ì
ñëåäóÿ [1] è [3], ñëåäóþùèå îïðåäåëåíèÿ.

Äëÿ ïàðû ìàòðèö
(
A(·), B(·)) ∈ M̃n × M̃n íàçîâ¼ì å¼ ìíîæåñòâîì êèíåìàòè-

÷åñêîãî ïîäîáèÿ ìíîæåñòâî c(A,B) òåõ µ ∈ R, äëÿ êîòîðûõ µA(·) c∼ µB(·), à ìíî-
æåñòâîì îáîáù¼ííîãî êèíåìàòè÷åñêîãî ïîäîáèÿ ýòîé ïàðû ìàòðèö � ìíîæåñòâî òåõ
µ ∈ R, äëÿ êîòîðûõ µA(·) gc∼ µB(·). Òî, ÷òî äëÿ êèíåìàòè÷åñêè ïîäîáíûõ ìàòðèö A(·)
è B(·) â îáùåì ñëó÷àå ñïðàâåäëèâî íåðàâåíñòâî gc(A,B) 6= R, âûòåêàåò èç óïîìÿ-
íóòîãî âûøå ïðèìåðà èç [1]: åãî ìàòðèöû 2−1A(·) è 2−1B(·) íå òîëüêî íå ÿâëÿþòñÿ
êèíåìàòè÷åñêè ïîäîáíûìè, íî è íå ÿâëÿþòñÿ îáîáù¼ííî êèíåìàòè÷åñêè ïîäîáíûìè.

Êàê ñëåäóåò èç ðàáîòû [1], êëàññ ìíîæåñòâ {c(A,B) : A(·), B(·) ∈ M̃n}, åñëè n > 2,
ñîâïàäàåò ñ êëàññîì Fσ -ìíîæåñòâ ÷èñëîâîé ïðÿìîé, ñîäåðæàùèõ íóëü. Äåñêðèïòèâíî-
ìíîæåñòâåííàÿ õàðàêòåðèçàöèÿ êëàññà {gc(A,B) : A(·), B(·) ∈ M̃n} â íàñòîÿùåå âðå-
ìÿ íå èçâåñòíà. Âìåñòå ñ òåì î÷åâèäíî âêëþ÷åíèå c(A,B) ⊂ gc(A,B), êîòîðîå, êàê
ïîêàçàíî â [3], ÿâëÿåòñÿ, âîîáùå ãîâîðÿ, ñîáñòâåííûì: äëÿ êàæäîãî n > 2 ñóùåñòâóþò
òàêèå ñèñòåìû A(·), B(·) ∈ CMn, ÷òî gc(A,B)\c(A,B) 6= ∅. Â ðàáîòå [4] ýòî óòâåðæ-
äåíèå óñèëåíî äî ñëåäóþùåãî: äëÿ êàæäîãî n > 2 íàéäóòñÿ ñèñòåìû A(·), B(·)∈CMn,
äëÿ êîòîðûõ ðàçíîñòü gc(A,B) \ c(A,B) íå ìåíåå, ÷åì ñ÷¼òíà.

Ðåçóëüòàòû ðàáîò [3] è [4] ñîäåðæèò ñëåäóþùàÿ
Òåîðåìà. Äëÿ êàæäîãî n > 2, ñóùåñòâóþò òàêèå ñèñòåìû A(·), B(·) ∈ CMn,

äëÿ êîòîðûõ ðàçíîñòü gc(A,B) \ c(A,B) ÿâëÿåòñÿ ìíîæåñòâîì òî÷íîãî ïåðâîãî
áîðåëåâñêîãî êëàññà.
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ÏÐÈÌÅÐ ÄÈÔÔÅÐÅÍÖÈÀËÜÍÎÉ ÑÈÑÒÅÌÛ, ÎÁËÀÄÀÞÙÅÉ
ËßÏÓÍÎÂÑÊÎÉ ÃËÎÁÀËÜÍÎÉ ÍÅÓÑÒÎÉ×ÈÂÎÑÒÜÞ,

ÍÎ ÏÅÐÐÎÍÎÂÑÊÎÉ È ÂÅÐÕÍÅÏÐÅÄÅËÜÍÎÉ
ÃËÎÁÀËÜÍÎÉ ÓÑÒÎÉ×ÈÂÎÑÒÜÞ

À.À. Áîíäàðåâ

Íàñòîÿùèé äîêëàä ïîñâÿù¼í íåäàâíî ââåä¼ííîìó [1] ïîíÿòèþ êà÷åñòâåííîé òåîðèè
äèôôåðåíöèàëüíûõ óðàâíåíèé, à èìåííî, óñòîé÷èâîñòè ïî Ïåððîíó. Îí ÿâëÿåòñÿ
ïðîäîëæåíèåì öèêëà ðàáîò àâòîðà [2�4], óñèëèâàÿ èõ ðåçóëüòàòû:

1) ðàáîòà [2] èñïðàâëÿëà íåäîñòàòîê, óêàçàííûé â çàìå÷àíèè 4 ê òåîðåìå 1 [5], íî
ïîñòðîåííàÿ â íåé ñèñòåìà îáëàäàëà îãðàíè÷åííûì íà âñåé ïîëóîñè âðåìåíè (õîòÿ è
íåíóëåâûì) ëèíåéíûì ïðèáëèæåíèåì âäîëü íóëåâîãî ðåøåíèÿ;

2) â ðàáîòå [3] ïîñòðîåíà ñèñòåìà, îáëàäàþùàÿ òåìè æå ñâîéñòâàìè, íî óæå ñ íó-
ëåâûì ëèíåéíûì ïðèáëèæåíèåì;

3) â ðàáîòå [4] ýòîò ðåçóëüòàò áûë åù¼ áîëåå óñèëåí òåì, ÷òî ïîñòðîåííàÿ â íåé ñèñ-
òåìà îáëàäàëà êàê ïåððîíîâñêîé, òàê è âåðõíåïðåäåëüíîé ïîëíîé íåóñòîé÷èâîñòüþ
(à çíà÷èò, è ëÿïóíîâñêîé ãëîáàëüíîé íåóñòîé÷èâîñòüþ) è îäíîâðåìåííî ñ ýòèì äà-
æå ìàññèâíîé ÷àñòíîé óñòîé÷èâîñòüþ (â îòëè÷èå îò âñåõ ïðèìåðîâ, ðàññìîòðåííûõ
âûøå).

Íèæåñëåäóþùåå óñèëåíèå ïåðå÷èñëåííûõ ðåçóëüòàòîâ ñîñòîèò â ïîñòðîåíèè ñèñòå-
ìû, îáëàäàþùåé ëÿïóíîâñêîé ãëîáàëüíîé íåóñòîé÷èâîñòüþ, íî ïðè ýòîì êàê ïåððî-
íîâñêîé, òàê è âåðõíåïðåäåëüíîé ãëîáàëüíîé óñòîé÷èâîñòüþ.

Äëÿ ÷èñëà n ∈ N â ïðîñòðàíñòâå Rn ñ åâêëèäîâîé íîðìîé | · | ðàññìàòðèâàåì
äèôôåðåíöèàëüíûå ñèñòåìû

ẋ = f(t, x), t ∈ R+ ≡ [0, +∞), x ≡ (x1, . . . , xn)T , (1)

ïðàâûå ÷àñòè êîòîðûõ óäîâëåòâîðÿþò óñëîâèÿì

f : R+ × Rn → Rn, f, f ′x ∈ C(R+ × Rn), f(t, 0) = 0, t ∈ R+, (2)

à çíà÷èò, îáåñïå÷èâàþò ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèé çàäà÷ Êîøè
è äîïóñêàþò íóëåâîå ðåøåíèå.

Òåîðåìà. Ïðè n = 2 ñóùåñòâóåò ñèñòåìà (1), êîòîðàÿ èìååò ïðàâóþ ÷àñòü,
óäîâëåòâîðÿþùóþ óñëîâèÿì (2) è

f ′x(t, 0) = 0, t ∈ R+,

è îáëàäàþùàÿ ñëåäóþùèìè äâóìÿ ñâîéñòâàìè:
1) äëÿ âñåõ ðåøåíèé x ñèñòåìû (1) ñïðàâåäëèâî ðàâåíñòâî

lim
t→+∞

|x(t)| = 0;
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2) äëÿ êàæäîãî íåíóëåâîãî ðåøåíèÿ x ñèñòåìû (1) ñóùåñòâóåò òàêîé ìîìåíò
t0 ∈ R+, ÷òî

|x(t0)| > 1.

Òàêèì îáðàçîì, âñå ðåøåíèÿ îïèñàííîé ñèñòåìû ïðè t → +∞ ñòðåìÿòñÿ ïî íîðìå
ê íóëþ, íî ïðè ýòîì ôàçîâàÿ êðèâàÿ êàæäîãî íåíóëåâîãî ðåøåíèÿ õîòÿ áû îäíàæäû
ïîêèäàåò 1-îêðåñòíîñòü íà÷àëà êîîðäèíàò.

Çàìåòèì, ÷òî ïîëó÷åííûé ðåçóëüòàò íå ðàñïðîñòðàíÿåòñÿ íà àâòîíîìíûå ñèñòåìû,
äëÿ êîòîðûõ ñâîéñòâà ãëîáàëüíîé íåóñòîé÷èâîñòè ñðàçó âñåõ ïåðå÷èñëåííûõ òèïîâ (è
ïåððîíîâñêîãî, è âåðõíåïðåäåëüíîãî, è ëÿïóíîâñêîãî), ñîãëàñíî òåîðåìå 5 èç ðàáî-
òû [6], íåðàçëè÷èìû.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ôîíäà ðàçâèòèÿ òåîðåòè÷åñêîé ôèçèêè è ìàòå-
ìàòèêè ¾ÁÀÇÈÑ¿ (ïðîåêò 21-8-2-4-1).
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ÒÎ×ÍÛÉ ÁÝÐÎÂÑÊÈÉ ÊËÀÑÑ
ÀÑÈÌÏÒÎÒÈ×ÅÑÊÎÉ ÒÎÏÎËÎÃÈ×ÅÑÊÎÉ ÝÍÒÐÎÏÈÈ

ÍÅÀÂÒÎÍÎÌÍÛÕ ÄÈÍÀÌÈ×ÅÑÊÈÕ ÑÈÑÒÅÌ,
ÍÅÏÐÅÐÛÂÍÎ ÇÀÂÈÑßÙÈÕ ÎÒ ÏÀÐÀÌÅÒÐÀ

À.Í. Âåòîõèí

Ïóñòü (X, d) � êîìïàêòíîå ìåòðè÷åñêîå ïðîñòðàíñòâî, à F ≡ (f1, f2, . . . ) �
ïîñëåäîâàòåëüíîñòü íåïðåðûâíûõ îòîáðàæåíèé èç X â X. Äëÿ êàæäîãî íàòóðàëüíî-
ãî n îáîçíà÷èì ÷åðåç Fn ïîäïîñëåäîâàòåëüíîñòü (fn, fn+1, . . . ) ïîñëåäîâàòåëüíîñòè F.
Íàðÿäó ñ èñõîäíîé ìåòðèêîé d, îïðåäåëèì íà X äîïîëíèòåëüíóþ ñèñòåìó ìåòðèê

dFn
k (x, y) = max

06i<k
d(f ◦i(x), f ◦i(y)), f ◦i ≡ fn+(i−1) ◦ · · · ◦ fn+0 ◦ idX , x, y ∈ X, k, n ∈ N.

Äëÿ âñÿêèõ k, n ∈ N è ε > 0 îáîçíà÷èì ÷åðåç Nd(Fn, ε, k) ìàêñèìàëüíîå ÷èñëî òî-
÷åê â X, ïîïàðíûå dFn

k -ðàññòîÿíèÿ ìåæäó êîòîðûìè áîëüøå, ÷åì ε. Òîãäà òîïîëî-
ãè÷åñêàÿ ýíòðîïèÿ, âåðõíÿÿ àñèìïòîòè÷åñêàÿ òîïîëîãè÷åñêàÿ ýíòðîïèÿ è íèæíÿÿ
àñèìïòîòè÷åñêàÿ òîïîëîãè÷åñêàÿ ýíòðîïèÿ íåàâòîíîìíîé äèíàìè÷åñêîé ñèñòåìû F

îïðåäåëÿþò ôîðìóëàìè [1]

htop(F) = lim
ε→0

lim
k→+∞

1

k
ln Nd(F1, ε, k), (1)



26 ¾ÅÐÓÃÈÍÑÊÈÅ ×ÒÅÍÈß�2022¿

h
∗
top(F) = sup

n∈N
lim
ε→0

lim
k→+∞

1

k
ln Nd(Fn, ε, k), (2)

h∗top(F) = sup
n∈N

lim
ε→0

lim
k→+∞

1

k
ln Nd(Fn, ε, k). (3)

Îòìåòèì, ÷òî âåëè÷èíû (1) è (2) íå çàâèñÿò îò âûáîðà ìåòðèêè, ïîðîæäàþùåé íà X
äàííóþ òîïîëîãèþ, ïîýòîìó ôîðìóëû (1) è (2) êîððåêòíû.

Ïî ìåòðè÷åñêîìó ïðîñòðàíñòâó M è ñåìåéñòâó ïîñëåäîâàòåëüíîñòåé íåïðåðûâíûõ
îòîáðàæåíèé

F(µ, ·) ≡ (f1(µ, ·), f2(µ, ·), . . . ), µ ∈ M, fi : M×X → X, i ∈ N, (4)

îáðàçóåì ôóíêöèè
µ 7→ htop(F(µ, ·)), (5)

µ 7→ h
∗
top(F(µ, ·)), (6)

µ 7→ h∗top(F(µ, ·)). (7)

Äëÿ ïðîèçâîëüíûõ M, X è ñåìåéñòâà ñòàöèîíàðíûõ ïîñëåäîâàòåëüíîñòåé (4) ôóíê-
öèÿ (5) ïðèíàäëåæèò âòîðîìó êëàññó Áýðà [2], à åñëè M, X � ìíîæåñòâà Êàíòîðà íà
îòðåçêå [0, 1], òî äëÿ íåêîòîðîãî ñåìåéñòâà ñòàöèîíàðíûõ ïîñëåäîâàòåëüíîñòåé (4)
ôóíêöèÿ (5) âñþäó ðàçðûâíà è íå ïðèíàäëåæèò ïåðâîìó êëàññó Áýðà [3].

Äëÿ ïðîèçâîëüíûõ M, X è ëþáîãî ñåìåéñòâà (4) ôóíêöèÿ (5) ïðèíàäëåæèò òðå-
òüåìó êëàññó Áýðà [4], à åñëè X � îòðåçîê ïðÿìîé è M � ìíîæåñòâî èððàöèîíàëüíûõ
÷èñåë íà îòðåçêå [0, 1], òî äëÿ íåêîòîðîãî ñåìåéñòâà (4) ôóíêöèÿ (5) âñþäó ðàçðûâíà
è íå ïðèíàäëåæèò âòîðîìó êëàññó Áýðà [5]. Àíàëîãè÷íûå ðåçóëüòàòû âåðíû è äëÿ
ôóíêöèè (6).

Òåîðåìà 1. Äëÿ ëþáûõ M, X è ñåìåéñòâà (4) ôóíêöèÿ (5) ïðèíàäëåæèò òðå-
òüåìó êëàññó Áýðà íà M.

Òåîðåìà 2. Åñëè X � êàíòîðîâî ñîâåðøåííîå ìíîæåñòâî, à M � ìíîæåñòâî
èððàöèîíàëüíûõ ÷èñåë íà îòðåçêå [0, 1] ñî ñòàíäàðòíîé ìåòðèêîé, òî äëÿ íåêîòî-
ðîãî ñåìåéñòâà (4) ôóíêöèÿ (6) âñþäó ðàçðûâíà è íå ïðèíàäëåæèò âòîðîìó êëàññó
Áýðà íà M.

Äëÿ ôóíêöèè (7) ñïðàâåäëèâà
Òåîðåìà 3. Äëÿ ëþáûõ M, X è ñåìåéñòâà (4) ôóíêöèÿ (7) ïðèíàäëåæèò âòî-

ðîìó êëàññó Áýðà íà M, ïðè÷�åì ìíîæåñòâî òî÷åê å�å ïîëóíåïðåðûâíîñòè ñâåðõó
èìååò òèï Gδ (â ñëó÷àå ïîëíîòû ïðîñòðàíñòâà M � åù�å è âñþäó ïëîòíî â í�åì).

Èç ðåçóëüòàòà ðàáîòû [3] ïîëó÷àåì
Òåîðåìà 4. Åñëè M è X � êàíòîðîâû ñîâåðøåííûå ìíîæåñòâà íà îòðåçêå [0, 1]

ñî ñòàíäàðòíîé ìåòðèêîé, òî äëÿ íåêîòîðîãî ñåìåéñòâà (4) ôóíêöèÿ (7) âñþäó ðàç-
ðûâíà è íå ïðèíàäëåæèò ïåðâîìó êëàññó Áýðà íà M.
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Î ÏÎÃËÎÙÀÅÌÎÑÒÈ ÐÅØÅÍÈÉ
ÑÒÀÖÈÎÍÀÐÍÛÕ ËÈÍÅÉÍÛÕ ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ

ÓÐÀÂÍÅÍÈÉ Ñ ÏÐÎÈÇÂÎÄÍÎÉ ÕÓÊÓÕÀÐÛ
À.Ñ. Âîéäåëåâè÷

Ñîãëàñíî îïðåäåëåíèþ, ðåøåíèÿ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ
ïðîèçâîäíîé Õóêóõàðû [1; 2, ñ. 14] ïðè êàæäîì çíà÷åíèè íåçàâèñèìîé ïåðåìåííîé ÿâ-
ëÿþòñÿ êîìïàêòíûìè âûïóêëûìè ìíîæåñòâàìè. Ïîýòîìó èññëåäîâàíèå ñâîéñòâ ðåøå-
íèé òàêèõ óðàâíåíèé âêëþ÷àåò â ñåáÿ èçó÷åíèå èçìåíåíèÿ è àñèìïòîòè÷åñêîãî ïîâåäå-
íèÿ êàê ôóíêöèé íåçàâèñèìîé ïåðåìåííîé ãåîìåòðè÷åñêèõ õàðàêòåðèñòèê ìíîæåñòâ,
ÿâëÿþùèõñÿ çíà÷åíèÿìè ðåøåíèé. Òàê, íàïðèìåð, â ðàáîòå [3] âû÷èñëåíû ïîêàçàòåëè
Ëÿïóíîâà ðàäèóñîâ âïèñàííûõ è îïèñàííûõ ñôåð ðåøåíèé ëèíåéíûõ ñòàöèîíàðíûõ
äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ïðîèçâîäíîé Õóêóõàðû, à â ðàáîòå [4] äàíî ïîëíîå
îïèñàíèå ëèíåéíûõ ñòàöèîíàðíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ïðîèçâîäíîé Õó-
êóõàðû, ñîõðàíÿþùèõ ìíîãîãðàííèêè, ò.å. òàêèõ óðàâíåíèé, ÷òî ëþáîå èõ ðåøåíèå,
êîòîðîå ïðè íà÷àëüíîì çíà÷åíèè íåçàâèñèìîé ïåðåìåííîé ÿâëÿåòñÿ ìíîãîãðàííèêîì,
îñòà¼òñÿ ìíîãîãðàííèêîì è äëÿ âñåõ ïîñëåäóþùèõ çíà÷åíèé. Íàêîíåö, â ðàáîòå [5]
ïîëó÷åíî ïîëíîå îïèñàíèå ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ïðîèçâîäíîé
Õóêóõàðû, ñîõðàíÿþùèõ ñâîéñòâî ðåøåíèé áûòü ìíîæåñòâàìè ïîñòîÿííîé øèðèíû,
ò.å. òàêèõ óðàâíåíèé, ÷òî ëþáîå èõ ðåøåíèå, êîòîðîå ïðè íà÷àëüíîì çíà÷åíèè íåçà-
âèñèìîé ïåðåìåííîé ÿâëÿåòñÿ ìíîæåñòâîì ïîñòîÿííîé øèðèíû, îñòà¼òñÿ ìíîæåñòâîì
ïîñòîÿííîé øèðèíû è äëÿ âñåõ ïîñëåäóþùèõ çíà÷åíèé.

Èçó÷åíèþ õàðàêòåðèñòèê ðåøåíèé ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ïðî-
èçâîäíîé Õóêóõàðû ïîñâÿù¼í è íàñòîÿùèé äîêëàä, íî, ïðåæäå ÷åì ñôîðìóëèðîâàòü
ïîëó÷åííûé ðåçóëüòàò, ïðèâåä¼ì ðÿä íåîáõîäèìûõ îïðåäåëåíèé.

Îïðåäåëåíèå 1. Ñóììîé Ìèíêîâñêîãî Z = X + Y äâóõ ìíîæåñòâ X, Y ⊂ R
íàçûâàåòñÿ ìíîæåñòâî Z

def
=

{
x + y : x ∈ X, y ∈ Y

}
.

Îïðåäåëåíèå 2. [1] Ìíîæåñòâî Z ⊂ Rd òàêîå, ÷òî X = Y + Z, ãäå X, Y ⊂ Rd,
íàçûâàåòñÿ ðàçíîñòüþ Õóêóõàðû ìíîæåñòâ X, Y è îáîçíà÷àåòñÿ êàê Z = X − Y.

×åðåç B
def
=

{
x ∈ Rd : ‖x‖ 6 1

}
îáîçíà÷èì çàìêíóòûé øàð åäèíè÷íîãî ðàäèó-

ñà ñ öåíòðîì â íà÷àëå êîîðäèíàò. ×åðåç Ω(Rd) îáîçíà÷èì ñåìåéñòâî âñåõ íåïóñòûõ
îãðàíè÷åííûõ ïîäìíîæåñòâ ïðîñòðàíñòâà R.

Îïðåäåëåíèå 3. Ðàññòîÿíèåì Õàóñäîðôà h(·, ·) íà ìíîæåñòâå Ω(Rd) íàçûâàåòñÿ
âåëè÷èíà h(X,Y )

def
= inf

{
r > 0 : X ⊂ Y + rB, Y ⊂ X + rB

}
, X, Y ∈ Ω(Rd).

Ñîâîêóïíîñòü âñåõ íåïóñòûõ âûïóêëûõ êîìïàêòíûõ ïîäìíîæåñòâ ïðîñòðàíñòâà
Rd îáîçíà÷èì ÷åðåç Kc(Rd). Ñîãëàñíî òåîðåìå Õàíà ïàðà

(
Kc(Rd), h

)
� ïîëíîå ìåò-

ðè÷åñêîå ïðîñòðàíñòâî. ×åðåç I ⊂ R îáîçíà÷èì êàêîé-ëèáî èíòåðâàë, âîîáùå ãîâîðÿ
íåîãðàíè÷åííûé.

Îïðåäåëåíèå 4. [1] Îòîáðàæåíèå X : I → Kc(R) íàçûâàåòñÿ äèôôåðåíöèðóåìûì
ïî Õóêóõàðå â òî÷êå t0 ∈ I, åñëè ïðåäåëû

lim
∆t→+0

X(t0 + ∆t)−X(t0)

∆t
, lim

∆t→+0

X(t0)−X(t0 −∆t)

∆t
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ñóùåñòâóþò è ðàâíû ìåæäó ñîáîé. Â ýòîì ñëó÷àå îáùåå çíà÷åíèå ýòèõ ïðåäåëîâ, ÿâëÿ-
þùååñÿ, î÷åâèäíî, âûïóêëûì êîìïàêòîì, îáîçíà÷àåòñÿ ÷åðåç DHX(t0) è íàçûâàåòñÿ
ïðîèçâîäíîé Õóêóõàðû îòîáðàæåíèÿ X â òî÷êå t0.

Ðàññìîòðèì ëèíåéíîå äèôôåðåíöèàëüíîå óðàâíåíèå

DHX = AX, X(t) ∈ Kc(Rd), t > 0, (1)

ñ ïîñòîÿííîé (d × d)-ìàòðèöåé êîýôôèöèåíòîâ A. Äëÿ ïðîèçâîëüíîãî ìíîæåñòâà
X0 ∈ Kc(R) ÷åðåç X(·; X0) îáîçíà÷èìðåøåíèå óðàâíåíèÿ (1) òàêîå, ÷òî X(0;X0) = X0.

Áóäåì ãîâîðèòü, ÷òî ðåøåíèå X(·) óðàâíåíèÿ (1) ïîãëîùàåò åãî äðóãîå ðåøåíèå
Y (·), åñëè íàéä¼òñÿ òàêîå T > 0, ÷òî ïðè âñåõ t > T âåðíî âêëþ÷åíèå Y (t) ⊂ X(t).
×åðåç Ad îáîçíà÷èì ìíîæåñòâî âñåõ äåéñòâèòåëüíûõ (d × d)-ìàòðèö A òàêèõ, ÷òî
äëÿ ëþáûõ âåêòîðîâ p1, p2 ∈ Rd è íåîòðèöàòåëüíûõ ÷èñåë r1 > r2 > 0 ðåøåíèå
X(·; p1+r1B) óðàâíåíèÿ (1) ïîãëîùàåò ðåøåíèå X(·; p2+r2B). Åñòåñòâåííî âîçíèêàåò
çàäà÷à îïèñàòü ìíîæåñòâî Ad.

Ëåììà. Åñëè λ � âåùåñòâåííîå ñîáñòâåííîå çíà÷åíèåìàòðèöû A ∈ Ad, òî λ< 0.
Èç ëåììû, â ÷àñòíîñòè, ñëåäóåò, ÷òî Ad ñîñòîèò èç íåâûðîæäåííûõ ìàòðèö.
Òåîðåìà.Ïóñòü λ1, λ2, . . . , λd � ñîáñòâåííûå çíà÷åíèÿ íåâûðîæäåííîé äåéñòâè-

òåëüíîé (d × d)-ìàòðèöû A. Òîãäà èç íåðàâåíñòâà min
16i6n

|λi| > max
16i6n

Re λi ñëåäóåò,
÷òî A ∈ Ad.
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ÍÅÎÁÕÎÄÈÌÎÅ ÓÑËÎÂÈÅ ÐÀÇÐÅØÈÌÎÑÒÈ
ÇÀÄÀ×È ÓÏÐÀÂËÅÍÈß ÀÑÈÍÕÐÎÍÍÛÌ ÑÏÅÊÒÐÎÌ

ËÈÍÅÉÍÛÕ ÏÎ×ÒÈ ÏÅÐÈÎÄÈ×ÅÑÊÈÕ ÑÈÑÒÅÌ
Ñ ÍÓËÅÂÛÌ ÏÐÀÂÛÌ ÂÅÐÕÍÈÌ ÁËÎÊÎÌ ÓÑÐÅÄÍÅÍÈß

ÌÀÒÐÈÖÛ ÊÎÝÔÔÈÖÈÅÍÒÎÂ

À.Ê. Äåìåí÷óê

Óñëîâèÿ ïðîòåêàíèÿ ïðîöåññà, ïðè âûïîëíåíèè êîòîðûõ êîëåáàíèÿ ñèñòåìû îïè-
ñûâàþòñÿ ñèëüíî íåðåãóëÿðíûìè ðåøåíèÿìè, â ïðèëîæåíèÿõ íàçûâàþò àñèíõðîííûì
ðåæèìîì [1]. Çàäà÷à êîíñòðóèðîâàíèÿ ïåðèîäè÷åñêèõ ñèñòåì, îáëàäàþùèõ àñèíõðîí-
íûì ðåæèìîì, ïîñòàâëåíà â âèäå çàäà÷è óïðàâëåíèÿ ñïåêòðîì íåðåãóëÿðíûõ êîëåáà-
íèé (àñèíõðîííûì ñïåêòðîì) è â íåêîòîðûõ ñëó÷àÿõ íàéäåíî åå ðåøåíèå [2].

Èññëåäóåì ïîäîáíûå âîïðîñû â ñëó÷àå ïî÷òè ïåðèîäè÷åñêèõ (ïî Áîðó [3]) ñèñòåì.
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Îïðåäåëåíèå 1. Âåùåñòâåííîå ÷èñëî λ íàçûâàåòñÿ ïîêàçàòåëåì Ôóðüå (÷àñòî-
òîé) ïî÷òè ïåðèîäè÷åñêîé ôóíêöèè f(t), åñëè âûïîëíÿåòñÿ óñëîâèå

lim
T→∞

1

T

T∫

0

f(t) exp(λt)dt 6≡ 0.

Îïðåäåëåíèå 2. Ìîäóëåì (÷àñòîòíûì ìîäóëåì) Mod (f) ïî÷òè ïåðèîäè÷åñêîé
ôóíêöèè f(t) íàçûâàåòñÿ íàèìåíüøàÿ àääèòèâíàÿ ãðóïïà âåùåñòâåííûõ ÷èñåë,
ñîäåðæàùàÿ âñå ïîêàçàòåëè Ôóðüå ýòîé ôóíêöèè.

Îïðåäåëåíèå 3. Ïî÷òè ïåðèîäè÷åñêîå ðåøåíèå íåêîòîðîé ðàçðåøåííîé îòíîñè-
òåëüíî ïðîèçâîäíîé ïî÷òè ïåðèîäè÷åñêîé ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé íàçûâàåòñÿ ñèëüíî íåðåãóëÿðíûì, åñëè ïåðåñå÷åíèå ÷àñòîòíûõ ìîäóëåé
ðåøåíèÿ è å¼ ïðàâîé ÷àñòè òðèâèàëüíî.

Îòìåòèì, ÷òî â ïåðèîäè÷åñêîì ñëó÷àå óñëîâèå ñèëüíîé íåðåãóëÿðíîñòè îçíà÷àåò
íåñîèçìåðèìîñòü ïåðèîäîâ ðåøåíèÿ è ñàìîé ñèñòåìû [4].

Ïóñòü çàäàíà ëèíåéíàÿ ñèñòåìà óïðàâëåíèÿ

ẋ = A(t)x + Bu, t ∈ R, x ∈ Rn, n > 2, (1)

ãäå x � ôàçîâûé âåêòîð, A(t) � íåïðåðûâíàÿ ïî÷òè ïåðèîäè÷åñêàÿ (n× n)-ìàòðèöà
ñ ìîäóëåì ÷àñòîò Mod (A) , u � óïðàâëåíèå, B � ïîñòîÿííàÿ (n×n)-ìàòðèöà. Áóäåì
ïðåäïîëàãàòü, ÷òî óïðàâëåíèå çàäàåòñÿ â âèäå îáðàòíîé ñâÿçè, ëèíåéíîé ïî ôàçîâûì
ïåðåìåííûì

u = U(t)x

ñ íåïðåðûâíîé ïî÷òè ïåðèîäè÷åñêîé (n× n)-ìàòðèöåé U(t), Mod (U) ⊆ Mod (A).
Çàäà÷à óïðàâëåíèÿ ñïåêòðîì íåðåãóëÿðíûõ êîëåáàíèé (àñèíõðîííûì ñïåêòðîì)

ñ öåëåâûì ìíîæåñòâîì ÷àñòîò L ñîñòîèò â ñëåäóþùåì: òðåáóåòñÿ âûáðàòü òàêóþ
ìàòðèöó U(t) (êîýôôèöèåíò îáðàòíîé ñâÿçè), ÷òîáû çàìêíóòàÿ ýòèì óïðàâëåíèåì
ñèñòåìà

ẋ = (A(t) + BU(t))x

èìåëà ñèëüíî íåðåãóëÿðíîå ïî÷òè ïåðèîäè÷åñêîå ðåøåíèå x(t) , ñïåêòð ÷àñòîò êîòî-
ðîãî ñîäåðæèò çàäàííîå ïîäìíîæåñòâî L.

Â ñëó÷àå íåâûðîæäåííîé ìàòðèöû B ðåøåíèå ïîñòàâëåííîé çàäà÷è íå âûçûâàåò
çàòðóäíåíèé. Ïîýòîìó äàëåå ïðåäïîëàãàåì, ÷òî ìàòðèöà B èìååò íåïîëíûé ðàíã, ò.å.

rankB = r < n, (2)

ïðè÷åì áåç îãðàíè÷åíèÿ îáùíîñòè ìîæíî ñ÷èòàòü, ÷òî ïåðâûå n− r ñòðîê ýòîé ìàò-
ðèöû íóëåâûå, à îñòàëüíûå ñòðîêè ëèíåéíî íåçàâèñèìû, ò.ê. â ïðîòèâíîì ñëó÷àå ýòîãî
ìîæíî äîáèòüñÿ ëèíåéíûì íåâûðîæäåííûì ñòàöèîíàðíûì ïðåîáðàçîâàíèåì ôàçîâûõ
ïåðåìåííûõ.

Ïóñòü

Â = lim
T→∞

1

T

T∫

0

A(s)ds

ñðåäíåå çíà÷åíèå ìàòðèöû êîýôôèöèåíòîâ A(t) . Îáîçíà÷èì ÷åðåç Â11 � ëåâûé âåðõ-
íèé áëîê ðàçìåðíîñòè (n− r)× (n− r) ìàòðèöû Â , à ÷åðåç Â12 � åå ïðàâûé âåðõíèé
áëîê ðàçìåðíîñòè (n− r)× r.
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Ñïðàâåäëèâà
Òåîðåìà. Ïðåäïîëîæèì, ÷òî âûïîëíÿåòñÿ óñëîâèå (2) è ðàâåíñòâî Â12 = 0. Åñ-

ëè äëÿ ñèñòåìû (1) ðàçðåøèìà çàäà÷à óïðàâëåíèÿ àñèíõðîííûì ñïåêòðîì ñ öåëåâûì
ìíîæåñòâîì ÷àñòîò L, òî ìàòðèöà Â11 èìååò k ïàð ðàçëè÷íûõ ÷èñòî ìíèìûõ
ñîáñòâåííûõ ÷èñåë ±iλ, λ ∈ L, ïðè ýòîì äëÿ ìîùíîñòè öåëåâîãî ìíîæåñòâà ÷à-
ñòîò èìååò ìåñòî îöåíêà |L| 6 k.

Èññëåäîâàíèÿ âûïîëíåíû â Èíñòèòóòå ìàòåìàòèêè ÍÀÍ Áåëàðóñè ïðè ôèíàíñîâîé
ïîääåðæêå Áåëîðóññêîãî ðåñïóáëèêàíñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâàíèé.
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ÀÍÒÈÏÅÐÐÎÍÎÂÑÊÈÉ ÝÔÔÅÊÒ ÏÐÈ ÝÊÑÏÎÍÅÍÖÈÀËÜÍÎ
ÓÁÛÂÀÞÙÈÕ ËÈÍÅÉÍÛÕ ÂÎÇÌÓÙÅÍÈßÕ

Í.À. Èçîáîâ, À.Â. Èëüèí
Ðàññìàòðèâàåì ëèíåéíûå äèôôåðåíöèàëüíûå ñèñòåìû

ẋ = A(t)x, x ∈ R2, t > 0, (1)

ñ îãðàíè÷åííûìè áåñêîíå÷íî äèôôåðåíöèðóåìûìè êîýôôèöèåíòàìè è ïîëîæèòåëü-
íûìè õàðàêòåðèñòè÷åñêèìè ïîêàçàòåëÿìè λ2(A) > λ1(A) > 0, à òàêæå âîçìóù¼ííûå
ñèñòåìû

ẏ = A(t)y + Q(t)y, y ∈ Rn, t > t0, (2)

ñ áåñêîíå÷íî äèôôåðåíöèðóåìûìè ýêñïîíåíöèàëüíî óáûâàþùèìè (n × n)-âîçìóùå-
íèÿìè

Q : ‖Q(t)‖ 6 CQe−σt, σ > 0, t > t0. (3)

Âîçíèêàåò âîïðîñ î ñóùåñòâîâàíèè, íàïðèìåð, òàêèõ äâóìåðíîé ñèñòåìû (1) è âîçìó-
ùåíèÿ (3), ÷òî âîçìóù¼ííàÿ ñèñòåìà (2) èìååò íåòðèâèàëüíîå ðåøåíèå ñ îòðèöàòåëü-
íûìè ïîêàçàòåëÿìè Ëÿïóíîâà. Ðåøåíèå ýòîé (ïåðâîé) çàäà÷è ìîæåò ñëóæèòü ïðåäâà-
ðèòåëüíûì ýòàïîì â ðåøåíèè áîëåå âàæíîé (âòîðîé) çàäà÷è î ñóùåñòâîâàíèè íåòðè-
âèàëüíûõ ðåøåíèé ñ îòðèöàòåëüíûìè ïîêàçàòåëÿìè ó íåëèíåéíîé äèôôåðåíöèàëüíîé
ñèñòåìû

ẏ = A(t)y + f(t, y), y ∈ R2, t > t0, (4)

c áåñêîíå÷íî äèôôåðåíöèðóåìûì m -âîçìóùåíèåì
f(t, y) : ‖f(t, y)‖ 6 Cf‖y‖m, y ∈ R2, t > t0,

ïîðÿäêà m > 1 ìàëîñòè â îêðåñòíîñòè íà÷àëà êîîðäèíàò y = 0 è äîïóñòèìîãî ðîñòà
âíå åå â �àíòèïåððîíîâñêîì� ñëó÷àå ïîëîæèòåëüíîñòè âñåõ õàðàêòåðèñòè÷åñêèõ ïîêà-
çàòåëåé ëèíåéíîãî ïðèáëèæåíèÿ (1). Â ñèëó ïðèíöèïà ëèíåéíîãî âêëþ÷åíèÿ âîçìîæ-
íîå îòðèöàòåëüíîå ðåøåíèå ïåðâîé çàäà÷è âëåêëî áû òàêîå æå ðåøåíèå è âòîðîé. Cìå-
íà æå ïîëîæèòåëüíûõ õàðàêòåðèñòè÷åñêèõ ïîêàçàòåëåé ëèíåéíîãî ïðèáëèæåíèÿ (1)
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íà îòðèöàòåëüíûå ó ðåøåíèé âîçìóù¼ííîé ñèñòåìû (4) ÿâëÿëàñü áû ýôôåêòîì, ïðî-
òèâîïîëîæíûì èçâåñòíîìó ýôôåêòó Ïåððîíà [1�5].

Ïîëîæèòåëüíîìó ðåøåíèþ ïåðâîé çàäà÷è è ïîñâÿùåíî íàñòîÿùåå ñîîáùåíèå.

Òåîðåìà. Äëÿ ëþáûõ ïàðàìåòðîâ λ2 > λ1 > 0, θ > 1 è σ ∈ (0, λ1 + θ−1λ2)
ñóùåñòâóþò:

1) äâóìåðíàÿ ñèñòåìà (1) ñ îãðàíè÷åííûìè áåñêîíå÷íî äèôôåðåíöèðóåìûìè êî-
ýôôèöèåíòàìè è õàðàêòåðèñòè÷åñêèìè ïîêàçàòåëÿìè λi(A) = λi, i = 1, 2;

2) áåñêîíå÷íî äèôôåðåíöèðóåìîå ýêñïîíåíöèàëüíî óáûâàþùåå âîçìóùåíèå (3)
Q(t) òàêîå, ÷òî âîçìóù¼ííàÿ ëèíåéíàÿ ñèñòåìà (2) èìååò ðåøåíèå y(t) ñ îòðèöà-
òåëüíûì ïîêàçàòåëåì

λ0 =
σθ − λ1 − λ2

θ − 1
.

Ñ ïîìîùüþ ýòîé òåîðåìû è å¼ äîêàçàòåëüñòâà óñòàíàâëèâàåòñÿ ñïðàâåäëèâîñòü àíà-
ëîãè÷íîãî óòâåðæäåíèÿ â n -ìåðíîì ñëó÷àå: äëÿ ëþáûõ ïàðàìåòðîâ

λn > . . . > λ1 > 0, θ > 1, σ ∈ (0, λ1, +θ−1λ2)

ñóùåñòâóþò ëèíåéíàÿ ñèñòåìà (1) ñ ïîêàçàòåëÿìè λi(A) = λi, i = 1, n, ýñêïîíåíöè-
àëüíî óáûâàþùåå âîçìóùåíèå (3) òàêèå, ÷òî âîçìóù¼ííàÿ ñèñòåìà (2) èìååò n − 1
ëèíåéíî íåçàâèñèìûõ ðåøåíèé yi(t) ñ ïîêàçàòåëÿìè

λ[yi] =
σθ − θλ1 − λi+1

θ − 1
< 0, i = 1, n− 1.

Èññëåäîâàíèÿ âûïîëíåíû â Èíñòèòóòå ìàòåìàòèêè ÍÀÍ Áåëàðóñè ïðè ôèíàíñîâîé
ïîääåðæêå Áåëîðóññêîãî ðåñïóáëèêàíñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâàíèé.
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ÒÎ×ÍÛÉ ÁÎÐÅËÅÂÑÊÈÉ ÊËÀÑÑ
ÌÍÎÆÅÑÒÂÀ ÝÊÑÏÎÍÅÍÖÈÀËÜÍÎÉ ÓÑÒÎÉ×ÈÂÎÑÒÈ

ËÈÍÅÉÍÎÉ ÄÈÔÔÅÐÅÍÖÈÀËÜÍÎÉ ÑÈÑÒÅÌÛ

À.Ô. Êàñàáóöêèé

Äëÿ íàòóðàëüíîãî n > 2 ÷åðåç Mn îáîçíà÷èì êëàññ n -ìåðíûõ ëèíåéíûõ äèôôå-
ðåíöèàëüíûõ ñèñòåì

ẋ = A(t)x, x ∈ Rn, t ∈ R+ ≡ [0, +∞), (1)
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ìàòðèöû êîýôôèöèåíòîâ A(·) : R+ → Rn×n êîòîðûõ êóñî÷íî-íåïðåðûâíû íà âðåìåí-
í�îé ïîëóîñè R+ è îãðàíè÷åíû. Áóäåì îòîæäåñòâëÿòü ñèñòåìó (1) è å¼ ìàòðèöó êîýô-
ôèöèåíòîâ è âñëåäñòâèå ýòîãî ïèñàòü A ∈Mn.

Íàðÿäó ñ ñèñòåìîé (1) ðàññìîòðèì ïîðîæä¼ííîå åþ îäíîïàðàìåòðè÷åñêîå ñåìåé-
ñòâî ëèíåéíûõ äèôôåðåíöèàëüíûõ ñèñòåì

ẋ = µA(t)x, x ∈ Rn, t ∈ R+, (2)

ñî ñêàëÿðíûì ïàðàìåòðîì-ìíîæèòåëåì µ ∈ R.
Â ðàáîòå [1] äàíî ñëåäóþùåå
Îïðåäåëåíèå. Äëÿ ñèñòåìû A ∈Mn è ÷èñëà λ < 0 ìíîæåñòâî SeA(λ) âñåõ òåõ

çíà÷åíèé ïàðàìåòðà µ ∈ R, ïðè êîòîðûõ ñòàðøèé ïîêàçàòåëü Ëÿïóíîâà ñèñòåìû (2)
ìåíüøå λ, íàçûâàåòñÿ ìíîæåñòâîì λ-ýêñïîíåíöèàëüíîé óñòîé÷èâîñòè ñèñòåìû A.

Î÷åâèäíî, ÷òî SeA(λ1) ⊂ SeA(λ2), åñëè λ1 < λ2 < 0.
×òîáû ñôîðìóëèðîâàòü èçâåñòíûå ñâîéñòâà ìíîæåñòâà SeA(λ), ââåä¼ì íèæíåå

l(A) è âåðõíåå u(A) ñðåäíèå çíà÷åíèÿ [2, ñ. 534] ñëåäà ìàòðèöû A(·), ò.å. âåëè÷èíû

l(A) = lim
t→+∞

iA(t) è u(A) = lim
t→+∞

iA(t),

ãäå

iA(t)
def
= t−1

t∫

0

Sp A(τ)dτ, t > 0.

Â ðàáîòå [1] äîêàçàíà
Òåîðåìà 1. Äëÿ ñèñòåìû A ∈ Mn ïðè ëþáîì λ < 0 åãî ìíîæåñòâî λ-ýêñïî-

íåíöèàëüíîé óñòîé÷èâîñòè SeA(λ) ÿâëÿåòñÿ Fσ-ìíîæåñòâîì.
Ïðè ýòîì SeA(λ) = ∅, åñëè l(A) · u(A) 6 0, à SeA(λ) ⊂ (

nλ · u−1(A), +∞)
ïðè

u(A) < 0 è SeA(λ) ⊂ (−∞, nλ · l−1(A)
)
ïðè l(A) > 0.

Îöåíêè íèæíåé ïðè u(A) < 0 è âåðõíåé ïðè l(A) > 0 ãðàíèöìíîæåñòâà
λ -ýêñïîíåíöèàëüíîé óñòîé÷èâîñòè SeA(λ), äàâàåìûå òåîðåìîé 1, ÿâëÿþòñÿ íåóëó÷-
øàåìûìè â êëàññå Mn, êàê ïîêàçûâàåò ïðèìåð ñèñòåìû (1) ñ ïîñòîÿííîé ìàòðèöåé
A(t) = diag [a, . . . , a], ãäå a 6= 0. Òîãäà l(A) = u(A) = na è äëÿ ëþáîãî λ < 0, êàê
ëåãêî âèäåòü, SeA(λ) = (λa−1, +∞), åñëè a < 0, è SeA(λ) = (−∞, λa−1), åñëè a > 0.

×òî æå êàñàåòñÿ áîðåëåâñêîãî òèïà ìíîæåñòâà SeA(λ), òî äî íàñòîÿùåãî âðåìåíè
áûë èçâåñòåí òîëüêî çàìåòíî áîëåå ñëàáûé ïî ñðàâíåíèþ ñ óòâåðæäåíèåì òåîðåìû 1
ðåçóëüòàò: ìíîæåñòâî SeA(λ) ìîæåò áûòü ëþáûì îòêðûòûì ìíîæåñòâîì, äîïîëíåíèå
êîòîðîãî äî ñîäåðæàùåé åãî ïîëóîñè, îãðàíè÷åíî. Îòñþäà, â ÷àñòíîñòè, ñëåäóåò ñóùå-
ñòâîâàíèå òàêèõ ñèñòåì A ∈Mn, äëÿ êîòîðûõ óêàçàííûå â òåîðåìå 1 îöåíêè ãðàíèö
ìíîæåñòâà SeA(λ) íå òîëüêî òî÷íû, íî è äëÿ êîòîðûõ, â îòëè÷èå îò ïðèâåä¼ííîãî
âûøå ïðèìåðà ïîñòîÿííîé äèàãîíàëüíîé ìàòðèöû, íå îáÿçàòåëüíî âûïîëíÿåòñÿ ðà-
âåíñòâî l(A) = u(A) è ìíîæåñòâî SeA(λ) ÿâëÿåòñÿ ïîëóáåñêîíå÷íûì èíòåðâàëîì.

Â íàñòîÿùåì äîêëàäå ïîêàçûâàåòñÿ, ÷òî íîìåð áýðîâñêîãî êëàññà â òåîðåìå 1
óìåíüøèòü íåëüçÿ. Ïîñêîëüêó, êàê íåñëîæíî âèäåòü, ñëó÷àè l(A) > 0 è u(A) < 0
ñâîäÿòñÿ îäèí ê äðóãîìó çàìåíîé ìàòðèöû A(·) íà ïðîòèâîïîëîæíóþ åé ìàòðèöó
−A(·), òî òåîðåìó 2 ìû ôîðìóëèðóåì òîëüêî äëÿ ñëó÷àÿ u(A) < 0.

Òåîðåìà 2. Äëÿ êàæäîãî íàòóðàëüíîãî n > 2, îòðèöàòåëüíûõ ÷èñåë l è u (l 6 u)
ñóùåñòâóåò òàêîå Fσ -ìíîæåñòâî M, íå ÿâëÿþùååñÿ ìíîæåñòâîì íóëåâîãî áîðå-
ëåâñêîãî êëàññà, ÷òî M = SeA(λ) äëÿ íåêîòîðûõ ñèñòåìû A ∈ Mn è ÷èñëà λ < 0.
Ïðè ýòîì âûïîëíÿþòñÿ ðàâåíñòâà l(A) = l è u(A) = u.
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Ñôîðìóëèðîâàííàÿ òåîðåìà îçíà÷àåò, â ÷àñòíîñòè, ÷òî ìíîæåñòâî ýêñïîíåíöèàëü-
íîé óñòîé÷èâîñòè ëèíåéíîé äèôôåðåíöèàëüíîé ñèñòåìû èç Mn, n > 2, ÿâëÿåòñÿ â
îáùåì ñëó÷àå ìíîæåñòâîì òî÷íîãî ïåðâîãî áîðåëåâñêîãî êëàññà.
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Ñ ÏÐÎÈÇÂÎËÜÍÎÉ ÍÅÏÐÅÐÛÂÍÎÉ ÇÀÂÈÑÈÌÎÑÒÜÞ

ÎÒ ÏÀÐÀÌÅÒÐÀ

À.Â. Ëèïíèöêèé

Ðàññìîòðèì îäíîïàðàìåòðè÷åñêîå ñåìåéñòâî ëèíåéíûõ äèôôåðåíöèàëüíûõ ñèñòåì

ẋ = Aµ(t)x, x ∈ R2, t > 0, (1µ)

ñ ìàòðèöàìè

Aµ(t) :=

{
dk(µ) diag [1,−1], 2k − 2 ≤ t < 2k − 1,

(µ + bk)J, 2k − 1 ≤ t < 2k,
ãäå k ∈ N, J =

(
0 1
−1 0

)
,

è âåùåñòâåííûì ïàðàìåòðîì µ; óñëîâèÿ, êîòîðûì óäîâëåòâîðÿþò ÷èñëà bk ∈ R è
ôóíêöèè dk(·) : R→ R, áóäóò óêàçàíû íèæå.

Â ðàáîòå [1] äîêàçàíî, ÷òî ñòàðøèé ïîêàçàòåëü Ëÿïóíîâà ñèñòåìû (1µ), ðàññìàòðè-
âàåìûé êàê ôóíêöèÿ ïàðàìåòðà µ, ïîëîæèòåëåí íà ìíîæåñòâå ïîëîæèòåëüíîé ìåðû
Ëåáåãà â ñëó÷àå, êîãäà dk(·) íå çàâèñÿò îò µ è âûïîëíåíî óñëîâèå dk(µ) ≡ dk > d > 0 ,
k ∈ N. Â äîêàçàòåëüñòâå ýòîãî ðåçóëüòàòà ñóùåñòâåííî èñïîëüçóþòñÿ êîìïëåêñíûå
ìàòðèöû ñïåöèàëüíîãî âèäà. Â [2] ïðèâîäèòñÿ äðóãîé ñïîñîá äîêàçàòåëüñòâà òåîðåìû
èç [1], îñíîâàííûéíà ïðèìåíåíèè ðàâåíñòâàÏàðñåâàëÿ äëÿ òðèãîíîìåòðè÷åñêèõ ñóìì.

Ïóñòü an ∈ R , n ∈ N, � ïðîèçâîëüíûå ÷èñëà. Ïîëîæèì

dk(µ) ≡ d(µ) > 0, b2n−1(2k−1) := an, k ∈ N, µ ∈ R. (2)

Îáîçíà÷èì ÷åðåç XAµ(t, s), t, s > 0, ìàòðèöó Êîøè ñèñòåìû (1µ). Äëÿ ëþáîãî
ϕ ∈ R ìàòðèöó ïîâîðîòà íà óãîë ϕ ïî ÷àñîâîé ñòðåëêå îáîçíà÷èì ÷åðåç

U(ϕ) ≡
(

cos ϕ sin ϕ
− sin ϕ cos ϕ

)
.

Ìîæíî ïîêàçàòü, ÷òî â ñëó÷àå, êîãäà ìàòðèöà Aµ(·) îïðåäåëÿåòñÿ óñëîâèÿìè (2),
äëÿ ëþáîãî k ∈ N ñïðàâåäëèâî ðàâåíñòâî XAµ(2k+1, 0) = U(ak+1 − ak)X

2
Aµ

(2k, 0).

Ñèñòåìû ñ êîýôôèöèåíòàìè, âûáðàííûìè ñîãëàñíî (2), îáëàäàþò ðÿäîì ñâîéñòâ,
ïîçâîëÿþùèõ ñòðîèòü îäíîïàðàìåòðè÷åñêèå ñåìåéñòâà ñ ðàçëè÷íûìè àñèìïòîòè÷å-
ñêèìè õàðàêòåðèñòèêàìè. Â ÷àñòíîñòè, åñëè ïîñëåäîâàòåëüíîñòü {an}∞n=1 ñõîäèòñÿ,
òî ìàòðèöà Aµ(·) åñòü ðàâíîìåðíûé ïî t > 0 ïðåäåë ïîñëåäîâàòåëüíîñòè ïåðèî-
äè÷åñêèõ ìàòðèö. Â.Ì. Ìèëëèîíùèêîâ èñïîëüçîâàë òàêèå ñèñòåìû â ðàáîòàõ [3, 4]
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(ñì. òàêæå [5]) äëÿ äîêàçàòåëüñòâà ñóùåñòâîâàíèÿ íåïðàâèëüíûõ ïî Ëÿïóíîâó ëèíåé-
íûõ äèôôåðåíöèàëüíûõ ñèñòåì ñ ïðåäåëüíî ïåðèîäè÷åñêèìè è êâàçèïåðèîäè÷åñêèìè
êîýôôèöèåíòàìè.

Ïðåäëîæåííûå â ýòèõ ðàáîòàõ ìåòîäû òðåáóþò ïîëó÷åíèÿ îöåíîê ñîáñòâåííûõ
çíà÷åíèé è âåêòîðîâ ìàòðèöû Êîøè ñèñòåìû (1µ). Êðèòåðèé Å.À. Áàðàáàíîâà [6]
ïðàâèëüíîñòè ëèíåéíîé ñèñòåìû, ñîñòîÿùèé â òî÷íîñòè å¼ ñèíãóëÿðíûõ ïîêàçàòåëåé,
èíèöèèðîâàë äðóãîé ïîäõîä, ñîñòîÿùèé â ïðèìåíåíèè ñèíãóëÿðíîãî ïðåäñòàâëåíèÿ
ìàòðèöû Êîøè (ñì. ôîðìóëó (3n) íèæå).

Â ðàáîòå [2] ïðè âûïîëíåíèè óñëîâèé (2), â êîòîðûõ d(µ) > 220, è â ñëó÷àå íåïðå-
ðûâíîé ôóíêöèè d(·) äîêàçàíî ñóùåñòâîâàíèå òàêîãî çíà÷åíèÿ ïàðàìåòðà µ ∈ R, ïðè
êîòîðîì ñîîòâåòñòâóþùàÿ ñèñòåìà (1µ) íåóñòîé÷èâà. Â íàñòîÿùåì äîêëàäå àíàëîãè÷-
íûé ðåçóëüòàò ïîëó÷åí äëÿ ëþáûõ d(µ) > 0.

Ïîëîæèì η1(µ) = ed(µ), ψ1(µ) := 0. Äëÿ ëþáûõ k ∈ N, µ ∈ R îïðåäåëèì ðåêóð-
ðåíòíî âåùåñòâåííûå ÷èñëà ηk > 1 è ψk ñëåäóþùèì îáðàçîì. Îáîçíà÷èì

ξk := 2ψk + ak + µ.

Ïîñêîëüêó ηk > 1 è, ñëåäîâàòåëüíî sh(2 ln ηk) > 0, íàéäóòñÿ åäèíñòâåííûå

1 6 ηk+1 ∈ R è ϕk ∈ [−2−1π, 2−1π),

òàêèå ÷òî âûïîëíåíû ðàâåíñòâà

sh ln ηk+1 = (sh(2 ln ηk))| cos ξk|,

ctg ϕk = (ch(2 ln ηk)) ctg ξk, åñëè sin ξk 6= 0, ϕk = 0 â ñëó÷àå, êîãäà sin ξk = 0.

Íàêîíåö, ïîëàãàåì ψk+1 = ψk + ϕk/2 +
π

4
(1− sgn cos ξk).

Ëåììà 1. [2] Äëÿ ëþáûõ n ∈ N, µ ∈ R ïðè âûïîëíåíèè óñëîâèé (2) èìååò ìåñòî
ïðåäñòàâëåíèå

Yn := XAµ(2n − 1, 0) = U(ψn)

(
ηn 0
0 η−1

n

)
U(ψn). (3n)

Ïóñòü E(a, b; c, d) îáîçíà÷àåò ïðÿìîóãîëüíèê {(x, y) | a 6 x 6 b, c 6 y 6 d} íà
ïëîñêîñòè R2, ãäå a < b è c < d .

Ëåììà 2. [7] Ïóñòü h(t) = (h1(t), h2(t)) è u(t) = (u1(t), u2(t)) (−1 6 t 6 1) �
íåïðåðûâíûå ïóòè â E(a, b; c, d), óäîâëåòâîðÿþùèå óñëîâèÿì

h1(−1) = a, h1(1) = b, u2(−1) = c, u2(1) = d.

Òîãäà ýòè äâà ïóòè ïåðåñåêàþòñÿ, ò.å. h(s) = v(t) äëÿ íåêîòîðûõ s, t â [−1, 1].
Äëÿëþáîãîìíîæåñòâà M ⊂ R îáîçíà÷èì÷åðåçC (M)ìíîæåñòâî âñåõ íåïðåðûâíûõ

ôóíêöèé èç M â R.
Òåîðåìà. Äëÿ ëþáûõ an ∈ R , n ∈ N , è ëþáîé íåïðåðûâíîé ôóíêöèè d(·) ïðè

âûïîëíåíèè óñëîâèé (2) íàéä¼òñÿ µ ∈ R òàêîå, ÷òî ñèñòåìà (1µ) íåóñòîé÷èâà.
Äëÿ äîêàçàòåëüñòâà èíäóêöèåé ïî k ∈ N óñòàíàâëèâàåòñÿ ñóùåñòâîâàíèå ìíî-

æåñòâà Vk ⊂ R, αk < βk ∈ R, áèåêöèè ωk(·) : Vk → Ṽk := [αk, βk] è ôóíêöèè
ζk(·) : Ṽk → R òàêèõ, ÷òî ñïðàâåäëèâû ñðàâíåíèå

ζk ◦ ωk(µ) ≡ (ξk(µ)− ak) (mod π), µ ∈ Vk,
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ðàâåíñòâî
ζk(αk) = −π + ζk(βk)

è âêëþ÷åíèÿ
ζk ∈ C (Ṽk), ηk ◦ ω−1

k ∈ C (Ṽk),

à òàêæå íåðàâåíñòâî

sh ln ηk(µ) > κk := (
√

2)k−1 min
µ∈[0,π]

sh ed(µ), µ ∈ Vk. (4k)

Òîãäà â ñèëó ëåììû 1 äëÿ ëþáîãî µ ∈ ∩
k∈N

Vk ñïðàâåäëèâû îöåíêè

‖XAµ(2n − 1, 0)‖ (3n)
= ηn

(4n)
> exp(2n/2−1) → +∞ ïðè n →∞.
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ÀÏÏÐÎÊÑÈÌÀÖÈÈ ÑÈÃÌÀ-ÏÎÊÀÇÀÒÅËß
Ñ ÎÃÐÀÍÈ×ÅÍÍÛÌ ÊÎËÈ×ÅÑÒÂÎÌ ÒÎ×ÅÊ ÐÀÇÁÈÅÍÈß

Å.Ê. Ìàêàðîâ

Ðàññìîòðèì ëèíåéíóþ äèôôåðåíöèàëüíóþ ñèñòåìó

ẋ = A(t)x, x ∈ Rn, t > 0, (1)

ñ êóñî÷íî-íåïðåðûâíîé è îãðàíè÷åííîé ìàòðèöåé êîýôôèöèåíòîâ A òàêîé, ÷òî

‖A(t)‖ 6 M < +∞ äëÿ âñåõ t > 0.

Îáîçíà÷èì ìàòðèöó Êîøè ñèñòåìû (1) ÷åðåç XA , à åå ñòàðøèé ïîêàçàòåëü ÷åðåç
λn(A) . Âìåñòå ñ ñèñòåìîé (1) ðàññìîòðèì âîçìóùåííóþ ñèñòåìó

ẏ = A(t)y + Q(t)y, y ∈ Rn, t > 0, (2)

ñ êóñî÷íî-íåïðåðûâíîé è îãðàíè÷åííîé ìàòðèöåé âîçìóùåíèé Q òàêîé, ÷òî

‖Q(t)‖ 6 NQ exp(−σt), t > 0, (3)
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ãäå σ > 0. Îáîçíà÷èì ñòàðøèé ïîêàçàòåëü ñèñòåìû (2) ÷åðåç λn(A + Q).
Ïóñòü Mσ(A) � ìíîæåñòâî âñåõ âîçìóùåíèé Q, óäîâëåòâîðÿþùèõ óñëîâèþ (3) è

èìåþùèõ ñîîòâåòñòâóþùóþ ðàçìåðíîñòü. Ëþáîå Q ∈ Mσ íàçûâàåòñÿ ñèãìà-âîçìó-
ùåíèåì, à ÷èñëî ∇σ(A) := sup

{
λn(A + Q) : Q ∈ Mσ(A)

}
íàçûâàåòñÿ [1; 2, ñ. 214]

ñòàðøèì ñèãìà-ïîêàçàòåëåì ñèñòåìû (1). Â [1] äîêàçàíî, ÷òî ñèãìà-ïîêàçàòåëü ìîæåò
áûòü âû÷èñëåí ñ ïîìîùüþ ñëåäóþùåãî àëãîðèòìà:

∇σ(A) = lim
m→∞

ξm(σ)

m
,

ξm(σ) = max
i<m

(
ln ‖XA(m, i)‖+ ξi(σ)− σi

)
, ξ1 = 0, i ∈ N.

Èçâåñòíî [2, ñ. 216], ÷òî ∇σ(A) ÿâëÿåòñÿ âûïóêëîé ìîíîòîííî óáûâàþùåé ôóíêöèåé
íà [0, +∞[ , ïðè÷åì ∇σ(A) = λn(A) äëÿ âñåõ σ > σ0(A) , ãäå σ0(A) 6 2M � íåêîòîðîå
ïîëîæèòåëüíîå ÷èñëî.

Àëüòåðíàòèâíîå ïðåäñòàâëåíèå äëÿ ξm(σ) ïðåäëîæåíî â [3]. Ïóñòü D(m) � ìíî-
æåñòâî âñåõ íåïóñòûõ ìíîæåñòâ d ⊂ {1, . . . , m − 1} ⊂ N. Áóäåì ïðåäïîëàãàòü, ÷òî
äëÿ êàæäîãî d ∈ D(m) ýëåìåíòû d íóìåðóþòñÿ â ïîðÿäêå âîçðàñòàíèÿ, òàê ÷òî
d1 < d2 < · · · < ds è d = {d1, d2, . . . , ds} , ãäå s = |d| � ýòî ÷èñëî ýëåìåíòîâ ìíî-
æåñòâà d. Ïóñòü òàêæå ‖d‖ := d1 + . . . + ds äëÿ d ∈ D(m) è ‖d‖ := 0 äëÿ d = ∅.
Êðîìå òîãî, äëÿ óäîáñòâà ìû ïðåäïîëàãàåì, ÷òî d0 = 0 è ds+1 = m äëÿ êàæäîãî
d ∈ D0(m) := D(m) ∪ {∅} . Çàìåòèì, ÷òî ìû íå âêëþ÷àåì ýòè äîïîëíèòåëüíûå ýëå-
ìåíòû â ìíîæåñòâî d . Ïðè óêàçàííûõ ïðåäïîëîæåíèÿõ îïðåäåëèì âåëè÷èíó Ξ(m, d)
ðàâåíñòâîì

Ξ(m, d) :=
s∑

i=0

ln ‖XA(di+1, di)‖,

ãäå m ∈ N , d ∈ D(m) è s := |d|. Ñîãëàñíî [3] âûïîëíåíî ðàâåíñòâî

ξm(σ) = max
d∈D0(m)

(
Ξ(m, d)− σ‖d‖),

è ïîýòîìó
∇σ(A) = lim

m→∞
m−1 max

d∈D0(m)

(
Ξ(m, d)− σ‖d‖). (4)

Äëÿ ïîñòðîåíèÿ âîçìóùåíèé Q, îáåñïå÷èâàþùèõ çíà÷åíèÿ λn(A + Q) áëèçêèå ê
∇σ(A), ïîëåçíî çíàòü íåêîòîðûå (èëè âñå) ïîñëåäîâàòåëüíîñòè d(m) ∈ D0(m), m ∈ N,
òàêèå, ÷òî

∇σ(A) = lim
m→∞

m−1
(
Ξ(m, d(m))− σ‖d(m)‖). (5)

Ïðåäëîæåíèå 1. [1; 2, ñ. 215] Åñëè b ∈ D0(m) óäîâëåòâîðÿåò óñëîâèþ
ξm(σ) = Ξ(m, b)− σ‖b‖, òî äëÿ êàæäîãî i ∈ {1, . . . , s} âûïîëíåíî íåðàâåíñòâî

bi+1 − bi > σ

2M
bi,

ãäå b = {b1, . . . , bs}, s = |b|.
Îñíîâûâàÿñü íà òåîðèè õàðàêòåðèñòè÷åñêèõ âåêòîðîâ (ñì. [4]) ìîæíî ïðåäïîëî-

æèòü, ÷òî íåêîòîðóþ èíôîðìàöèþ î ïîñëåäîâàòåëüíîñòÿõ d(m) â (5) ìîæíî ïîëó÷èòü,
çíàÿ âåëè÷èíû óãëîâûõ êîýôôèöèåíòîâ îïîðíûõ ïðÿìûõ ê ãðàôèêó ∇σ(A) . Ïîñêîëü-
êó ðåçóëüòàòîâ òàêîãî ðîäà ïîêà íåò, çäåñü ìû ðàññìàòðèâàåì íåêîòîðóþ óïðîùåííóþ
âåðñèþ çàäà÷è. Äëÿ ýòîãî ìû îãðàíè÷èì ÷èñëî òî÷åê ðàçáèåíèÿ di â (4) íà êàæäîì
îòðåçêå [0,m] íåêîòîðûì ÷èñëîì k ∈ N.
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Ïóñòü Dk(m) ⊂ D(m), k ∈ N, � ìíîæåñòâî âñåõ d ∈ D(m) òàêèõ, ÷òî |d| 6 k.
Ïîëîæèì òàêæå Dk

0(m) := Dk(m) ∪ {∅}.
Îïðåäåëåíèå 1. ×èñëî

∇k
σ(A) = lim

m→∞
m−1 max

d∈D0()
(Ξ(m, d)− σ‖d‖).

áóäåì íàçûâàòü k -òî÷å÷íîé àïïðîêñèìàöèåé äëÿ ∇σ(A).

Ïðåäëîæåíèå 2. Äëÿ êàæäîãî k ∈ N ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ:
1) ∇σ(A) > ∇k

σ(A) > λn(A) ïðè âñåõ σ > 0;
2) ∇k

σ(A) � âûïóêëàÿ ìîíîòîííî óáûâàþùàÿ ôóíêöèÿ íà [0, +∞[ òàêàÿ, ÷òî
∇σ(A) = λn(A) äëÿ âñåõ σ > σ0(A);

3) åñëè b ∈ Dk
0(m) óäîâëåòâîðÿåò óñëîâèþ

Ξ(m, b)− σ‖b‖ = max
d∈Dk

0(m)

(
Ξ(m, d)− σ‖d‖), (6)

òî âûïîëíåíî íåðàâåíñòâî σ‖b‖ 6 2Mm.
Äëÿ êàæäîãî σ > 0 îáîçíà÷èì ìíîæåñòâî âñåõ b ∈ Dk

0(m), óäîâëåòâîðÿþùèõ
óñëîâèþ (6), ÷åðåç Bk

σ(m). Ïîëîæèì

Bσ(A) = lim
m→∞

min
b∈Bk

σ(m)

‖b‖
m

, Tσ(A) = lim
m→∞

max
b∈Bk

σ(m)

‖b‖
m

.

Ìíîæåñòâî óãëîâûõ êîýôôèöèåíòîâ îïîðíûõ ïðÿìûõ, ïðîâåäåííûõ ê ãðàôèêó íåêî-
òîðîé âûïóêëîé ôóíêöèè f : [0, +∞[→ R â òî÷êàõ

(
s, f(s)

)
, ãäå s ∈ [0, +∞[, îáî-

çíà÷èì ÷åðåç Ss(f).
Òåîðåìà. Ìíîæåñòâî Sσ

(∇k
σ(A)

)
ïðè ëþáûõ σ > 0 ñîâïàäàåò ñ îòðåçêîì

[
Bσ(A), Tσ(A)

]
.

Ëèòåðàòóðà
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Î ËÎÊÀËÜÍÛÕ ÑÂÎÉÑÒÂÀÕ ÑÏÅÊÒÐÀ ËßÏÓÍÎÂÀ
ËÈÍÅÉÍÛÕ ÑÈÑÒÅÌ Ñ ÄÈÑÊÐÅÒÍÛÌ ÂÐÅÌÅÍÅÌ

Ñ.Í. Ïîïîâà, Ì.Â. Ôåäîðîâà

Ðàññìîòðèì ëèíåéíóþ ñèñòåìó ñ äèñêðåòíûì âðåìåíåì

x(k + 1) = A(k)x(k), k ∈ Z, x ∈ Rn, (1)

ñ âïîëíå îãðàíè÷åííîé [1] íà Z ìàòðèöåé êîýôôèöèåíòîâ A(·). Ïîëíûé ñïåêòð ïî-
êàçàòåëåé Ëÿïóíîâà ñèñòåìû (1) îáîçíà÷èì ÷åðåç λ(A) =

(
λ1(A), . . . , λn(A)

)
. Âñþäó
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ñ÷èòàåì, ÷òî ïîëíûé ñïåêòð ïîêàçàòåëåé Ëÿïóíîâà ýòîé è êàæäîé ðàññìàòðèâàåìîé
íèæå ñèñòåìû n -ãî ïîðÿäêà ïðèíàäëåæèò ìíîæåñòâó Rn

6 óïîðÿäî÷åííûõ ïî íåóáû-
âàíèþ íàáîðîâ n ÷èñåë. Íàðÿäó ñ ñèñòåìîé (1) ðàññìîòðèì âîçìóùåííóþ ñèñòåìó

y(k + 1) =
(
A(k) + Q(k)

)
y(k), k ∈ Z, y ∈ Rn, (2)

ãäå ìàòðèöà âîçìóùåíèé Q : Z → Rn×n òàêæå ïðåäïîëàãàåòñÿ âïîëíå îãðàíè÷åííîé.
Äëÿ ýòîé ñèñòåìû îïðåäåëåí ïîëíûé ñïåêòð ïîêàçàòåëåé Ëÿïóíîâà λ(A + Q) ∈ Rn

6.
Ñèñòåìó (2) îòîæäåñòâèì ñ ìàòðèöåé âîçìóùåíèé Q(·). Ìíîæåñòâî âñåõ âîçìóùåí-
íûõ ñèñòåì âèäà (2) îáîçíà÷èì ÷åðåç Q . Ïóñòü Qδ � åãî ïîäìíîæåñòâî, îòâå÷àþùåå
âîçìóùåíèÿì Q(·), äëÿ êîòîðûõ ñïðàâåäëèâà îöåíêà sup

k∈Z
‖Q(k)‖ < δ ñ ôèêñèðîâàí-

íûì δ > 0 . Îáîçíà÷èì

λ(Qδ)
.
=

{
λ(A + Q) : Q(·) ∈ Qδ

}
.

Êðîìå òîãî, äëÿ ïðîèçâîëüíîãî ε > 0 ââåäåì â ðàññìîòðåíèå ìíîæåñòâî

Oε

(
λ(A)

) .
=

{
µ = (µ1, . . . , µn) ∈ Rn

6 : max
j=1,...,n

|µj − λj(A)| < ε
}
.

Îïðåäåëåíèå 1. Ïîëíûé ñïåêòð ïîêàçàòåëåé Ëÿïóíîâà ñèñòåìû (1) íàçûâàåòñÿ
óñòîé÷èâûì, åñëè îòîáðàæåíèå Q(·) 7→ λ(A + Q) íåïðåðûâíî â òî÷êå Q(k) ≡ 0 ∈
∈ Rn×n , òî åñòü äëÿ ëþáîãî ε > 0 íàéäåòñÿ òàêîå δ > 0 , ÷òî λ(Qδ) ⊂ Oε

(
λ(A)

)
.

Îïðåäåëåíèå 2. Ïîëíûé ñïåêòð ïîêàçàòåëåé Ëÿïóíîâà ñèñòåìû (1) íàçûâàåòñÿ
îòêðûòûì, åñëè îòîáðàæåíèå Q(·) 7→ λ(A + Q) îòêðûòî â òî÷êå Q(k) ≡ 0 ∈ Rn×n ,
òî åñòü äëÿ ëþáîãî ε > 0 íàéäåòñÿ òàêîå δ > 0 , ÷òî Oδ

(
λ(A)

) ⊂ λ(Qε).
Ñèñòåìó (1) îòîæäåñòâèì ñ ìàòðèöåé êîýôôèöèåíòîâ A(·) . Îáîçíà÷èì As(k)

.
=

A(k+s) � ñäâèã A(·) íà s ∈ Z è ðàññìîòðèì ìíîæåñòâî R(A) � çàìûêàíèå ìíîæåñòâà
{As(·) : s ∈ Z} â òîïîëîãèè ïîòî÷å÷íîé ñõîäèìîñòè íà Z. Ìåòðèêà â R(A) ìîæåò áûòü
çàäàíà ðàâåíñòâîì

ρ(Ã, Â) = sup
k∈Z

min{‖Ã(k)− Â(k)‖, |k|−1}.

Ïðîñòðàíñòâî (R(A), ρ) êîìïàêòíî [2]. Îíî íàçûâàåòñÿ îáîëî÷êîé Áåáóòîâà ñèñòå-
ìû A(·).

Êàæäóþ ôóíêöèþ Â(·) ∈ R(A) îòîæäåñòâèì ñ ëèíåéíîé ñèñòåìîé

x(k + 1) = Â(k)x(k), k ∈ Z, x ∈ Rn.

Òåîðåìà. Åñëè ïîëíûé ñïåêòð ïîêàçàòåëåé Ëÿïóíîâà ñèñòåìû A(·) óñòîé÷èâ,
òî êàæäàÿ ñèñòåìà Â(·) ∈ R(A) îáëàäàåò óñòîé÷èâûì è îòêðûòûì ïîëíûì ñïåê-
òðîì ïîêàçàòåëåé Ëÿïóíîâà.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ (ïðîåêò � 20�01�00293) è Ìèíèñòåðñòâà
íàóêè è âûñøåãî îáðàçîâàíèÿ â ðàìêàõ ãîñóäàðñòâåííîãî çàäàíèÿ � 075-01265-22-
00 (ïðîåêò FEWS-2020-0010 �Ðàçâèòèå òåîðèè è ìåòîäîâ óïðàâëåíèÿ è ñòàáèëèçàöèè
äèíàìè÷åñêèõ ñèñòåì�).
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ÎÏÈÑÀÍÈÅ ËÈÍÅÉÍÎÃÎ ÝÔÔÅÊÒÀ ÏÅÐÐÎÍÀ
ÏÐÈ ÏÀÐÀÌÅÒÐÈ×ÅÑÊÈÕ ÂÎÇÌÓÙÅÍÈßÕ

ËÈÍÅÉÍÎÉ ÄÈÔÔÅÐÅÍÖÈÀËÜÍÎÉ ÑÈÑÒÅÌÛ
Ñ ÍÅÎÃÐÀÍÈ×ÅÍÍÛÌÈ ÊÎÝÔÔÈÖÈÅÍÒÀÌÈ

À.Â. Ðàâ÷ååâ

Äëÿ çàäàííîãî n ∈ N îáîçíà÷èì ÷åðåç M̃n êëàññ ëèíåéíûõ äèôôåðåíöèàëüíûõ
ñèñòåì

ẋ = A(t)x, x ∈ Rn, t ∈ R+ ≡ [0, +∞), (1)

ñ íåïðåðûâíûìè êîýôôèöèåíòàìè. Îáîçíà÷èì ïîêàçàòåëè Ëÿïóíîâà ñèñòåìû (1) ÷å-
ðåç λ1(A) 6 . . . 6 λn(A) , à èõ ñïåêòð � ÷åðåç Λ(A) =

(
λ1(A), . . . , λn(A)

)
. Ïîñêîëüêó

ìû íå ïðåäïîëàãàåì êîýôôèöèåíòû ðàññìàòðèâàåìûõ ñèñòåì îãðàíè÷åííûìè, èõ ïî-
êàçàòåëè Ëÿïóíîâà ÿâëÿþòñÿ, âîîáùå ãîâîðÿ, òî÷êàìè ðàñøèðåííîé ÷èñëîâîé ïðÿìîé
R ≡ R t {−∞, +∞}, êîòîðàÿ íàäåëÿåòñÿ ïîðÿäêîâîé òîïîëîãèåé.

Äëÿ äàííûõ ìåòðè÷åñêîãî ïðîñòðàíñòâà M è ôóíêöèè θ : R+ → R ðàññìîòðèì
êëàññ Qθ

n[A](M) íåïðåðûâíûõ ïî ñîâîêóïíîñòè ïåðåìåííûõ ôóíêöèé

Q : R+ ×M → Rn×n,

óäîâëåòâîðÿþùèõ óñëîâèÿì:

1) supt∈R+
supµ∈M ‖Q(t, µ)‖eθ(t)t < ∞;

2) äëÿ âñÿêèõ k = 1, n è µ ∈ M âûïîëíÿåòñÿ íåðàâåíñòâî

λk(A(·) + Q(·, µ)) > λk(A).

Îòìåòèì, ÷òî äëÿ ëþáîé ñèñòåìû A ∈ M̃n êëàññ Qθ
n[A](M) íå ïóñò, ïîñêîëüêó åìó

çàâåäîìî ïðèíàäëåæèò ìàòðèöà Q ≡ 0.
Ñòàâèòñÿ çàäà÷à ïîëíîãî äåñêðèïòèâíî-ìíîæåñòâåííîãî îïèñàíèÿ äëÿ êàæäûõ

n > 2 è ìåòðè÷åñêîãî ïðîñòðàíñòâà M êëàññà

ΠQθ
n(M) =

{(
Λ(A), Λ(A + Q)

) | A ∈ M̃n, Q ∈ Qθ
n[A](M)

}
.

Óêàçàííóþ çàäà÷ó ìîæíî ðàññìàòðèâàòü êàê îáîáùåíèå ïðèìåðà Ïåððîíà [1, � 1.4] íà
ñëó÷àé íåîãðàíè÷åííûõ êîýôôèöèåíòîâ.

Áóäåì ãîâîðèòü [2, ñ. 224], ÷òî ôóíêöèÿ f : M → R ïðèíàäëåæèò êëàññó (∗, Gδ),
åñëè äëÿ ëþáîãî r ∈ R ïðîîáðàç f−1

(
[r, +∞]

)
ëó÷à [r, +∞] ÿâëÿåòñÿ Gδ -ìíîæåñòâîì

ìåòðè÷åñêîãî ïðîñòðàíñòâà M. Â ÷àñòíîñòè, êëàññ (∗, Gδ) � ïîäêëàññ âòîðîãî êëàññà
Áýðà [2, ñ. 248].

Ðåøåíèå ïîñòàâëåííîé çàäà÷è ñîäåðæèò ñëåäóþùàÿ
Òåîðåìà. Äëÿ êàæäûõ ìåòðè÷åñêîãî ïðîñòðàíñòâà M, íàòóðàëüíîãî ÷èñëà n >

2 è íåïðåðûâíîé ôóíêöèè θ : R+ → R ïàðà
(
l, f

)
, ãäå l = (l1, . . . , ln) ∈ (

R
)n è f =

= (f1, . . . , fn) : M → (
R

)n
, ïðèíàäëåæèò êëàññó ΠQθ

n(M) òîãäà è òîëüêî òîãäà,
êîãäà âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ:

1) l1 6 . . . 6 ln;

2) f1(µ) 6 . . . 6 fn(µ) äëÿ ëþáîãî µ ∈ M ;

3) fi(µ) > li äëÿ âñåõ µ ∈ M è i = 1, n;
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4) äëÿ ëþáîãî i = 1, n ôóíêöèÿ fi(·) : M → R ïðèíàäëåæèò êëàññó (∗, Gδ).

Çàìå÷àíèå. Àíàëîã ýòîé òåîðåìû äëÿ ñëó÷àÿ ñèñòåì ñ îãðàíè÷åííûìè êîýôôè-
öèåíòàì óñòàíîâëåí â ðàáîòå [3].

Ïðèâåä¼ííàÿ òåîðåìà ïîêàçûâàåò, ÷òî âñå òåîðåòè÷åñêè âîçìîæíûå ïàðû ñïåêòðîâ
èñõîäíîé è ïàðàìåòðè÷åñêè âîçìóù¼ííîé ñèñòåì (ïðè äîïîëíèòåëüíîì óñëîâèè, ÷òî
âñå ïîêàçàòåëè âîçìóù¼ííîé ñèñòåìû íå ìåíüøå, ÷åì ó èñõîäíîé) ìîæíî ïîëó÷èòü â
êëàññå âîçìóùåíèé, óáûâàþùèõ áûñòðåå âñÿêîé ýêñïîíåíòû. Ýòà ñèòóàöèÿ ÿâëÿåòñÿ
ñïåöèôè÷íîé äëÿ êëàññà ñèñòåì ñ íåîãðàíè÷åííûìè êîýôôèöèåíòàìè, ò.ê. ïîêàçàòå-
ëè Ëÿïóíîâà ñèñòåì ñ îãðàíè÷åííûìè êîýôôèöèåíòàìè èíâàðèàíòíû îòíîñèòåëüíî
âîçìóùåíèé, óáûâàþùèõ áûñòðåå ëþáîé ýêñïîíåíòû [1, � 8.1].

Ëèòåðàòóðà
1. Èçîáîâ Í.À. Ââåäåíèå â òåîðèþ ïîêàçàòåëåé Ëÿïóíîâà. Ìí.: ÁÃÓ, 2006.
2. Õàóñäîðô Ô. Òåîðèÿ ìíîæåñòâ. Ì.�Ë.: ÎÍÒÈ, 1937.
3. Áàðàáàíîâ Å.À., Áûêîâ Â.Â. Îïèñàíèå ëèíåéíîãî ýôôåêòà Ïåððîíà ïðè ïàðàìåòðè÷åñêèõ

âîçìóùåíèÿõ, ýêñïîíåíöèàëüíî óáûâàþùèõ ê íóëþ íà áåñêîíå÷íîñòè // Òð. Èí-òà ìàò. è ìåõ. ÓðÎ
ÐÀÍ. 2019. Ò. 25. � 4. C. 31�43.

ÌÀÑÑÈÂÍÛÅ È ÏÎ×ÒÈ ÌÀÑÑÈÂÍÛÅ ÑÂÎÉÑÒÂÀ
ÓÑÒÎÉ×ÈÂÎÑÒÈ È ÍÅÓÑÒÎÉ×ÈÂÎÑÒÈ ÐÀÇÍÛÕ ÒÈÏÎÂ

È.Í. Ñåðãååâ

Äëÿ çàäàííîé îêðåñòíîñòè íóëÿ G ⊂ Rn ðàññìîòðèì ñèñòåìó

ẋ = f(t, x), x ∈ G, f(t, 0) = 0, t ∈ R+ ≡ [0, +∞), f, f ′x ∈ C(R+ ×G). (1)

×åðåç S∗ è Sδ áóäåì îáîçíà÷àòü ìíîæåñòâà âñåõ íåïðîäîëæàåìûõ íåíóëåâûõ ðåøåíèé
x ñèñòåìû (1) è, ñîîòâåòñòâåííî, òåõ èç íèõ, ÷òî óäîâëåòâîðÿþò íà÷àëüíîìó óñëîâèþ

|x(0)| < δ.

Îïðåäåëåíèå 1. [1, 2] Áóäåì ãîâîðèòü, ÷òî ñèñòåìà (1) îáëàäàåò ïåððîíîâñêîé
èëè, ñîîòâåòñòâåííî, âåðõíåïðåäåëüíîé:

1) óñòîé÷èâîñòüþ, åñëè äëÿ ëþáîãî ε > 0 ñóùåñòâóåò òàêîå δ > 0, ÷òî ëþáîå
ðåøåíèå x ∈ Sδ óäîâëåòâîðÿåò òðåáîâàíèþ

lim
t→+∞

|x(t)| 6 ε èëè, ñîîòâåòñòâåííî, lim
t→+∞

|x(t)| 6 ε, (2)

ìîë÷àëèâî ïðåäïîëàãàþùåìó, ÷òî ðåøåíèå x îïðåäåëåíî íà âñåé ïîëóîñè R+;
2) ïîëíîé (èëè ãëîáàëüíîé) íåóñòîé÷èâîñòüþ, åñëè äëÿ íåêîòîðûõ ε > 0 è δ > 0

ëþáîå ðåøåíèå x ∈ Sδ (èëè x ∈ S∗) íå óäîâëåòâîðÿåò òðåáîâàíèþ (2);
3) àñèìïòîòè÷åñêîé (èëè ãëîáàëüíîé) óñòîé÷èâîñòüþ, åñëè ïðè ε = 0 äëÿ íåêî-

òîðîãî δ > 0 ëþáîå ðåøåíèå x ∈ Sδ (èëè x ∈ S∗) óäîâëåòâîðÿåò òðåáîâàíèþ (2).
Äëÿ îïðåäåëåíèÿ àíàëîãè÷íûõ ñâîéñòâ ëÿïóíîâñêîãî òèïà [3, ãë. II, � 1] ñèñòåìû (1)
íóæíî:

4) â ïï. 1 è 2 çàìåíèòü òðåáîâàíèå (2) òðåáîâàíèåì

sup
t∈R+

|x(t)| 6 ε, (3)
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à â ï. 3 â äîïîëíåíèå ê ñîîòâåòñòâóþùåìó âåðõíåïðåäåëüíîìó ñâîéñòâó ïîòðåáîâàòü
íàëè÷èå ó ñèñòåìû (1) ëÿïóíîâñêîé óñòîé÷èâîñòè.

Îïðåäåëåíèå 2. [4, 5] Âñå ïåðå÷èñëåííûå â îïðåäåëåíèè 1 ëÿïóíîâñêèå, ïåððîíîâ-
ñêèå è âåðõíåïðåäåëüíûå ñâîéñòâà ñèñòåìû (1) íàçîâ¼ì ìàññèâíûìè: ïðè èõ îïèñàíèè
ñðàçó íà âñå ðåøåíèÿ x ∈ S, ãäå S = Sδ, S∗, íàêëàäûâàåòñÿ îïðåäåë¼ííîå óñëîâèå �
òðåáîâàíèå (2), (3) èëè åãî îòðèöàíèå. Êàæäîìó ìàññèâíîìó ñâîéñòâó èç îïðåäåëå-
íèÿ 1 ïîñòàâèì â ñîîòâåòñòâèå åãî ïî÷òè ìàññèâíûé àíàëîã, à èìåííî: ïî÷òè óñòîé-
÷èâîñòü, ïî÷òè ïîëíàÿ (ïî÷òè ãëîáàëüíàÿ) íåóñòîé÷èâîñòü è ïî÷òè àñèìïòîòè-
÷åñêàÿ (ïî÷òè ãëîáàëüíàÿ) óñòîé÷èâîñòü, � â îïèñàíèè êîòîðûõ ñîîòâåòñòâóþùåå
óñëîâèå íàêëàäûâàåòñÿ óæå íå íà âñå ðåøåíèÿ x ∈ S, à òîëüêî íà òå, íà÷àëüíûå çíà-
÷åíèÿ êîòîðûõ íå ïðèíàäëåæàò íåêîòîðîìó ìíîæåñòâó, íàçûâàåìîìó ìíîæåñòâîì
âûðîæäåíèÿ, íóëåâîé ìåðû Ëåáåãà è ïåðâîé êàòåãîðèè Áýðà (ïðåäñòàâèìîìó â âèäå
ñ÷¼òíîãî îáúåäèíåíèÿ íèãäå íå ïëîòíûõ ìíîæåñòâ).

Çàìå÷àíèå. Ñâîéñòâà ñèñòåìû (1), ïðîòèâîïîëîæíûå ìàññèâíûì ñâîéñòâàì èç
îïðåäåëåíèÿ 2, åñòåñòâåííî íàçûâàòü òî÷å÷íûìè: â íèõ, íàïðîòèâ, íåâûïîëíåíèå
îïðåäåë¼ííîãî óñëîâèÿ òðåáóåòñÿ õîòÿ áû îò îäíîãî ðåøåíèÿ x ∈ S. Îäíàêî è îíè
ìîãóò íîñèòü ìàññèâíûé õàðàêòåð, íàïðèìåð [6]: ñóùåñòâóåò ñèñòåìà (1), ëÿïóíîâñêè
âïîëíå íåóñòîé÷èâàÿ, íî îáëàäàþùàÿ ïåððîíîâñêîé è âåðõíåïðåäåëüíîé ìàññèâíîé,
õîòÿ è ÷àñòíîé óñòîé÷èâîñòüþ, ò.å. ïðè íåêîòîðîì δ > 0 âñå å¼ ðåøåíèÿ x ∈ S =
= S∗ \ Sδ ñõîäÿòñÿ ê íóëþ íà áåñêîíå÷íîñòè.

Ñâîéñòâà ëÿïóíîâñêîé óñòîé÷èâîñòè è ëÿïóíîâñêîé ïî÷òè óñòîé÷èâîñòè â äåéñòâè-
òåëüíîñòè îêàçûâàþòñÿ íåðàçëè÷èìûìè ìåæäó ñîáîé, î ÷¼ì è ãîâîðèò

Òåîðåìà 1. Åñëè ñèñòåìà (1) ëÿïóíîâñêè ïî÷òè óñòîé÷èâà, òî îíà è ëÿïóíîâñêè
óñòîé÷èâà.

Åñëè ëÿïóíîâñêóþ àñèìïòîòè÷åñêóþ (èëè ãëîáàëüíóþ) óñòîé÷èâîñòü, îçíà÷àþùóþ
îäíîâðåìåííîå âûïîëíåíèå äâóõ óñëîâèé: ëÿïóíîâñêîé óñòîé÷èâîñòè è âåðõíåïðåäåëü-
íîé àñèìïòîòè÷åñêîé (èëè, ñîîòâåòñòâåííî, ãëîáàëüíîé) óñòîé÷èâîñòè, � îñëàáèòü äî
ëÿïóíîâñêîé ïî÷òè àñèìïòîòè÷åñêîé (èëè ïî÷òè ãëîáàëüíîé) óñòîé÷èâîñòè, òî ïåð-
âîãî óñëîâèÿ, à èìåííî, ëÿïóíîâñêîé óñòîé÷èâîñòè, ýòî îñëàáëåíèå íå êîñí¼òñÿ, ò.å.
ñïðàâåäëèâà

Òåîðåìà 2. Åñëè ñèñòåìà (1) ëÿïóíîâñêè ïî÷òè àñèìïòîòè÷åñêè èëè ïî÷òè
ãëîáàëüíî óñòîé÷èâà, òî îíà è ëÿïóíîâñêè óñòîé÷èâà.

Ëîãè÷åñêàÿ èåðàðõèÿ, äåéñòâóþùàÿ ìåæäó ìàññèâíûìè ñâîéñòâàìè, íå òîëüêî
ïîëíîñòüþ ðàñïðîñòðàíÿåòñÿ íà èõ ïî÷òè ìàññèâíûå àíàëîãè, íî è áîëåå òîãî, ñïðà-
âåäëèâû

Òåîðåìà 3. Åñëè äëÿ êàêèõ-ëèáî äâóõ ìàññèâíûõ ñâîéñòâ èìååò ìåñòî èìïëè-
êàöèÿ, òî îíà èìååò ìåñòî è äëÿ èõ ïî÷òè ìàññèâíûõ àíàëîãîâ.

Òåîðåìà 4. Åñëè êàêèå-ëèáî äâà ìàññèâíûõ ñâîéñòâà íåñîâìåñòíû, òî íåñîâ-
ìåñòíû è èõ ïî÷òè ìàññèâíûå àíàëîãè.

Ïðèâåä¼ííûé â òåîðåìå 1 ïðèìåð ìàññèâíîãî ñâîéñòâà, íåðàçëè÷èìîãî ñî ñâîèì
ïî÷òè ìàññèâíûì àíàëîãîì, îêàçûâàåòñÿ óíèêàëüíûì â òîì ñìûñëå, êîòîðûé ðàçúÿñ-
íÿþò

Òåîðåìà 5. Ïðè n = 2 ñóùåñòâóåò àâòîíîìíàÿ ëèíåéíàÿ äèàãîíàëüíàÿ ñèñòå-
ìà (1), íå îáëàäàþùàÿ íè ëÿïóíîâñêîé, íè ïåððîíîâñêîé, íè âåðõíåïðåäåëüíîé ïîëíîé
íåóñòî÷èâîñòüþ, íî ïî÷òè ãëîáàëüíî íåóñòîé÷èâàÿ è ëÿïóíîâñêè, è ïåððîíîâñêè, è
âåðõíåïðåäåëüíî.

Òåîðåìà 6. Ïðè n = 2 ñóùåñòâóåò àâòîíîìíàÿ ñèñòåìà (1), íå óñòîé÷èâàÿ íè
ïåððîíîâñêè, íè âåðõíåïðåäåëüíî, íî ïî÷òè ãëîáàëüíî óñòîé÷èâàÿ è ïåððîíîâñêè, è
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âåðõíåïðåäåëüíî.
Òåîðåìà 7. Ïðè n = 2 ñóùåñòâóåò àâòîíîìíàÿ ñèñòåìà (1), íå îáëàäàþùàÿ ëÿ-

ïóíîâñêîé àñèìïòîòè÷åñêîé óñòîé÷èâîñòüþ, íî ëÿïóíîâñêè ïî÷òè ãëîáàëüíî óñòîé-
÷èâàÿ.

Çàìåòèì, ÷òî òåîðåìà 7 ðàñïðîñòðàíÿåò íà ëÿïóíîâñêèå ñâîéñòâà óòâåðæäåíèå òåî-
ðåìû 5 â ìàêñèìàëüíî âîçìîæíîé ñòåïåíè îáùíîñòè � ðîâíî â òîé, â êàêîé îíî íå
ïðîòèâîðå÷èò òåîðåìå 1. Ìíîæåñòâà âûðîæäåíèÿ ïî÷òè ìàññèâíûõ ñâîéñòâ â ïðèìå-
ðàõ ñèñòåì èç òåîðåì 5�7 ìîæíî âûáðàòü ñîâïàäàþùèìè ñ îäíîé èç êîîðäèíàòíûõ
îñåé èëè ïîëóîñåé.

Ñîãëàñíî òåîðåìå 1, äîáàâêà ¾ïî÷òè¿ ïðèìåíèòåëüíî ê ëÿïóíîâñêîé óñòîé÷èâîñòè
ðîëè íå èãðàåò. Â îäíîìåðíîì æå ñëó÷àå îíà íå ðàáîòàåò âîîáùå, êàê ïîêàçûâàåò

Òåîðåìà 8. Ïðè n = 1 äëÿ ëþáîé ñèñòåìû (1) ëþáîå ìàññèâíîå ñâîéñòâî íåðàç-
ëè÷èìî ñ åãî ïî÷òè ìàññèâíûì àíàëîãîì.

Ãëîáàëüíàÿ óñòîé÷èâîñòü ëþáîãî òèïà àáñîëþòíî ÷óâñòâèòåëüíà ê ñàìîìó íåçíà-
÷èòåëüíîìó ñóæåíèþ ôàçîâîé îáëàñòè � âûêàëûâàíèþ îäíîé íåíóëåâîé òî÷êè, î ÷¼ì
è ãîâîðèò

Òåîðåìà 9. Ëþáàÿ ñèñòåìà (1), îáëàäàþùàÿ êàêîé-ëèáî ãëîáàëüíîé óñòîé÷èâî-
ñòüþ, ïåðåñòà¼ò áûòü òàêîâîé ïðè óäàëåíèè èç å¼ ôàçîâîé îáëàñòè ëþáîé íåíóëå-
âîé òî÷êè.

Â àâòîíîìíîì æå ñëó÷àå òåîðåìà 9 ðàñïðîñòðàíÿåòñÿ è íà ïî÷òè ãëîáàëüíóþ óñòîé-
÷èâîñòü � â òîì ñìûñëå, êîòîðûé ïîäðàçóìåâàåò

Òåîðåìà 10. Ëþáàÿ àâòîíîìíàÿ ñèñòåìà (1), îáëàäàþùàÿ êàêîé-ëèáî ïî÷òè ãëî-
áàëüíîé óñòîé÷èâîñòüþ, ïåðåñòà¼ò áûòü òàêîâîé ïðè óäàëåíèè èç å¼ ôàçîâîé îá-
ëàñòè ëþáîé êðèâîé, òðàíñâåðñàëüíîé ê âåêòîðíîìó ïîëþ ýòîé ñèñòåìû õîòÿ áû â
îäíîé òî÷êå.

Èçâåñòíî [7], ÷òî ïîëíàÿ ëÿïóíîâñêàÿ íåóñòîé÷èâîñòü àâòîíîìíîé ñèñòåìû âëå÷¼ò
çà ñîáîé å¼ ïîëíóþ, è äàæå ãëîáàëüíóþ ïåððîíîâñêóþ (à òåì áîëåå âåðõíåïðåäåëü-
íóþ) íåóñòîé÷èâîñòü. Îäíàêî äëÿ òåõ æå ñâîéñòâ ñ äîáàâêîé ¾ïî÷òè¿ àíàëîãè÷íàÿ
èìïëèêàöèÿ â àâòîíîìíîì ñëó÷àå óæå íå äåéñòâóåò, ÷òî è ïîäòâåðæäàåò

Òåîðåìà 11. [7] Ïðè n = 2 ñóùåñòâóåò àâòîíîìíàÿ ñèñòåìà (1), îáëàäàþùàÿ
ïåððîíîâñêîé óñòîé÷èâîñòüþ, äàæå ïî÷òè ãëîáàëüíîé, íî ëÿïóíîâñêîé è âåðõíåïðå-
äåëüíîé íåóñòîé÷èâîñòüþ, äàæå ïî÷òè ãëîáàëüíîé, ïðè÷¼ì ìíîæåñòâî âûðîæäå-
íèÿ âñåõ å¼ ïî÷òè ìàññèâíûõ ñâîéñòâ ïðåäñòàâëÿåò ñîáîé ëó÷, âûõîäÿùèé èç íóëÿ
è çàïîëíåííûé íåïîäâèæíûìè òî÷êàìè, à äëÿ ëþáîãî ðåøåíèÿ x ∈ S∗, íà÷èíàþ-
ùåìñÿ íå íà ýòîì ëó÷å, âûïîëíåíû ñîîòíîøåíèÿ

0 = lim
t→+∞

|x(t)| < lim
t→+∞

|x(t)| = +∞. (4)

Åñëè â ôîðìóëèðîâêå òåîðåìû 11 îòìåíèòü ïîñëåäíåå èç òðåáîâàíèé (4), òî â òîì
æå ïðèìåðå ìîæíî ñíÿòü äîáàâêó ¾ïî÷òè¿ è ñ ïåððîíîâñêîé ãëîáàëüíîé óñòîé÷èâîñòè,
ò.å. âåðíà

Òåîðåìà 12. Ïðè n = 2 ñóùåñòâóåò àâòîíîìíàÿ ñèñòåìà (1), îáëàäàþùàÿ ïåð-
ðîíîâñêîé ãëîáàëüíîé óñòîé÷èâîñòüþ, íî ëÿïóíîâñêîé è âåðõíåïðåäåëüíîé íåóñòîé-
÷èâîñòüþ, äàæå ïî÷òè ãëîáàëüíîé, ïðè÷¼ì ìíîæåñòâî å¼ âûðîæäåíèÿ ïðåäñòàâëÿ-
åò ñîáîé îêðóæíîñòü, ïðîõîäÿùóþ ÷åðåç íóëü.
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ON SOME METHODS FOR STUDYING
QUALITATIVE AND ASYMPTOTIC PROPERTIES OF SOLUTIONS
TO HIGHER-ORDER QUASILINEAR DIFFERENTIAL EQUATIONS

I.V. Astashova

For the equation

y(n) +
n−1∑
j=0

aj(x)y(j) = p(x)|y|ksgn y , (1)

where k > 1 , n > 2, the functions p, a0, . . . , an−1 are continuous for x > 0, we discuss
some methods for studying qualitative and asymptotic properties of its solutions. (See,
for example, [1�6]).

Theorem 1. If the continuous functions a0, . . . , an−1 and p satisfy the conditions
∞∫

x0

xn−j−1|aj(x)| dx < ∞ for all j ∈ {0, . . . , n− 1} (2)

and, for some integer number m ∈ {0, . . . , n− 1} , the condition
∞∫

x0

xn−1+(k−1)m |p(x)| dx < ∞, (3)

then for any C 6= 0 there exists a solution y to equation (1) satisfying, as x →∞,

y(j)(x) ∼ C m! xm−j

(m− j)!
for all j ∈ {0, . . . ,m},

y(j)(x) = o
(
xm−j

)
and

∞∫
sj−m−1

∣∣y(j)(s)
∣∣ ds < ∞ for all j ∈ {m + 1, . . . , n− 1}.

Sketch of the proof. To prove this theorem, we use a factorisation of the linear di�erential
operator producing the left-hand side of (1). We use [7, Chap.1, Lemma 3.1, Lemma 3.2]
and the following lemmas.
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Lemma 1. If continuous functions aj satisfy inequalities (2), then for any h 6= 0 the
equation

y(n)(x) +
n−1∑
j=0

aj(x)y(j)(x) = 0

has a Cn solution y(x) such that

y(x) → h as x →∞,

xjy(j)(x) → 0 as x →∞, j = 1, . . . , n− 1,

∞∫

0

xj−1
∣∣y(j)(x)

∣∣ dx < ∞, j = 1, . . . , n.

Lemma 2. Any linear di�erential operator

L =
dn

dxn
+

n−1∑
j=0

aj(x)
dj

dxj
,

where all continuous functions aj satisfy (2), can be represented in a neighborhood of +∞
as the composition operator

L = b0B1 ◦ · · · ◦Bn,

where all Bj, j = 1, . . . , n, are the �rst-order operators u 7→ d

dx
(bju) and each bj,

j = 0, . . . , n, is a Cj function satisfying at in�nity
(i) bj(x) → 1 ,

(ii) xib
(i)
j (x) → 0 for all i ∈ {1, . . . , j − 1} ,

(iii)
∞∫
x0

xi−1
∣∣∣b(i)

j (x)
∣∣∣ dx < ∞ for all i ∈ {1, . . . , j} and some x0 ∈ R.

Remark 1. Note, that the �rst statement of this theorem even in a more general case
( k > 0 instead of k > 1) follows from [4, Corollary 8.2] obtained by a quite di�erent
method.

Remark 2. In [6], under conditions (2) and more strong than (3) condition
∞∫

0

x(n−1)(k+1) |p(x)| dx < ∞,

a more strong result is obtained: it is proved that for any C1, . . . , Cn−1 there exists a
solution y(x) to equation (1) such that

u(x) =
n−1∑
j=0

Cjξj(x) + o(1), x →∞,

where the functions ξj form a fundamental system of solutions to equation (1) with p = 0,
and

ξj =
xj

j!
(1 + o(1)), x →∞.
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Remark 3. In [5], by the same method of a suitable representation for the linear
di�erential operator, under some conditions on aj, j = 0, . . . , n−1, a criterion is obtained
for equation (1) to have a solution equivalent at in�nity to any non-zero constant, and an
oscillatory criterion was proved.
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A FORMULA FOR THE BOHL EXPONENT OF
DISCRETE TIME-VARYING SYSTEMS

A. Czornik, M. Niezabitowski

It is known that the stability of linear time-varying systems is not determined by
the position of the spectra of the coe�cient matrices. There are examples of continuous-
time systems, the coe�cients of which have spectra lying in the left half-plane, and these
systems are not stable, and conversely all matrices of a stable system may have spectra of
the coe�cients lying in the right half-plane (see e.g. [6], p. 257). Similarly, one can give
examples of stable, asymptotically stable, and even uniformly exponentially stable discrete-
time systems with time-varying coe�cients, whose coe�cient matrices have eigenvalues
outside the unit circle, as well as unstable systems with matrices which all eigenvalues
lying inside the unit circle. However, if the coe�cient matrices of a discrete time-varying
system have spectra in the unit circle, stability can be guaranteed by a su�ciently slow
variation of the coe�cients. This is the basic idea behind the so-called freezing method
that was, for discrete-time systems, for the �rst time described in [2]. A comprehensive
description of the results obtained with this technique is provided in Section 10.1 of [4]
(see also [3], [5] and the references therein).

Uniform exponential stability of a linear system is characterized by the Bohl exponent.
A system is uniformly asymptotically stable if and only if the Bohl exponent is negative
([6], Theorem 3.3.15). The above-mentioned lack of dependence between the spectra of the
coe�cients and the stability causes that in general it is not possible to give the formula for
the Bohl exponent expressed by the eigenvalues of the coe�cients. However, as noted by
V. M. Millionschikov in [8] and by J. Daleckii and M.G. Krein in the monograph [1, p. 200],
such a formula can be given for continuous-time systems with weak variation by Persidskii
(see also [7], Section 3.6). The main result of this note is to provide such a formula for
discrete systems. On the basis of this formula, we will obtain the necessary and su�cient
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conditions for uniform exponential stability expressed by the eigenvalues of the matrix of
coe�cients.

The next theorem contains the main result of this note.
Theorem. Suppose that for system

x(n + 1) = A(n)x(n), n ∈ N, (1)

where A = (A(n))n∈N is a sequence of invertible d by d matrices such that

sup
n∈N

max
{‖A(n)‖ ,

∥∥A−1(n)
∥∥}

< ∞

we have
lim

n→∞
‖A(n + 1)− A(n)‖ = 0,

then
Ω(A) := lim sup

m,n−m→∞

1

n−m
ln ‖ΦA(n,m)‖ = lim sup

n→∞
ln λ (A (n)) ,

where (ΦA (n,m))n,m∈N the transition matrix of system (1) and λ (A) the greatest absolute
value of the eigenvalues of matrix A. In particular system (1) is uniformly asymptotically
stable if and only if lim sup

n→∞
ln λ (A (n)) < 0.
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NON-AUTONOMOUS SYSTEMS AND TIME-SCALE DYNAMICS:
STABILITY AND SHADOWING

S.G. Kryzhevich

We consider a system on a time scale

x∆ = f(t, x), x ∈ Rn, t ∈ T, (1)

where the time scale T is an unbounded closed subset of R while the derivative ∆ is
de�ned as follows.
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Given t ∈ T we set t+ = inf{τ ∈ T : τ > t}. Then

x∆(t) =
x(t+)− x(t)

t+ − t
if t+ > t

and
x∆(t) = lim

T3τ→t+0

x(τ)− x(t)

τ − t
if t+ = t.

Theory of time-scale dynamical systems is quite well-developed, see [1] and references
therein. This is an e�ective approach to study numerical methods of non-uniform steps or
systems with strong nonlinearities.

De�nition. We say that the system (1) is structurally stable if all solutions are unique
and for any ε > 0 there exists a δ > 0 such that for any g(t, x) : |g(t, x)| < δ, |g′x(t, x)| < δ
and any t0 ∈ T there is a homeomorphism h of the space Rn such that

|ϕf (t, x0)− ϕf+g(t, h(x0))| < ε

for any x0 ∈ Rn , t ∈ T. Here ϕf (t, x0) and ϕf+g(x0) are solutions of systems (1) and
x∆ = f(t, x) + g(t, x) with initial conditions x(t0) = x0.

For systems of ordinary di�erential equations, conditions for global structural stability
were obtained in [1] and [2]. It was proved that a system is structurally stable if its
linearizations are uniformly hyperbolic on families of segments.

We formulate and prove an analog of this statement for time scale systems. Although
the result is very similar to that for ordinary di�erential equations, the proof for the time
scale case is signi�cantly di�erent. Besides, the derivatives of f and the so-called graininess
function µ (the size of 'holes' of the time scale) must meet some speci�c requirements.

To prove the claimed result we need to use speci�c approaches of time scale systems
theory [3]. Remarkably, the classical results for structural stability of autonomous systems
of ODEs, obtained by C. Robinson [4], are, in general, non-applicable for systems on time
scales (even for the autonomous ones).

The problems of shadowing and inverse shadowing for the considered system and related
results for convergence of numerical methods will also be studied.
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ÊÀ×ÅÑÒÂÅÍÍÀß ÒÅÎÐÈß
ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ ÓÐÀÂÍÅÍÈÉ

ÎÁ ÈÇÎÕÐÎÍÍÛÕ È ÑÈËÜÍÎ ÈÇÎÕÐÎÍÍÛÕ ÔÎÊÓÑÀÕ
ÏÎËÈÍÎÌÈÀËÜÍÛÕ ÑÈÑÒÅÌ ËÜÅÍÀÐÀ

Â.Â. Àìåëüêèí

Ðàññìîòðèì âåùåñòâåííóþ ïîëèíîìèàëüíóþ äèôôåðåíöèàëüíóþ ñèñòåìó Ëüåíàðà

ẋ = −y, ẏ = x + A(x)−B(x)y (1)

â ïðåäïîëîæåíèè, ÷òî ïîëèíîìû A(x) è B(x) çàäàþòñÿ ðàâåíñòâàìè

A(x) =
n∑

k=2

Akx
k, B(x) =

r∑
j=1

Bjx
j, An 6= 0, B(x) 6≡ 0,

ãäå n > 3 � íå÷åòíîå ÷èñëî, r 6 n− 1.
Êàê õîðîøî èçâåñòíî, îñîáàÿ òî÷êà O(0, 0) ñèñòåìû (1) ÿâëÿåòñÿ ëèáî öåíòðîì,

ëèáî ôîêóñîì.
Ïóñòü OA � ëó÷ (ñ íà÷àëîì â òî÷êå O(0, 0) ), ñîñòàâëÿþùèé ñ ïîëîæèòåëüíîé ïîëó-

îñüþ îñè àáñöèññ äåêàðòîâîé ïðÿìîóãîëüíîé ñèñòåìûêîîðäèíàò xOy óãîë ϕ ∈ [0, 2π).
Òîãäà öåíòð èëè ôîêóñ O(0, 0) ñèñòåìû (1) íàçûâàþò èçîõðîííûì, åñëè âñå èçîáðà-
æàþùèå òî÷êè, íà÷èíàÿ äâèãàòüñÿ ïî òðàåêòîðèÿì öåíòðà èëè ôîêóñà ñèñòåìû (1)
ñ íåêîòîðîãî ëó÷à OA â ìîìåíò âðåìåíè t = t0, ñîâåðøàþò ïîëíûé îáîðîò âîêðóã
íà÷àëà çà îäíî è òî æå âðåìÿ T = 2π. Ëó÷ OA èç ïðèâåä¼ííîãî îïðåäåëåíèÿ èçî-
õðîííîñòè áóäåì íàçûâàòü ëó÷îì-èçîõðîíîé.

Ïóñòü, äàëåå, y+ è y− � ñîîòâåòñòâåííî ïîëîæèòåëüíàÿ è îòðèöàòåëüíàÿ ïîëó-
îñè îñè Oy ñèñòåìû êîîðäèíàò xOy . Îñîáàÿ òî÷êà O(0, 0) ñèñòåìû (1) íàçûâàåòñÿ
ñèëüíî èçîõðîííîé, åñëè îíà èçîõðîííàÿ è åñëè äîïîëíèòåëüíî èçîáðàæàþùàÿ òî÷êà,
âûõîäÿùàÿ èç òî÷êè ïîëóîñè y+ , ïåðåñå÷åò ïîëóîñü y− â ïåðâûé ðàç ÷åðåç âðåìÿ π.

Îòìåòèì, ÷òî ïîñêîëüêó ïîëèíîìèàëüíàÿ ñèñòåìà Ëüåíàðà (1) â îáùåì ñëó÷àå
ïðèâîäèòñÿ îáðàòèìîé ïîëèíîìèàëüíîé çàìåíîé êîîðäèíàò

u = x, v = y − xΦ(x), (2)

ãäå Φ(x) = x−2
∫ x

0
sB(s) ds, ê ñèñòåìå

u̇ = −v − uΦ(u), v̇ = u− vΦ(u) + A(u)− uΦ2(u),

ïðèõîäèì ê âûâîäó, ÷òî íà÷àëî êîîðäèíàò O(0, 0) , êàê îñîáàÿ òî÷êà ñèñòåìû (1),
ÿâëÿåòñÿ èçîõðîííîé (ïðè÷åì åäèíñòâåííîé) ïðè óñëîâèè A(x) = xΦ2(x).

À òàê êàê ïîëóîñè y+ è y− ÿâëÿþòñÿ ëó÷àìè-èçîõðîíàìè â ñëó÷àå ôîêóñà O(0, 0)
ñèñòåìû (1) [1], òî èññëåäóÿ ñèñòåìó (1) â ñëó÷àå ôîêóñà âî âñåé ôàçîâîé ïëîñêîñòè
(ò.å. ãëîáàëüíî), ïîëó÷àåì íà îñíîâàíèè äèôôåîìîðôèçìà (2) è [1], ÷òî èìåþò ìåñòî
ñëåäóþùèå óòâåðæäåíèÿ.



Êà÷åñòâåííàÿ òåîðèÿ äèôôåðåíöèàëüíûõ óðàâíåíèé 49

Òåîðåìà 1. Äëÿ òîãî ÷òîáû îñîáàÿ òî÷êà O(0, 0) ïîëèíîìèàëüíîé ñèñòåìû áûëà
èçîõðîííûì, à çíà÷èò, è ñèëüíî èçîõðîííûì ôîêóñîì, íåîáõîäèìî è äîñòàòî÷íî
âûïîëíåíèå ðàâåíñòâ

A2 = 0, Ak =
k−2∑
r=1

Br

r + 2
· Bk−r−1

k − r + 1
, k = 3, n, (3)

â êîòîðûõ ïî êðàéíåé ìåðå îäèí èç êîýôôèöèåíòîâ B2s, s = 1, (n− 1)/2, ïîëèíîìà
B(x) ïðè çàäàííîì íå÷åòíîì n > 5 îòëè÷åí îò íóëÿ.

Òåîðåìà 2. Äëÿ òîãî ÷òîáû îñîáàÿ òî÷êà O(0, 0) ïîëèíîìèàëüíîé ñèñòåìû (1)
áûëà èçîõðîííûì, à çíà÷èò, è ñèëüíî èçîõðîííûì ôîêóñîì, íåîáõîäèìî è äîñòàòî÷-
íî, ÷òîáû äèôôåîìîðôèçì ïëîñêîñòè R2

u = x, v = y − x

(n−1)/2∑

k=1

Bk

k + 2
xk,

ãäå ïî êðàéíåé ìåðå îäèí èç êîýôôèöèåíòîâ B2s, s = 1, (n− 1)/2 , ïîëèíîìà B(x)
ïðè çàäàííîì íå÷åòíîì n > 5 îòëè÷åí îò íóëÿ, ïåðåâîäèë ñèñòåìó (1) â ñèñòåìó

u̇ = −v − u

(n−1)/2∑

k=1

Bk

k + 2
uk, v̇ = u− v

(n−1)/2∑

k=1

Bk

k + 2
uk.

Ïðèìåð. Ñèñòåìà Ëüåíàðà

ẋ = −y, ẏ = x + x3 + 2x4 + x5 + 2x7 + 2x8 + x11 − (3x + 4x2 + 7x5)y

èìååò â îñîáîé òî÷êå O(0, 0) èçîõðîííûé, à çíà÷èò, è ñèëüíî èçîõðîííûé ôîêóñ,
ïîñêîëüêó ðàâåíñòâà (3) ïðèíèìàþò âèä

A2 = 0, A3 = (B1/3)2, A4 = 2(B1/3)(B2/4), A5 = (B2/4)2,

A7 = 2(B1/3)(B5/7), A8 = 2(B2/4)(B5/7), A11 = (B5/7)2.

Äèôôåîìîðôèçì æå ïëîñêîñòè R2

u = x, v = y − x2 − x3 − x6 (x = u, y = v + u2 + u3 + u6)

ïåðåâîäèò ðàññìàòðèâàåìóþ ñèñòåìó â ñèñòåìó

u̇ = −v − u (u + u2 + u5), v̇ = u− v (u + u2 + u5).
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Î ÑÂßÇßÕ ÌÅÆÄÓ ÏÎÂÅÄÅÍÈßÌÈ ÐÅØÅÍÈÉ
ÄÈÔÔÅÐÅÍÖÈÀËÜÍÎÃÎ ÓÐÀÂÍÅÍÈß

Ñ ÃÐÀÄÈÅÍÒÍÎ ÏÎÄÎÁÍÛÌ ÎÒÎÁÐÀÆÅÍÈÅÌ
ÎÑÍÎÂÍÎÃÎ ÔÓÍÊÖÈÎÍÀËÀ ÂÀÐÈÀÖÈÎÍÍÎÃÎ ÈÑ×ÈÑËÅÍÈß
Ñ ÍÅÊÎÒÎÐÛÌÈ ÑÂÎÉÑÒÂÀÌÈ ÅÃÎ ÊÐÈÒÈ×ÅÑÊÈÕ ÒÎ×ÅÊ

Ø.Ø. Áàáàäæàíîâ

Â áàíàõîâîì ïðîñòðàíñòâå

E = C1
∗ =

{
x ∈ C1[0, 1] : x(0) = x(1) = 0

}

ñ íîðìîé ‖x‖ = max
06s61

|x(s)|+ max
06s61

|x′(s)| , êîòîðîå áûëî ââåäåíî â ðàáîòå [1], ðàññìîò-
ðèì äèôôåðåíöèàëüíîå óðàâíåíèå

dx

dt
= −G(x), (1)

ãäå G(x) ïîñòðîåííîå â ýòîé ðàáîòå è îïðåäåëåííîå ðàâåíñòâîì

G(x) =

1∫

0

K0(s, t)
∂f

(
t, x(t), x′(t)

)

∂x
dt+

1∫

0

K1(s, t)
∂f

(
t, x(t), x′(t)

)

∂x′
dt = Γ

(
∂f

∂x′
,
∂f

∂x

)

ãðàäèåíòíî ïîäîáíîå îòîáðàæåíèå äëÿ îñíîâíîãî ôóíêöèîíàëà âàðèàöèîííîãî èñ÷èñ-
ëåíèÿ

F (x) =

1∫

0

f
(
s, x(s), x′(s)

)
ds. (2)

Çäåñü Γ(a, b) =
1∫
0

K1(s, t)a(t) dt+
1∫
0

K0(s, t)b(t) dt, a, b ∈ C[0, 1], íåïðåðûâíî äåéñò-

âóþùèé èíòåãðàëüíûé îïåðàòîð èç C[0, 1]× C[0, 1] â C1
∗ , ãäå

K0(s, t) =

{
t(1− s), åñëè 0 6 t 6 s 6 1,
s(1− t), åñëè 0 6 s 6 t 6 1

è K1(s, t) =

{
1− s, åñëè 0 6 t 6 s 6 1,
−s, åñëè 0 6 s 6 t 6 1.

Ðåøåíèå x(t, s) = p
(
t, y(s)

)
, 0 6 s 6 1, t ∈ [0, +∞), óäîâëåòâîðÿåò ñëåäóþùèì

óñëîâèÿì: x(t, 0) = x(t, 1) = 0. Ïðè êàæäîì ôèêñèðîâàííîì t ôóíêöèÿ x(t, s) áóäåò
ýëåìåíòîì ïðîñòðàíñòâà C1

∗ .
Íàñòîÿùèé äîêëàä ïîñâÿùàåòñÿ ñâÿçè ìåæäó ïîâåäåíèåì ðåøåíèé óðàâíåíèÿ (1)

ïðè t → +∞ (−∞) ñ ðàçëè÷íûìè ñâîéñòâàìè êðèòè÷åñêèõ òî÷åê ôóíêöèîíàëà (2).
Â äàëüíåéøåì áóäåì ñ÷èòàòü, ÷òî äëÿ óðàâíåíèÿ (1) ñïðàâåäëèâà ëîêàëüíàÿ òåî-

ðåìà ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ çàäà÷è Êîøè, íàïðèìåð, âûïîëíåíû
óñëîâèÿ:

{
∂f

∂x
,

∂f

∂y
ïî x è y óäîâëåòâîðÿþò ëîêàëüíîìó óñëîâèþ Ëèïùèöà

}
. (3)

Â äàííîé ðàáîòå èñïîëüçóåòñÿ ñëåäóþùåå óñëîâèå êîìïàêòíîñòè.
Ìíîæåñòâî M ⊂ C1

∗ êîìïàêòíî òîãäà è òîëüêî òîãäà, êîãäà M îãðàíè÷åíî â C1
∗

è ñåìåéñòâî ôóíêöèè {u′(s) : u ∈ M} ðàâíîñòåïåííî íåïðåðûâíî.
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Èìåþò ìåñòî ñëåäóþùèå óòâåðæäåíèÿ:
Òåîðåìà 1. Ïóñòü âûïîëíåíû óñëîâèÿ (3) è ó ôóíêöèè f(s, x, y) íà [0, 1] × R2

ñóùåñòâóåò íåïðåðûâíàÿ ïðîèçâîäíàÿ ∂2f(s, x, y)

∂y2
, êîòîðàÿ ÿâëÿåòñÿ ïîëîæèòåëü-

íîé. Ïóñòü äëÿ ïîñëåäîâàòåëüíîñòè ðåøåíèé xk(t, s) = p(t, yk), tk 6 t < Tk, k =
= 1, 2, . . . , (Tk < ∞ èëè Tk = +∞) óðàâíåíèÿ (1) âûïîëíåíî óñëîâèå ‖xk(t, s)‖ 6 R1,
tk 6 t < Tk, k = 1, 2, . . . . Òîãäà

1) äëÿ ëþáîãî îòðåçêà [a, b], tk 6 ak, bk < Tk, k > k0 ìíîæåñòâî

{xk(t, s) : a 6 t < b, k > k0}
êîìïàêòíî â C1

∗ , åñëè tk → −∞ ïðè k →∞;
2) ìíîæåñòâî

{
xk(t, s) : tk 6 t < Tk, k = 1, 2, . . .

}
êîìïàêòíî â C1

∗ , åñëè tk > t0,
k = 1, 2, 3, . . . , è ìíîæåñòâî íà÷àëüíûõ çíà÷åíèé {xk(t, s) = yk(s)} , k = 1, 2, . . . ,
êîìïàêòíî â C1

∗ .
Òåîðåìà 2. Ïóñòü âûïîëíåíû óñëîâèÿ (3) è ó ôóíêöèè f(s, x, y) íà [0, 1] × R2

ñóùåñòâóåò íåïðåðûâíàÿ ïðîèçâîäíàÿ ∂2f(s, x, y)

∂y2
, êîòîðàÿ ÿâëÿåòñÿ ïîëîæèòåëü-

íîé. Ïóñòü ïîñëåäîâàòåëüíîñòü ðåøåíèé {xk(t)} óðàâíåíèÿ (1) óäîâëåòâîðÿåò óñëî-
âèÿì ‖xk(tk)‖ 6 δk, ‖xk(0)− x0‖ = r0 è δk 6 ‖xk(t)− x0‖ 6 r0 ïðè tk 6 t 6 0 , ãäå
δk → 0 ïðè k → ∞ . Òîãäà ìíîæåñòâî çíà÷åíèé {xk(t) : tk 6 t 6 0, k = 1, 2, ...}
ðåøåíèé xk(t) êîìïàêòíî â C1

∗ .
Òåîðåìà 3. Ïóñòü óðàâíåíèå (1) èìååò ðåøåíèå x(t, s) = p

(
t, y(s)

)
òàêîå, ÷òî

‖x(t, s)‖ 6 R1, t 6 0. Òîãäà ìíîæåñòâî ïðåäåëüíûõ òî÷åê ðåøåíèÿ x(t, s) ïðè
t → −∞ ÿâëÿåòñÿ êðèòè÷åñêèìè òî÷êàìè ôóíêöèîíàëà (2).

Òåîðåìà 4. Ïóñòü èçîëèðîâàííàÿ êðèòè÷åñêàÿ òî÷êà x0 ÿâëÿåòñÿ ëîêàëüíûì
ìèíèìóìîì äëÿ ôóíêöèîíàëà (1) â C1

∗ . Òîãäà ñòàöèîíàðíîå ðåøåíèå x(t) = x0 óðàâ-
íåíèÿ (1) àñèìïòîòè÷åñêè óñòîé÷èâî ïî Ëÿïóíîâó ïðè t → +∞ è íàîáîðîò, åñëè
êðèòè÷åñêàÿ òî÷êà x0 � àñèìïòîòè÷åñêè óñòîé÷èâà ïî Ëÿïóíîâó ïðè t → +∞, òî
îíà ÿâëÿåòñÿ èçîëèðîâàííîé êðèòè÷åñêîé òî÷êîé è òî÷êîé ëîêàëüíîãî ìèíèìóìà
ôóíêöèîíàëà (2).

Òåîðåìà 5. Ïóñòü G(0) = 0 è x0 = 0 ÿâëÿåòñÿ åäèíñòâåííîé êðèòè÷åñêîé
òî÷êîé ôóíêöèîíàëà (2) â øàðå ‖x‖ 6 R1. Òîãäà óðàâíåíèå (1) íå èìååò íåíóëåâûõ
ðåøåíèé x(t), óäîâëåòâîðÿþùèõ óñëîâèþ ‖x(t)‖ 6 R1, t ∈ R1.
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ÎÒÐÀÆÀÞÙÀß ÔÓÍÊÖÈß

Ì.Ñ. Áåëîêóðñêèé

Ðàññìîòðèì äèôôåðåíöèàëüíóþ ñèñòåìó

ẋ = X(t, x), t ∈ R, x = (x1, . . . , xn)T ∈ Rn, (1)
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ñ íåïðåðûâíîé ïî ñîâîêóïíîñòè ïåðåìåííûõ è íåïðåðûâíî äèôôåðåíöèðóåìîé ïî x
ïðàâîé ÷àñòüþ. Ïóñòü ϕ(t; τ, x) � îáùåå ðåøåíèå â ôîðìå Êîøè ñèñòåìû (1). Ïóñòü
Ix � ìàêñèìàëüíûé ñèììåòðè÷íûé îòíîñèòåëüíî íóëÿ èíòåðâàë ñóùåñòâîâàíèÿ ðå-
øåíèÿ ϕ(t; 0, x) . Îáîçíà÷èì D(X) :=

{(
t, ϕ(t; 0, x)

) ∈ Rn+1 : t ∈ Ix, x ∈ Rn
}
. Èç

òåîðåìû î íåïðåðûâíîé çàâèñèìîñòè ðåøåíèé îò íà÷àëüíûõ äàííûõ è îïðåäåëåíèÿ
ìíîæåñòâà D(X) ñëåäóåò, ÷òî D(X) � îòêðûòàÿ îáëàñòü â R× Rn , ñîäåðæàùàÿ ãè-
ïåðïëîñêîñòü t = 0 . Îòðàæàþùåé ôóíêöèåé Ìèðîíåíêî [1] ñèñòåìû (1) íàçûâàåòñÿ
âåêòîð-ôóíêöèÿ F : D(X) → Rn, äåéñòâóþùàÿ ïî ïðàâèëó (t, x) 7→ ϕ(−t; t, x). Òà-
êèì îáðàçîì, îòðàæàþùàÿ ôóíêöèÿ îïðåäåëÿåòñÿ ôîðìóëîé F (t, x) = ϕ(−t; t, x).

Âåêòîð-ôóíêöèÿ F = F (t, x) : D(X) → Rn ÿâëÿåòñÿ [2, c. 63] îòðàæàþùåé ôóíê-
öèåé ñèñòåìû (1), òîãäà è òîëüêî òîãäà, êîãäà îíà óäîâëåòâîðÿåò ñèñòåìå óðàâíåíèé
â ÷àñòíûõ ïðîèçâîäíûõ Ft + FxX(t, x) + X(−t, F ) = 0 è íà÷àëüíîìó óñëîâèþ

F (0, x) ≡ x. (2)

Äëÿ îòðàæàþùåé ôóíêöèè ñèñòåìû (1) ñïðàâåäëèâî [2, c. 63] òîæäåñòâî

F (−t, F (t, x))
t,x≡ x, (3)

èç êîòîðîãî ñëåäóåò, ÷òî íå âñÿêàÿ âåêòîð-ôóíêöèÿ ìîæåò áûòü îòðàæàþùåé ôóíê-
öèåé. Ïîýòîìó àêòóàëüíîé çàäà÷åé ÿâëÿåòñÿ íàõîæäåíèå ôóíêöèé, óäîâëåòâîðÿþùèõ
óñëîâèþ (3), ò. å. òåõ ôóíêöèé, êîòîðûå ìîãóò áûòü èñïîëüçîâàíû äëÿ èçó÷åíèÿ äèô-
ôåðåíöèàëüíûõ óðàâíåíèé ìåòîäîì îòðàæàþùåé ôóíêöèè.

Ðàññìîòðèì ôóíêöèþ âèäà

F (t, x) =
f0(t) + f1(t)x

g0(t) + g1(t)x
. (4)

Êîýôôèöèåíò g0(0) 6= 0 , ò. ê. â ïðîòèâíîì ñëó÷àå ôóíêöèÿ (4) íå óäîâëåòâîðÿåò
óñëîâèþ (2). Ðàçäåëèâ ÷èñëèòåëü è çíàìåíàòåëü ôóíêöèè (4) íà g0(t) , ïîëó÷àåì ôóíê-
öèþ âèäà

F (t, x) =
a0(t) + a1(t)x

1 + b1(t)x
, (5)

ãäå a0(t) =
f0(t)

g0(t)
, a1(t) =

f1(t)

g0(t)
, b1(t) =

g1(t)

g0(t)
.

Òåîðåìà 1.Äëÿ òîãî ÷òîáû ôóíêöèÿ (5) áûëà îòðàæàþùåé ôóíêöèåé íåîáõîäèìî
è äîñòàòî÷íî, ÷òîáû îíà èìåëà âèä

F (t, x) =
α(t)eβ(t) + e2β(t)x

1 + γ(t)eβ(t)x
, (6)

ãäå α(t) , β(t) è γ(t) � íå÷åòíûå äèôôåðåíöèðóåìûå ôóíêöèè.
Ðàññìîòðèì äèôôåðåíöèàëüíîå óðàâíåíèå

ẋ = X(t, x), t, x ∈ R. (7)

Òåîðåìà 2. Ïóñòü ïðàâàÿ ÷àñòü óðàâíåíèÿ (7) íåïðåðûâíà ïî ñîâîêóïíîñòè ïå-
ðåìåííûõ è íåïðåðûâíî äèôôåðåíöèðóåìà ïî x. Åñëè óðàâíåíèå (7) èìååò îòðàæà-
þùóþ ôóíêöèþ (6), òî îïåðàòîð ñäâèãà âäîëü ðåøåíèé óðàâíåíèÿ (7) íà îòðåçêå
[−ω; ω] çàäàåòñÿ ôîðìóëîé

T : x 7→ −α(ω)e−β(ω) + e−2β(ω)x

1− γ(ω)e−β(ω)x
.
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ÐÅÃÓËßÐÈÇÀÖÈß ÌÍÎÃÎÒÎ×Å×ÍÎÉ ÊÐÀÅÂÎÉ ÇÀÄÀ×È
ÄËß ÌÀÒÐÈ×ÍÎÃÎ ÓÐÀÂÍÅÍÈß ËßÏÓÍÎÂÀ Ñ ÏÀÐÀÌÅÒÐÎÌ

À.Í. Áîíäàðåâ

Èññëåäóåòñÿ çàäà÷à

dX

dt
= λA(t)XC1(t) + XB1(t) + λ2C2(t)XB2(t) + F (t), (1)

k∑
i=1

MiX(ti, λ) = 0, 0 = t1 < t2 < . . . < tk = ω, (2)

ãäå X ∈ Rn×m, A, Bj, Cj, F � íåïðåðûâíûå ïî t ∈ I ìàòðèöû-ôóíêöèè ñîîòâåòñòâó-
þùèõ ðàçìåðíîñòåé, Mi � çàäàííûå ïîñòîÿííûå (n× n)-ìàòðèöû; λ ∈ R, I = [0, ω],
ω > 0, j = 1, 2.

Â ïðåäëàãàåìîé ðàáîòå, ÿâëÿþùåéñÿ îáîáùåíèåì è ðàçâèòèåì [1, 2], ïî ìåòîäó
[3, ãë. I] ïîëó÷åíû êîýôôèöèåíòíûå äîñòàòî÷íûå óñëîâèÿ îäíîçíà÷íîé ðàçðåøèìîñòè
çàäà÷è (1), (2), àëãîðèòì ïîñòðîåíèÿ ðåøåíèÿ è äàíà îöåíêà îáëàñòè åãî âîçìîæíîãî
ðàñïîëîæåíèÿ. Èññëåäîâàíèå çàäà÷è (1), (2) âûïîëíåíî â êîíå÷íîìåðíîé áàíàõîâîé
àëãåáðå B(n) íåïðåðûâíûõ ìàòðèö-ôóíêöèé ñ íîðìîé ‖X‖C = max

t∈I
‖X(t, λ)‖, ãäå

‖ · ‖ � îïðåäåëåííàÿ íîðìà ìàòðèöû â ýòîé àëãåáðå.
Ïðèìåì ñëåäóþùèå îáîçíà÷åíèÿ:

ε = |λ|, mi = ‖Mi‖, vi = ‖Vi‖, γ = ‖Φ−1‖, α = max
t∈I

‖A(t)‖, β2 = max
t∈I

‖B2(t)‖,
cj = max

t∈I
‖Cj(t)‖, h = max

t∈I
‖F (t)‖, µ1 = max

t∈I
‖V (t)‖, µ2 = max

t∈I
‖V −1(t)‖,

q(ε) = q1ε
2 + q2ε, N = γµ1µ2ωh

k∑
i=1

mivi,

ãäå q1 = γµ1µ2β2c2ω
k∑

i=1

mivi, q2 = γµ1µ2αc1ω
k∑

i=1

mivi, Φ � ëèíåéíûé ìàòðè÷íûé îïå-

ðàòîð òèïà [4], ΦY ≡
k∑

i=1

MiY Vi; Vi = V (ti), V (t) � ôóíäàìåíòàëüíàÿ ìàòðèöà óðàâ-
íåíèÿ dV/dt = V B1(t).

Òåîðåìà. Ïóñòü îïåðàòîð Φ îäíîçíà÷íî îáðàòèì, ïðè ýòîì q(ε) < 1 . Òîãäà çà-
äà÷à (1), (2) îäíîçíà÷íî ðàçðåøèìà; åå ðåøåíèå X(t, λ) ïðåäñòàâèìî êàê ïðåäåë ðàâ-
íîìåðíî ñõîäÿùåéñÿ ïîñëåäîâàòåëüíîñòè ìàòðè÷íûõ ôóíêöèé, îïðåäåëÿåìûõ ðåêóð-
ðåíòíûì èíòåãðàëüíûì ñîîòíîøåíèåì è óäîâëåòâîðÿþùèõ óñëîâèþ (2), ïðè ýòîì
ñïðàâåäëèâà îöåíêà ‖X‖C 6 N/(1− q(ε)) .
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Âìåñòî çàäà÷è (1), (2) ðàññìîòðåíî ýêâèâàëåíòíîå åé èíòåãðàëüíîå óðàâíåíèå

X(t, λ) =


Φ−1





k∑
i=1

Mi

t∫

ti

[λA(τ)X(τ)C1(τ) + λ2C2(τ)X(τ)B2(τ) +

+ F (τ)] V −1(τ) dτ Vi






 V (t), (3)

èññëåäîâàíèå ðàçðåøèìîñòè êîòîðîãî âûïîëíåíî ñ ïîìîùüþ ïðèíöèïà ñæèìàþùèõ
îòîáðàæåíèé (ñì., íàïðèìåð, [5, ñ. 605]).

Äëÿ ïîñòðîåíèÿ ðåøåíèÿ ïðåäëîæåí àëãîðèòì

Xp(t, λ) =


Φ−1





k∑
i=1

Mi

t∫

ti

[λA(τ)Xp−1(τ, λ)C1(τ) + λ2C2(τ)Xp−1(τ, λ)B2(τ) +

+ F (τ)] V −1(τ) dτ Vi






 V (t), p = 1, 2, . . . , (4)

ãäå X0(t, λ) � ïðîèçâîëüíàÿ íåïðåðûâíàÿ ìàòðè÷íàÿ ôóíêöèÿ.
Äîêàçàíî, ÷òî ïîñëåäîâàòåëüíîñòü {Xs(t, λ)}∞0 , ïîñòðîåííàÿ ïî àëãîðèòìó (4),

ñõîäèòñÿ ðàâíîìåðíî ïî t ∈ I ê ðåøåíèþ èíòåãðàëüíîãî óðàâíåíèÿ (3), ïðè ýòîì
ïîëó÷åíû îöåíêè

‖X −Xs‖C 6 q(ε)s

1− q(ε)
‖X1 −X0‖C , s = 0, 1, 2, . . . ; ‖X‖C 6 ‖X0‖C +

‖X1 −X0‖C

1− q(ε)
.

Èç îöåíêè äëÿ ‖X‖C ïðè X0 = 0 ñëåäóåò îöåíêà èç òåîðåìû.
Ðåøåíèå èíòåãðàëüíîãî óðàâíåíèÿ (3) ïîñòðîåíî òàêæå íà îñíîâå ìåòîäà ìàëîãî

ïàðàìåòðà Ïóàíêàðå�Ëÿïóíîâà â âèäå ðÿäà

X(t, λ) =
∞∑

s=0

λsXs(t), (5)

ãäå

X0(t) =


Φ−1





k∑
i=1

Mi

t∫

ti

F (τ)V −1(τ) dτ Vi






 V (t),

X1(t) =


Φ−1





k∑
i=1

Mi

t∫

ti

A(τ)X0(τ)C1(τ)V −1(τ) dτ Vi






 V (t),

Xp+1(t)=


Φ−1





k∑
i=1

Mi

t∫

ti

[A(τ)Xp(τ)C1(τ) + C2(τ)Xp−1(τ)B2(τ)] V −1(τ) dτ Vi






V (t),

p = 1, 2, . . . .

Óñòàíîâëåíî, ÷òî ðÿä (5) ñõîäèòñÿ ðàâíîìåðíî ïî t ∈ I ïðè |λ|<2/(q2 +
√

q2
2 + 4q1).
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ÏÐÈÌÅÍÅÍÈÅ ÔÓÍÊÖÈÎÍÀËÎÂ ËßÏÓÍÎÂÀ-ÁÎÃÄÀÍÎÂÀ
ÄËß ÏÎÑÒÐÎÅÍÈß ÏÎËÈÍÎÌÈÀËÜÍÛÕ ÈÍÒÅÃÐÀËÎÂ

ÄÂÓÌÅÐÍÛÕ ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ ÑÈÑÒÅÌ

Â.Ò. Áîðóõîâ, Î.Ì. Êâåòêî

Ðàññìàòðèâàåòñÿ ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé

ẋ = −y + P (x, y), ẏ = x + Q(x, y), (1)

ãäå P, Q ∈ R[x, y], deg P > 2, deg Q > 2. Íàïîìíèì, ÷òî îòëè÷íàÿ îò êîíñòàíòû è äî-
ñòàòî÷íî ãëàäêàÿ â íåêîòîðîé îêðåñòíîñòè U òî÷êè (0,0) ôóíêöèÿ V (x, y) íàçâàåòñÿ
ïåðâûì èíòåãðàëîì ñèñòåìû (1), åñëè âûïîëíÿåòñÿ óñëîâèå

(LV )(x, y) = 0 ∀x, y ∈ U.

Çäåñü
L := (−y + P )

∂

∂x
+ (x + Q)

∂

∂y

� îïåðàòîð Ëèóâèëëÿ ñèñòåìû (1). Íàñ èíòåðåñóþò ïîëèíîìèàëüíûå ïåðâûå èíòåãðà-
ëû Ïóàíêàðå ñòåïåíè m , ò.å. èíòåãðàëû âèäà

Vm(x, y) =
m∑

k=2

Hk(x, y), (m<∞), (2)

ãäå H2(x, y) = x2 + y2, Hk(x, y) (k = 3,m) � îäíîðîäíûå âåùåñòâåííûå ïîëèíîìû
ñòåïåíè deg Hk = k , Hm 6= 0.

ßâíûå óñëîâèÿ ñóùåñòâîâàíèÿ ïîëèíîìèàëüíûõ ïåðâûõ èíòåãðàëîâ äëÿ êâàäðà-
òè÷íûõ è êóáè÷åñêèõ ñèñòåì ïðåäñòàâëåíû â ðàáîòå [1]. Â [2] ïðèâîäÿòñÿ óñëîâèÿ
ñóùåñòâîâàíèÿ ïîëèíîìèàëüíûõ ïåðâûõ èíòåãðàëîâ äëÿ îáùåãî êëàññà ïîëèíîìèàëü-
íûõ äèôôåðåíöèàëüíûõ ñèñòåì. Îäíàêî ýòè óñëîâèÿ ñâîäÿòñÿ ê âû÷èñëåíèþ ðàíãîâ
ìàòðèö áîëüøèõ ðàçìåðíîñòåé.

Â äàííîì ñîîáùåíèè ðàññìàòðèâàåòñÿ àëãîðèòì, ïîçâîëÿþùèé ïîñëåäîâàòåëüíî,
ïîëàãàÿ m = 2, 3, ... , âûÿâèòü íàëè÷èå èëè îòñóòñòâèå èíòåãðàëîâ âèäà (2) äëÿ çàäàí-
íîé ñèñòåìû (1).

Îáîçíà÷èì
Fkl(x, y) = (Lvkl)(x, y),
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ãäå vkl(x, y) = xkyl , k + l > 3 , è îïðåäåëèì ïîäïðîñòðàíñòâî

Fm = span {Fkl}36k+l6m ⊂ R[x, y].

Ëåììà. Ñèñòåìà (1) äîïóñêàåò ïåðâûé ïîëèíîìèàëüíûé èíòåãðàë Ïóàíêàðå
ñòåïåíè 6 m òîãäà è òîëüêî òîãäà, êîãäà âûïîëíÿåòñÿ óñëîâèå

F20 + F02 ∈ Fm. (3)

Çàäà÷à (3) î ïðèíàäëåæíîñòè ïîëèíîìà F20 +F02 ïîäïðîñòðàíñòâó Fm ðåøàåòñÿ ñ
ïîìîùüþ îáùåãî àëãîðèòìà èç [3] ïîñòðîåíèÿ áàçèñà Ëÿïóíîâà äëÿ ôóíäèðîâàííîãî
ôóíêöèîíàëà Ëÿïóíîâà-Áîãäàíîâà. Ïðè ýòîì ôóíêöèîíàë Ëÿïóíîâà-Áîãäàíîâà λm

çàäà¼òñÿ ñîîòíîøåíèÿìè

λm(0) = −∞, λm(f) = multideg f, ∀f ∈ Fm�{0},
ãäå ìóëüòèñòåïåíü ïîëèíîìà f îïðåäåëÿåòñÿ òåì èëè èíûì ìîíîìèàëüíûì ïîðÿä-
êîì [4, 5].

Ïðèâîäÿòñÿ ïðèìåðû ïîëèíîìèàëüíûõ èíòåãðàëîâ, ïîëó÷åííûå ñ ïîìîùüþ ïðåä-
ëîæåííîãî ïîäõîäà.
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ÐÀÇÐÅØÈÌÎÑÒÜ È ÏÎÑÒÐÎÅÍÈÅ ÐÅØÅÍÈß
ÇÀÄÀ×È ÂÀËËÅ�ÏÓÑÑÅÍÀ

ÄËß ÍÅËÈÍÅÉÍÎÃÎ ÌÀÒÐÈ×ÍÎÃÎ ÓÐÀÂÍÅÍÈß ËßÏÓÍÎÂÀ
ÂÒÎÐÎÃÎ ÏÎÐßÄÊÀ

À.È. Êàøïàð

Ðàññìîòðèì êðàåâóþ çàäà÷ó [1�3]

d2X

dt2
= C1(t)X + XC2(t) + A(t)

dX

dt
+

dX

dt
B(t) + F

(
t,X,

dX

dt

)
, (1)

X(0) = M, X(ω) = N, (2)

ãäå
(t,X) ∈ I × Rn×n, A, B, Ci ∈ C

(
I, Rn×n

)
, F ∈ C (

D,Rn×n
)
,

D = {(t,X,Y) : t ∈ I, ‖X‖ < ρ̃1, ‖Y‖ < ρ̃2},



Êà÷åñòâåííàÿ òåîðèÿ äèôôåðåíöèàëüíûõ óðàâíåíèé 57

Y = dX/dt, I ∈ [0, ω], 0 < ρ̃i 6 ∞ (i = 1, 2),

M,N�çàäàííûå âåùåñòâåííûåìàòðèöû.Ïðåäïîëîæèìòàêæå, ÷òîôóíêöèÿ F(t,X,Y)
óäîâëåòâîðÿåò îòíîñèòåëüíî X, Y â îáëàñòè D óñëîâèþ Ëèïøèöà (ëîêàëüíî).

Â ïðåäëàãàåìîé ðàáîòå, ÿâëÿþùåéñÿ îáîáùåíèåì è ðàçâèòèåì [1�3], íà îñíîâå ïðè-
ìåíåíèÿ ìåòîäà [4] ïîëó÷åíû êîíñòðóêòèâíûå äîñòàòî÷íûå óñëîâèÿ îäíîçíà÷íîé ðàç-
ðåøèìîñòè è àëãîðèòì ïîñòðîåíèÿ ðåøåíèÿ çàäà÷è (1), (2).

Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ:

F̃ (t,X,Y) = C1(t)X + XC2(t) + F
(
t,X,Y

)
,

γ =
∥∥Φ−1

∥∥, P̃UV = M + PUV + L1(0,0), Q̃UV = QUV + L2(0,0),

ci = max
t
‖Ci(t)‖ , h1 = max

t

∥∥∥P̃UV(t)
∥∥∥ , h2 = max

t

∥∥∥Q̃UV(t)
∥∥∥ ,

λU = max
06s6τ6ω

∥∥U(τ)U−1(s)
∥∥ , λV = max

06s6τ6ω

∥∥V(s)V−1(τ)
∥∥ ,

G = {(t, X, Y) : t ∈ I, ‖X‖ 6 ρ1, ‖Y‖ 6 ρ2} ,

p1 =
1

3
γλ2

Uλ2
V ω3(L1 + c1 + c2), p2 =

1

2
γλ2

Uλ2
V ω2(L1 + c1 + c2),

q1 =
1

3
γλ2

Uλ2
V ω3L2, q2 =

1

2
γλ2

Uλ2
V ω2L2,

Z =

( ‖X‖C

‖Y‖C

)
, P =

(
p1 q1

p2 q2

)
, H =

(
h1

h2

)
,

ãäå t ∈ I, 0 < ρi < ρ̃i (i = 1, 2) ; U(t) , V(t) � èíòåãðàëüíûå ìàòðèöû óðàâíåíèé
dU/dt = A(t)U (U(0) = En), dV/dt = VB(t) (V(0) = Em),

Ek � åäèíè÷íàÿ ìàòðèöà ïîðÿäêà k;

PUV(t) =

t∫

0

U(τ)
(
Φ−1(N−M)

)
V(τ)dτ , QUV(t) = U(t)

(
Φ−1(N−M)

)
V(t);

Φ � ëèíåéíûé îïåðàòîð [1�3],

ΦZ(t) =

ω∫

0

U(τ)Z(t)V(τ)dτ , Z(t) = U−1(t)Y(t)V−1(t);

Li =Li(ρ1, ρ2) � ïîñòîÿííûå Ëèïøèöà äëÿ F
(
t,X,Y

)
â îáëàñòè G; ‖X‖C =max

t
‖X(t)‖ �

íîðìà íåïðåðûâíîé ìàòðè÷íîé ôóíêöèè â êîíå÷íîìåðíîé áàíàõîâîé àëãåáðå B(n) ,
‖·‖ � îïðåäåëåííàÿ íîðìà ìàòðèöû â ýòîé àëãåáðå, íàïðèìåð, ëþáàÿ èç íîðì, ïðè-
âåäåííûõ â [5, ñ. 21]; L1, L2 � èíòåãðàëüíûå îïåðàòîðû, îïðåäåëÿåìûå íà îñíîâå
èíòåãðàëüíîé çàäà÷è, ýêâèâàëåíòíîé (1),

X = M + PUV(t) + L1(X,Y), Y = QUV(t) + L2(X,Y). (3)

Èíòåãðàëüíàÿ çàäà÷à (3) â ÿâíîì âèäå äàåòñÿ ñîîòíîøåíèÿìè

X(t) = M +

t∫

0

U(τ)Φ−1
(
(N−M)

)
V(τ)dτ+
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+

t∫

0

U(ϕ)Φ−1




ω∫

0




ϕ∫

τ

KU(τ, s)F̃
(
s,X(s),Y(s)

)
KV(s, τ)ds


dτ


V(ϕ)dϕ, (4)

Y(t) = U(t)
(
Φ−1(N−M)

)
V(t)+

+U(t)Φ−1




ω∫

0




t∫

τ

KU(τ, s)F̃
(
s,X(s),Y(s)

)
KV(s, τ)ds


dτ


V(t). (5)

Òåîðåìà. Ïóñòü îïåðàòîð Φ îäíîçíà÷íî îáðàòèì è âûïîëíåíû íåðàâåíñòâà

p1ρ1 + q1ρ2 + h1 6 ρ1, p2ρ1 + q2ρ2 + h2 6 ρ2, p1 + q2 < 1.

Òîãäà çàäà÷à (1), (2) îäíîçíà÷íî ðàçðåøèìà â îáëàñòè G , ïðè ýòîì ñïðàâåäëèâà
îöåíêà Z 6 (E−P)−1H.

Çàìå÷àíèå. Â ñëó÷àå, êîãäà A(t) ≡ 0, B(t) ≡ 0, Ci(t) ≡ 0 , èìååò ìåñòî ñëåä-
ñòâèå äàííîé òåîðåìû, èç êîòîðîãî ïðè ρ2 = 4ρ1/ω âûòåêàåò òåîðåìà 4.1 [6, ñ. 497].
Â [1] äàíî ïðèìåíåíèå ïîëó÷åííûõ ðåçóëüòàòîâ ê ñòàöèîíàðíîé çàäà÷å îá îïðåäåëåíèè
ðàñïðåäåëåíèÿ òåìïåðàòóðû â êðóãîâîé (ïðîäîëüíî íåîãðàíè÷åííîé) öèëèíäðè÷åñêîé
îáîëî÷êå (ñòåíêå).

Äëÿ ïîñòðîåíèÿ ðåøåíèÿ çàäà÷è (1), (2) ðàçðàáîòàí àëãîðèòì êëàññè÷åñêîãî òèïà
(ñì., íàïðèìåð, [7, ñ. 605]), êîòîðûé ïðèìåíèòåëüíî ê îïåðàòîðíîé ñèñòåìå (3) èìååò
âèä

Xk+1 = M+PUV(t)+L1(Xk,Yk), Yk+1 = QUV(t)+L2(Xk,Yk), k = 0, 1, 2, . . . , (6)

ãäå X0(t),Y0(t) � ïðîèçâîëüíûå ìàòðèöû êëàññà C (I, Rn×n) , ïðèíàäëåæàùèå ìíî-
æåñòâó G̃ = {(X(t), Y(t)) : ‖X‖C 6 ρ1, ‖Y‖C 6 ρ2}.

Àëãîðèòì (6) äëÿ èíòåãðàëüíîé çàäà÷è (4), (5) èìååò âèä

Xk+1(t) = M + PUV(t)+

+

t∫

0

U(ϕ)Φ−1




ω∫

0




ϕ∫

τ

KU(τ, s)F̃
(
s,Xk(s),Yk(s)

)
KV(s, τ)ds


dτ


V(ϕ)dϕ, k = 0, 1, 2, . . . ,

Yk+1(t) = QUV(t) + U(t)Φ−1




ω∫

0




t∫

τ

KU(τ, s)F̃
(
s,Xk(s),Yk(s)

)
KV(s, τ)ds


dτ


V(t).

Èçó÷åíû âîïðîñû ñõîäèìîñòè, ñêîðîñòè ñõîäèìîñòè äàííîãî àëãîðèòìà, à òàêæå
ïîëó÷åíû ñîîòâåòñòâóþùèå îöåíêè.
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ÂÎÇÌÓÙÅÍÍÀß ÃÀÌÈËÜÒÎÍÎÂÀß ÑÈÑÒÅÌÀ
Ñ ÅÄÈÍÑÒÂÅÍÍÛÌ ÏÐÅÄÅËÜÍÛÌ ÖÈÊËÎÌ

À.Â. Êóçüìè÷

Ðàññìàòðèâàëàñü àâòîíîìíàÿ âîçìóùåííàÿ ãàìèëüòîíîâàÿ äèôôåðåíöèàëüíàÿ
ñèñòåìà íà ïëîñêîñòè

dx

dt
= y2n−1 = P (x, y),

dy

dt
= −x2q−1 + µ

n∑
i=0

hi(x, µ)yi = Q(x, y),
(1)

çàâèñÿùàÿ îò äåéñòâèòåëüíîãî ïàðàìåòðà µ ∈ I ⊂ R, 0 ∈ I, è íàòóðàëüíûõ ïàðà-
ìåòðîâ n, q. Ôóíêöèè hi : R × I → R, i = 0, n, íåïðåðûâíû ïî äâóì àðãóìåíòàì è
hn(x, µ) 6= 0.

Äëÿ îïðåäåëåíèÿ ÷èñëà è ðàñïîëîæåíèÿ ïðåäåëüíûõ öèêëîâ â îáëàñòè Ω ⊂ R2 ïðè-
ìåíÿëñÿ îáîáùåííûé ìåòîä Äþëàêà [1], êîòîðûé çàêëþ÷àåòñÿ â íàõîæäåíèè ôóíêöèè
Äþëàêà-×åðêàñà Ψ(x, y) ∈ C1(Ω) è ÷èñëà k ∈ R, k 6= 0, óäîâëåòâîðÿþùèõíåðàâåíñòâó

Φ ≡ kΨ div X +
∂Ψ

∂x
P +

∂Ψ

∂y
Q > 0 (< 0), (x, y) ∈ Ω, X = (P,Q).

Äëÿ âûäåëåíèÿ êëàññà ñèñòåì âèäà (1), èìåþùèõ íå áîëåå îäíîãî ïðåäåëüíîãî
öèêëà âî âñåé ôàçîâîé ïëîñêîñòè, ôóíêöèÿ Ψ ïðèìåíÿëàñü â âèäå

Ψ(x, y) =
n

q
cx2q + cy2n − a, a, c ∈ R>0. (2)

Â ðåçóëüòàòå ïîëó÷åí ñëåäóþùèé ðåçóëüòàò
Òåîðåìà. Ñèñòåìà

dx

dt
= y2n−1,

dy

dt
= −x2q−1 + µ

(n

q
cx2q − a

)2l−1

yn
(3)

èìååò ôóíêöèþ Äþëàêà-×åðêàñà â âèäå ïîëèíîìà (2) äëÿ âñåõ (x, y) ∈ R2 è ïðè
0 6= µ ∈ R, q, n, l ∈ N, n � íå÷åòíîå, a, c ∈ R>0. Òàêèì îáðàçîì, ïðè óêàçàí-
íûõ óñëîâèÿõ ñèñòåìà (3) èìååò íå áîëåå îäíîãî ïðåäåëüíîãî öèêëà âî âñåé ôàçîâîé
ïëîñêîñòè. Ïðè÷åì åñëè ïðåäåëüíûé öèêë ñóùåñòâóåò, òî ÿâëÿåòñÿ óñòîé÷èâûì
(íåóñòîé÷èâûì) ïðè µ < 0 (µ > 0).

Äëÿ ïðîâåðêè ñóùåñòâîâàíèÿ ïðåäåëüíîãî öèêëà âûïîëíÿåòñÿ âòîðîé øàã, êîòî-
ðûé çàêëþ÷àåòñÿ â ïîñòðîåíèè äîïîëíèòåëüíîé çàìêíóòîé òðàíñâåðñàëüíîé êðèâîé,
îêðóæàþùåé çàìêíóòóþ êðèâóþ, çàäàâàåìóþ óðàâíåíèåì Ψ = 0. Òðåáóåìàÿ êðèâàÿ
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íà âòîðîì øàãå íàõîäèòñÿ çà ñ÷åò äîïîëíèòåëüíîãî ïðèìåíåíèÿ ïðèçíàêà Äþëàêà-
×åðêàñà, èëè ïðèçíàêà Äþëàêà, èëè èõ îáîáùåíèé [2, 3].

Ñ ïîìîùüþ ýòèõ ìåòîäîâ äëÿ íåêîòîðûõ êîíêðåòíûõ ñèñòåì âèäà (3) äîêàçàíî
ñóùåñòâîâàíèå òî÷íî îäíîãî ïðåäåëüíîãî öèêëà âî âñåé ôàçîâîé ïëîñêîñòè.
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ÐÅØÅÍÈÅ ÍÅÊÎÒÎÐÛÕ ËÈÍÅÉÍÛÕ ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ
ÓÐÀÂÍÅÍÈÉ Ñ ÎÒÊËÎÍßÞÙÈÌÑß ÀÐÃÓÌÅÍÒÎÌ

Î.O. Êóðáàíáàåâ

Â ðàáîòå èññëåäóåòñÿ íà ðàçðåøèìîñòü çàäà÷ äëÿ ëèíåéíîãî îáûêíîâåííîãî äèô-
ôåðåíöèàëüíîãî óðàâíåíèÿ n ãî ïîðÿäêà ñ îòêëîíÿþùèìñÿ àðãóìåíòîì íà ñèììåò-
ðè÷íîì îòðåçêå. Ðåçóëüòàòû èññëåäîâàíèÿ òàêèõ çàäà÷ íàõîäÿò øèðîêîå ïðàêòè÷åñêèå
ïðèìåíåíèå â òåõíèêå, ýêîíîìèêå è äðóãèõ îáëàñòÿõ íàóêè [1, 2].

Ðàññìîòðèì íà ñèììåòðè÷íîì îòðåçêå [−l, l] äèôôåðåíöèàëüíîå óðàâíåíèå ñ îò-
êëîíÿþùèìñÿ àðãóìåíòîì è ñ ïîñòîÿííûìè êîýôôèöèåíòàìè âèäà

n∑

k=0

(
akx

(n−k)(t) + bkx
(n−k)(−t)

)
= 0, (1)

Îáùåå ðåøåíèå óðàâíåíèÿ (1) áóäåì èñêàòü â âèäå ñóììû äâóõ ôóíêöèé

x(t) = u(t) + ϑ(t),

ãäå u(t) � ðåøåíèå óðàâíåíèÿ
n∑

k=0

cku
(n−k)(t) = 0 (2)

óäîâëåòâîðÿþùåå óñëîâèþ u(t) = u(−t) , à ϑ(t) � ðåøåíèå óðàâíåíèÿ
n∑

k=0

dkϑ
(n−k)(t) = 0 (3)

óäîâëåòâîðÿþùåå óñëîâèþ ϑ(t) = −ϑ(−t), ãäå ck = ak + bk è dk = ak − bk.
Òåîðåìà. Ïóñòü êîýôôèöèåíòû ak, bk, k = 0, 1, . . . , n òàêîâû, ÷òî ñèñòåìû





[n
2 ]∑

k=0

(a2k + b2k)λ
n−2k = 0,

[n−1
2 ]∑

k=0

(a2k+1 + b2k+1)λ
n−2k−1 = 0

(4)
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è 



[n
2 ]∑

k=0

(a2k − b2k)λ
n−2k = 0,

[n−1
2 ]∑

k=0

(a2k+1 − b2k+1)λ
n−2k−1 = 0

(5)

èìååò ïî êðàéíåé ìåðå, îäíî ðåøåíèå â âèäå λ = α ± βi, â êîòîðîì îäíî èç α èëè
β ðàâíî íóëþ. Òîãäà ðåøåíèå çàäà÷è (1) ñóùåñòâóåò.

Äåéñòâèòåëüíî, åñëè èìååòñÿ ðåøåíèå îòíîñèòåëüíî λ. Åñëè λ = λ1 ðåøåíèå ñè-
ñòåìû (4) è λ = λ2 ðåøåíèå ñèñòåìû (5), òî, êàê âèäíî èç ýòèõ ñèñòåì, λ = −λ1 è
λ = −λ2 òîæå ÿâëÿþòñÿ ñîîòâåòñòâóþùèìè ðåøåíèÿìè ýòèõ ñèñòåì. À ýòî îáåñïå÷èò
ñóùåñòâîâàíèå ðåøåíèé (2), óäîâëåòâîðÿþùèõ óñëîâèþ u(t) = u(−t) è (3) óäîâëåòâî-
ðÿþùèå óñëîâèþ ϑ(t) = −ϑ(−t).

Òàêèì îáðàçîì, ïîëó÷àåòñÿ îáùåå ðåøåíèå óðàâíåíèÿ (1) â âèäå x(t) = u(t)+ϑ(t).
Íàïðèìåð, äëÿ óðàâíåíèÿ

2x′′(t) + x′′(−t) + x(t) + 2x(−t) = 0 (6)

èìååì u(t) = C1 cos t è ϑ(t) = C2 (et − e−t) . Òîãäà îáùåå ðåøåíèå óðàâíåíèÿ (6) èìååò
âèä: x(t) = C1 cos t + C2 (et − e−t) .

Äëÿ óðàâíåíèÿ

2x′′′(t) + x′′′(−t) + 2x′′(t) + x′′(−t) + 2x′(t) + x′(−t) + 2x(t) + x(−t) = 0 (7)

èìååì u(t) = C1 cos t, ϑ(t) = C2 sin t. Òîãäà îáùåå ðåøåíèå óðàâíåíèÿ (7) èìååò âèä:

x(t) = C1 cos t + C2 sin t.
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ÎÁ ÎÄÍÎÉ ÄÈÔÔÅÐÅÍÖÈÀËÜÍÎÉ ÇÀÄÀ×Å
Ñ ÓÑËÎÂÈßÌÈ ÈÍÒÅÃÐÀËÜÍÎÃÎ ÒÈÏÀ

Â.Í. Ëàïòèíñêèé

Èçó÷àåòñÿ çàäà÷à îòûñêàíèÿ x ∈ C1(I, Rn) èç ñîâîêóïíîñòè ñîîòíîøåíèé

dx

dt
= A(t)x + f(t), (1)

ω∫

0

Ψi(τ)x(τ)dτ = µi, (2)

ãäå A ∈ C(I, Rn×n), f ∈ C(I, Rn), Ψi ∈ C(I, Rn×n), µi ∈ Rn, i = 1, k; I = [0, ω],
ω > 0. Ñîîòíîøåíèå (2) ïðè k = ∞ ÿâëÿåòñÿ èíòåãðàëüíûì óñëîâèåì òèïà [1, ñ. 264];
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áîëåå øèðîêèé êðóã òàêèõ óñëîâèé îïèñàí â [2, ãë. IX, �5]. Ââîäÿòñÿ òàêæå ìàòðèöû
Φi ∈ C1(I, Rn×n), âîçìîæíî, áàçèñíîãî òèïà [3, ãë. 4], â ÷àñòíîñòè, Φi(t) = Ψi(t).

Â ïðåäëàãàåìîé ðàáîòå êîíñòðóêòèâíûé ìåòîä [3, ãë. 4] ðàçâèò íà îñíîâå [4, 5]
ïðèìåíèòåëüíî ê çàäà÷å (1), (2). Ñíà÷àëà îïðåäåëÿåòñÿ ïðèíöèïèàëüíàÿ ñòðóêòóðà
èñêîìîãî ðåøåíèÿ. Ïóñòü ýòà çàäà÷à ðàçðåøèìà. Äëÿ âîçìîæíûõ ðåøåíèé êëàññà
C1(I, Rn) ñèñòåìû (2) ñ ïîìîùüþ ïîäõîäà [4, 5] ïðè âûïîëíåíèè óñëîâèÿ íåâûðîæ-
äåííîñòè ìàòðèö, îïðåäåëÿåìûõ äàëåå ïî òåêñòó, ïîëó÷åíî âûðàæåíèå òèïà [3, ãë. 4]

x(t) = y(t) +

ω∫

0

Q(t, τ)y(τ) dτ + q(t), (3)

ãäå y(t) � âñïîìîãàòåëüíàÿ ôóíêöèÿ, àíàëîãè÷íàÿ [3, ãë. 4], âûðîæäåííîå ÿäðî Q(t, τ)
ïðåäñòàâëåíî ÷åðåç Φi(t), Ψi(t) íà îñíîâå àëãîðèòìà

Qj+1(t, τ) = Qj(t, τ)−

Φj+1(t) +

ω∫

0

Qj(t, s)Φj+1(s) ds




(
˜Ψj+1Rj+1

)−1

×

×

Ψj+1(τ) +

ω∫

0

Ψj+1(s)Qj(s, τ) ds


 , j = 0, k − 1,

òèëüäîé ñâåðõó îáîçíà÷åí èíòåãðàë ïî ïðîìåæóòêó I.
Ôóíêöèÿ y(t) ïîýòàïíî â ðàìêàõ ñîîòâåñòâóþùåãî àëãîðèòìà äîîïðåäåëÿåòñÿ ñ ñî-

õðàíåíèåì ïðîèçâîëà ïðè ïîñòðîåíèè ôóíêöèé Qm(t, τ), qm(t) òàê, ÷òî Q0(t, τ) = 0,
q0(t) = 0, Q(t, τ) = Qk(t, τ), q(t) = qk(t), y(t) = yk(t),

Rj+1(t) = Φj+1(t) +

ω∫

0

Qj(t, τ)Φj+1(τ) dτ,

qj+1(t) = qj(t) + δj+1(t) +

ω∫

0

Qj(t, τ)δj+1(τ)dτ,

ãäå

δj+1(t) = Φj+1(t)
(
˜Ψj+1Rj+1

)−1


µj+1 −

ω∫

0

Ψj(τ)qj(τ)dτ


,

ïðè ýòîì ïðåäïîëàãàåòñÿ

det ˜Ψj+1Rj+1 6= 0, j = 0, k − 1. (4)

Ñîîòíîøåíèå (3) ïðèíèìàåòñÿ çà îñíîâó êàê ïðåäñòàâëåíèå òèïà [3, ãë. 4] ðåøåíèÿ
çàäà÷è (1), (2). Ñ ïîìîùüþ [3, ãë. 3] óñòàíîâëåíî, ÷òî çàäà÷à (1), (2) â ïðåäñòàâëå-
íèè (3) ýêâèâàëåíòíà èíòåãðàëüíîé çàäà÷å

y(t) =

ω∫

0

K(t, τ)y(τ) dτ + p(t), (5)
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ãäå

K(t, τ) = U(t)Q(0, τ)−Q(t, τ), p(t) = U(t)


y0 + q0 +

t∫

0

U−1(τ)f(τ) dτ


− q(t);

y0 = y(0), q0 = q(0), U(t) (U(0) = E) � ôóíäàìåíòàëüíàÿ ìàòðèöà îäíîðîäíîãî
óðàâíåíèÿ â (1).

Ââåä¼ì ñëåäóþùèå îáîçíà÷åíèÿ:

b = max
t∈I

ω∫

0

‖Q(t, τ)‖ dτ, a = max
t∈I

ω∫

0

‖K(t, τ)‖ dτ, h = max
t∈I

‖p(t)‖, σ = max
t∈I

‖q(t)‖,

ãäå ‖ · ‖ � ëþáàÿ èç íîðì, ïðèâåäåííûõ â [6, ñ. 21].
Ëåììà. Ïðè âûïîëíåíèè óñëîâèÿ a < 1 ðåøåíèå óðàâíåíèÿ (5) ñóùåñòâóåò è

åäèíñòâåííî, ïðè ýòîì ñïðàâåäëèâà îöåíêà ‖y(t)‖ 6 h

1− a
.

Òåîðåìà. Ïóñòü a < 1 è âûïîëíåíî óñëîâèå (4). Òîãäà ðåøåíèå çàäà÷è (1), (2)
â ïðåäñòàâëåíèè (3) ñóùåñòâóåò è åäèíñòâåííî, ïðè ýòîì ñïðàâåäëèâà îöåíêà

‖x(t)‖ 6 (1 + b)h

1− a
+ σ.

Äëÿ ïîñòðîåíèÿ ðåøåíèÿ èñïîëüçóåòñÿ êëàññè÷åñêèé ìåòîä ïîñëåäîâàòåëüíûõ
ïðèáëèæåíèé (ñì., íàïðèìåð, [1, ñ. 605]).

Çàìå÷àíèå. Ïðèìåíåíèå ìåòîäà Ãàóññà ê ñèñòåìå (2) íà îñíîâå

x(t) =
k∑

i=1

Φi(t)ci + y(t)

ïðèâîäèò ê å¼ ðåøåíèþ òèïà (3) ñ áîëåå ñëîæíûì àëãîðèòìîì ïîñòðîåíèÿ âåêòîðîâ ci.
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Ê ÀÍÀËÈÇÓ ÏÅÐÈÎÄÈ×ÅÑÊÎÉ ÊÐÀÅÂÎÉ ÇÀÄÀ×È
ÄËß ÌÀÒÐÈ×ÍÎÃÎ ÓÐÀÂÍÅÍÈß ËßÏÓÍÎÂÀ�ÐÈÊÊÀÒÈ

Ñ ÏÀÐÀÌÅÒÐÎÌ
Î.À. Ìàêîâåöêàÿ

Â êîíå÷íîìåðíîé áàíàõîâîé àëãåáðå B(n) íåïðåðûâíûõ ìàòðèö-ôóíêöèé ñ íîðìîé
‖X‖C = max

t
‖X(t)‖ èññëåäóåòñÿ êðàåâàÿ çàäà÷à [1, 2]

dX

dt
= A(t)X + XB(t) + XQ(t)X + λF (t,X), (1)
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X(0, λ) = X(ω, λ), (2)

ãäå (t,X) ∈ I × Rn×n, A, B, Q ∈ C(I, Rn×n), F ∈ C(Dρ̃, Rn×n) . Ïðåäïîëàãàåòñÿ, ÷òî
ìàòðèöà-ôóíêöèÿ F (t,X) â îáëàñòè Dρ̃ = {(t,X) : t ∈ I, ‖X‖ < ρ̃}, óäîâëåòâîðÿ-
åò îòíîñèòåëüíî X óñëîâèþ Ëèïøèöà (ëîêàëüíî): F (t, 0) 6≡ 0; I = [0, ω], ω > 0,
0 < ρ̃ 6 ∞, λ ∈ R.

Â ñëó÷àå Q = 0, λ = 1 ýòà çàäà÷à êîíñòðóêòèâíûìè ìåòîäàìè [3] èçó÷àëàñü â
[4 è äð.], ñ ïåðèîäè÷åñêèìè êðàåâûìè óñëîâèÿìè â [5]. Ñ ïîìîùüþ êà÷åñòâåííûõ ìå-
òîäîâ çàäà÷à (1), (2) â îáëàñòè I ×Rn×n ðàññìàòðèâàëàñü â ðàáîòå [6]. Ïðåäëàãàåìàÿ
ðàáîòà ÿâëÿåòñÿ ïðîäîëæåíèåì è ðàçâèòèåì [1, 2, 7].

Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ:

Dρ = {(t,X) : 0 6 t 6 ω, ‖X‖ 6 ρ}, M =

ω∫

0

A(τ) dτ, N = −
ω∫

0

B(τ) dτ,

γ = ‖Φ−1(ω)‖, α = max
t
‖A(t)‖, β = max

t
‖B(t)‖, δ = max

t
‖Q(t)‖,

h = max
t
‖F (t, 0)‖, ε = |λ|,

q(ρ, ε) = q1(ρ) + q2(ρ)ε, ϕ(ρ, ε) = ϕ1(ρ) + ϕ2(ρ)ε,

q1(ρ) = γδω
[
(α + β)ω + 2

]
ρ +

1

2
γω2(α + β)2, q2(ρ) = γωL

[
1 +

1

2
(α + β)ω

]
,

ϕ1(ρ) = γδω
[
1 +

1

2
(α + β)ω

]
ρ2 +

1

2
γω2(α + β)2ρ, ϕ2(ρ) =

[
1 +

1

2
(α + β)ω

]
(L + h)γω,

ε1 =
ρ− ϕ1(ρ)

ϕ2(ρ)
, ε2 =

1− q1(ρ)

q2(ρ)
, ε0 = min{ε1, ε2},

ãäå 0 < ρ < ρ̃, t ∈ I, L = L(ρ) > 0 � ïîñòîÿííàÿ Ëèïøèöà äëÿ F (t,X) â îáëàñ-
òè Dρ , Φ � ëèíåéíûé ìàòðè÷íûé îïåðàòîð, ΦZ = MZ − ZN, ‖ · ‖ � ïîäõîäÿùàÿ
íîðìà ìàòðèö â B(n), íàïðèìåð, ëþáàÿ èç íîðì, ïðèâåäåííûõ â [8, ñ. 21].

Òåîðåìà. Ïóñòü âûïîëíåíû ñëåäóþùèå óñëîâèÿ: ìàòðèöû M, N íå èìåþò îá-
ùèõ õàðàêòåðèñòè÷åñêèõ ÷èñåë, ϕ1(ρ) < ρ, q1(ρ) < 1. Òîãäà ïðè |λ| < ε0 ðåøåíèå
çàäà÷è (1), (2) â îáëàñòè Dρ ñóùåñòâóåò è åäèíñòâåííî, ïðè ýòîì ñïðàâåäëèâà
îöåíêà ‖X‖C 6 ϕ(ρ, ε).

Äëÿ ïîñòðîåíèÿ ðåøåíèÿ çàäà÷è (1), (2) ïðåäëîæåí àëãîðèòì ñ ÿâíîé âû÷èñëè-
òåëüíîé ñõåìîé

Xk+1(t, λ) =

= Φ−1
{ ω∫

0

A(τ)dτ
( t∫

τ

[A(σ)Xk(σ, λ) + Xk(σ, λ)B(σ) + Xk−1(σ, λ)Q(σ)Xk−1(σ, λ)+

+λF (σ,Xk−1(σ, λ))]dσ
)
dτ +

ω∫

0

( t∫

τ

[A(σ)Xk(σ, λ) + Xk(σ, λ)B(σ)+

+Xk−1(σ, λ)Q(σ)Xk−1(σ, λ) + λF (σ,Xk−1(σ, λ))] dσ
)
B(τ) dτ−

−
ω∫

0

[Xk(τ, λ)Q(τ)Xk(τ, λ) + λF (τ, Xk(τ, λ))] dτ, k = 1, 2, . . . , (3)
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ãäå X0 = 0, X1 = −λΦ−1
ω∫
0

F (τ, 0) dτ ; î÷åâèäíî ‖X1‖ 6 ρ ïðè |λ| < ε0 .
Èçó÷åíû âîïðîñû ñõîäèìîñòè, ñêîðîñòè ñõîäèìîñòè àëãîðèòìà (3), ïðè ýòîì ïîëó-

÷åíà îöåíêà

‖X −Xk+1‖C 6 q‖xk+1 −Xk‖C + p‖Xk −Xk−1‖C
1− q

, k = 1, 2, . . . , (4)

ãäå
p =

1

2
γ(α + β)2ω2 + γω(2δρ + εL).

Îöåíêà (4) äîïîëíåíà ñëåäóþùèìè îöåíêàìè

‖X1‖C 6 εγωh;

‖X2 −X1‖C 6 1

2
γ(α + β)ω2[(α + β)ρ + εh] + γω(δρ2 + εLρ),

êîòîðûå ïîçâîëÿþò âûðàçèòü îöåíêó (4) ÷åðåç èñõîäíûå äàííûå çàäà÷è.
Äëÿ èëëþñòðàöèè ïðèìåíåíèÿ ïîëó÷åííûõ ðåçóëüòàòîâ ðàññìîòðåíà ìîäåëüíàÿ çà-

äà÷à ïðè n = 2 .
Çàìå÷àíèå. Â [6] ïðèâåäåí àëãîðèòì ñ íåÿâíîé âû÷èñëèòåëüíîé ñõåìîé. Îí íåóäî-

áåí òåì, ÷òî ïðè ïîñòðîåíèè ïðèáëèæåíèé íà êàæäîì øàãå èòåðàöèè ñëåäóåò ðåøàòü
ñîîòâåòñòâóþùåå èíòåãðàëüíîå óðàâíåíèå.
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ÎÒÐÀÆÀÞÙÀß ÔÓÍÊÖÈß È
ÎÁÎÁÙÅÍÈÅ ÏÎÍßÒÈß ÏÅÐÂÎÃÎ ÈÍÒÅÃÐÀËÀ

Â.È. Ìèðîíåíêî, Â.Â. Ìèðîíåíêî

Ðàññìîòðèì äèôôåðåíöèàëüíóþ ñèñòåìó
dx

dt
= X(t, x), t ∈ R, x ∈ D ⊂ Rn, (1)

ñ íåïðåðûâíî äèôôåðåíöèðóåìîé ïðàâîé ÷àñòüþ è îáùèì ðåøåíèåì â ôîðìå Êîøè
ϕ(t; t0, x0). Äëÿ íåå îïðåäåëåíà îòðàæàþùàÿ ôóíêöèÿ F (t, x) := ϕ(−t; t, x) [1].
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Åñëè F (t, x) � îòðàæàþùàÿ ôóíêöèÿ ñèñòåìû (1), òî äëÿ ëþáîãî ðåøåíèÿ x(t)
ýòîé ñèñòåìû, îïðåäåëåííîãî íà ñèììåòðè÷íîì èíòåðâàëå (−α, α), âåðíî òîæäåñòâî
F

(
t, x(t)

) ≡ x(−t). Áëàãîäàðÿ ýòîìó çíàíèå îòðàæàþùåé ôóíêöèè F (t, x) ñèñòåìû (1)
ïîçâîëÿåò íàéòè íà÷àëüíûå äàííûå x(ω) êðàåâîé çàäà÷è G

(
ω, x(ω), x(−ω)

)
= 0 èç

óðàâíåíèÿ G
(
ω, x(ω), F

(
ω, x(ω)

))
= 0 è îïðåäåëèòü õàðàêòåð óñòîé÷èâîñòè ðåøåíèé

ýòîé çàäà÷è.
Äèôôåðåíöèðóåìàÿ ôóíêöèÿ F (t, x) ÿâëÿåòñÿ îòðàæàþùåé ôóíêöèåé ñèñòåìû (1)

òîãäà è òîëüêî òîãäà, êîãäà îíà ÿâëÿåòñÿ ðåøåíèåì çàäà÷è Êîøè

∂F.

∂t
+

∂F

∂x
X(t, x) + X(−t, F ) = 0, F (0, x) ≡ x.

Â ÷àñòíîñòè, åñëè X(t, x) íå÷åòíà ïî t, òî îòðàæàþùàÿ ôóíêöèÿ ñèñòåìû (1)

F (t, x) ≡ x

è âñå ðåøåíèÿ x(t), x(0) = x0 ∈ D, ñèñòåìû (1) ïðåäñòàâëÿþò ñîáîé ÷åòíûå âåêòîð-
ôóíêöèè.

Åñëè U(t, x) � ïåðâûé èíòåãðàë äèôôåðåíöèàëüíîé ñèñòåìû (1) ñ îòðàæàþùåé
ôóíêöèåé F (t, x), òî äëÿ ëþáîãî ðåøåíèÿ x(t), x(0) = x0, ýòîé ñèñòåìû ñïðàâåäëèâî
ñîîòíîøåíèå U

(
t, x(t)

) ≡ const è, çíà÷èò, âåðíî òîæäåñòâî U
(−t, F (t, x)

) t,x≡ U(t, x).
Äèôôåðåíöèðóåìóþ ôóíêöèþ U(t, x), îòëè÷íóþ îò ïîñòîÿííîé è îáëàäàþùóþ

ñâîéñòâîì U
(
t, x(t)

) t,x≡ U
(−t, x(−t)

)
, åñòåñòâåííî ðàññìàòðèâàòü, êàê îáîáùåíèå ïåð-

âîãî èíòåãðàëà.
Òåîðåìà 1. Ïóñòü äëÿ äèôôåðåíöèðóåìûõôóíêöèé U(t, x) :=

(
U1(t, x), . . . , Ur(t, x)

)
,

r ∈ N, âûïîëíåíû òîæäåñòâà

∂U(t, x)

∂t
+

∂U(t, x)

∂x
X(t.x) ≡ fod(t, U(t, x)),

ãäå fod(t, U) � íå÷åòíà ïî t. Òîãäà äëÿ îòðàæàþùåé ôóíêöèè F (t, x) äèôôåðåí-
öèàëüíîé ñèñòåìû (1) âûïîëíåíî òîæäåñòâî U

(−t, F (t, x)
) ≡ U(t, x), à äëÿ êàæäîãî

ðåøåíèÿ x(t), t ∈ (−α, α), ñèñòåìû (1) òîæäåñòâî U
(−t, x(−t)

) ≡ U
(
t, x(t)

)
.

Ñëåäñòâèå.Ïóñòü äëÿ 2ω-ïåðèîäè÷åñêîé äèôôåðåíöèàëüíîé ñèñòåìû (1) ñóùåñò-
âóþò ôóíêöèè U(t, x) :=

(
U1(t, x), ..., Ur(t, x)

)
, óäîâëåòâîðÿþùèå óñëîâèÿì òåîðåìû

1. Òîãäà îòîáðàæåíèå Ïóàíêàðå Π(x) := F (−ω, x) = ϕ(ω; −ω, x) íà ïåðèîäå [−ω, ω]
óäîâëåòâîðÿåò ñîîòíîøåíèþ U

(
ω, Π(x)

) ≡ U(−ω, x).
Òåîðåìà 2. Ïóñòü äëÿ äèôôåðåíöèðóåìûõ ôóíêöèé X0(ρ, cos ϕ) è X1(ρ, cos ϕ) ñó-

ùåñòâóþò äèôôåðåíöèðóåìûå ôóíêöèè U(ρ, cos ϕ) è V (ρ, cos ϕ), óäîâëåòâîðÿþùèå
ñîîòíîøåíèÿì

∂U

∂ρ
X0 + UV cosϕ + U

(
∂V

∂ρ
X1 − ∂V

∂c

)
(1− cos2 ϕ) ≡ 0,

∂U

∂ρ
X1 − ∂U

∂c
+ U

∂V

∂ρ
X0 = Uf(Uev sin ϕ, cos ϕ),

ãäå ∂U

∂ρ
è ∂V

∂c
� ÷àñòíûå ïðîèçâîäíûå îò ôóíêöèé U(ρ, cos ϕ) è V (ρ, cos ϕ) ïî cos ϕ,

à f(x1, x2) � íåïðåðûâíàÿ ôóíêöèÿ äâóõ ïåðåìåííûõ.
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Òîãäà îòðàæàþùàÿôóíêöèÿ F (ρ, ϕ) óðàâíåíèÿ dρ

dϕ
= X0(ρ, cos ϕ)+X1(ρ, cos ϕ) sin ϕ

óäîâëåòâîðÿåò òîæäåñòâó

U(F, cos ϕ)e−V (F, cos ϕ) sin ϕ = U(ρ, cos ϕ)eV (ρ, cos ϕ) sin ϕ.

Òåîðåìà 2 ïðè âûïîëíåíèè åå óñëîâèé ïîçâîëÿåò ðåøèòü ïðîáëåìó öåíòðà-ôîêóñà.
Ïðè íàõîæäåíèè ôóíêöèé U, V ðàçóìíî èíîãäà îïðåäåëèòü âíà÷àëå ôóíêöèþ V êàê
ïåðâûé èíòåãðàë óðàâíåíèÿ dρ

dc
= −X1(ρ, c).

Ýòà òåîðåìà äîïóñêàåò îáîáùåíèå è íà ñèñòåìû ïðîèçâîëüíîé ðàçìåðíîñòè.
Ëèòåðàòóðà

1. Ìèðîíåíêî Â.È. Îòðàæàþùàÿ ôóíêöèÿ è ïåðèîäè÷åñêèå ðåøåíèÿ äèôôåðåíöèàëüíûõ óðàâ-
íåíèé. Ìèíñê: Óíèâåðñèòåòñêîå, 1986.

ÀÍÀËÈÇ ÏÅÐÈÎÄÈ×ÅÑÊÎÉ ÊÐÀÅÂÎÉ ÇÀÄÀ×È
ÄËß ÑÈÑÒÅÌÛ ÌÀÒÐÈ×ÍÛÕ ÓÐÀÂÍÅÍÈÉ ÐÈÊÊÀÒÈ

(ÄÂÓÑÒÎÐÎÍÍßß ÐÅÃÓËßÐÈÇÀÖÈß)

Ä.Â. Ðîãîëåâ

Èññëåäóåòñÿ êðàåâàÿ çàäà÷à òèïà [1, 2]

dX

dt
= G1(t,X, Y ),

dY

dt
= G2(t,X, Y ),

(1)

X(0) = X(ω), Y (0) = Y (ω), (2)

ãäå
G1(t,X, Y ) = A1(t)X + XB1(t) + XS1(t)X + XS2(t)Y + Y C(t)Y + F1(t),

G2(t,X, Y ) = A2(t)Y + Y B2(t) + Y P1(t)X + Y P2(t)Y + XQ(t)X + F2(t)

ñ êîýôôèöèåíòàìè êëàññà C (I, Rn×n) , (t, X, Y ) ∈ I×Rn×n×Rn×n; I = [0, ω] , ω > 0.
Ââåäåíû ñëåäóþùèå îáîçíà÷åíèÿ:

D = {(t,X, Y ) : t ∈ I, ‖X‖ 6 ρ1, ‖Y ‖ 6 ρ2}, Mi =

ω∫

0

Ai(τ)dτ, Ni = −
ω∫

0

Bi(τ)dτ,

γi =
∥∥Φ−1

i (ω)
∥∥ , αi = max

t∈I
‖Ai(t)‖ , βi = max

t∈I
‖Bi(t)‖ , δi = max

t∈I
‖Si(t)‖ ,

µi = max
t∈I

‖Pi(t)‖ , σ = max
t∈I

‖C(t)‖ , ν = max
t∈I

‖Q(t)‖ , hi = max
t∈I

‖Fi(t)‖ ,

ϕ1(ρ1, ρ2) = γ1

{
1

2
(α1 + β1)

[
(α1 + β1) ρ1 + δ1ρ

2
1 + δ2ρ1ρ2 + σρ2

2 + h1

]
ω2+

+
(
δ1ρ

2
1 + δ2ρ1ρ2 + σρ2

2 + h1

)
ω

}
,

ϕ2(ρ1, ρ2) = γ2

{
1

2
(α2 + β2)

[
(α2 + β2) ρ2 + νρ2

1 + µ1ρ1ρ2 + µ2ρ
2
2 + h2

]
ω2+

+
(
νρ2

1 + µ1ρ1ρ2 + µ2ρ
2
2 + h2

)
ω

}
,
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ρ =

(
ρ1

ρ2

)
, ϕ (ρ) =

(
ϕ1(ρ1, ρ2)
ϕ2(ρ1, ρ2)

)
, A = ϕ′(ρ),

ãäå ρi > 0, Φi � ëèíåéíûå îïåðàòîðû, ΦiZ = MiZ−ZNi, ϕ′(ρ) � ìàòðèöà ßêîáè äëÿ
ϕ(ρ) ; Z = {X, Y }, i = 1, 2.

Â íàñòîÿùåé ðàáîòå, ÿâëÿþùåéñÿ îáîáùåíèåì è ðàçâèòèåì [1�3], íà îñíîâå ïðèìå-
íåíèÿ ìåòîäà [4, ãë. 3] ïîëó÷åíà

Òåîðåìà. Ïóñòü âûïîëíåíû ñëåäóþùèå óñëîâèÿ:
1) σ(Mi)∩ σ(Ni) = ∅ (i = 1, 2) (σ(K) � ìíîæåñòâî õàðàêòåðèñòè÷åñêèõ ÷èñåë

ìàòðèöû K);
2) ϕ(ρ) 6 ρ ;
3) a11 < 1, det (E − A) > 0, ãäå E = diag(1, 1) .
Òîãäà çàäà÷à (1), (2) îäíîçíà÷íî ðàçðåøèìà â îáëàñòè D .
Âûâåäåí àëãîðèòì ïîñòðîåíèÿ ðåøåíèÿ, îñíîâàííûé íà íåÿâíîé âû÷èñëèòåëüíîé

ñõåìå òèïà [4, ãë. 3] è èìåþùèé â äèôôåðåíöèàëüíîé ôîðìå âèä
dXk+1

dt
= G1(t,Xk, Yk), (3)

dYk+1

dt
= G2(t, Xk, Yk), (4)

Xk+1(0) = Xk+1(ω), (5)

Yk+1(0) = Yk+1(ω), k = 0, 1, 2, . . . , (6)

ãäå â êà÷åñòâå íà÷àëüíîãî ïðèáëèæåíèÿ
(
X0, Y0

)
ïðèíÿòû ïîñòîÿííûå ìàòðèöû, îïðå-

äåëÿåìûå èç óñëîâèé (5), (6) äëÿ ïðèáëèæåíèÿ
(
X1(t), Y1(t)

)
ñîîòâåòñòâåííî:

ω∫

0

G1(τ, X0, Y0)dτ = 0,

ω∫

0

G2(τ, X0, Y0)dτ = 0.

Ñ ïîìîùüþ êîíñòðóêòèâíîãî ðåãóëÿðèçàòîðà [4, ãë. 3] íà îñíîâå (3)�(6) ïîëó÷å-
íî ðåêóððåíòíîå èíòåãðàëüíîå ñîîòíîøåíèå äëÿ âû÷èñëåíèÿ ôóíêöèé Xk(t), Yk(t) ,
k = 1, 2, . . . ,

Xk(t) = Φ−1
1





t∫

0




τ∫

0

A1(σ)dσ


G1(τ,Xk−1(τ), Yk−1(τ))dτ−

−
ω∫

t




ω∫

τ

A1(σ)dσ


G1(τ,Xk−1(τ), Yk−1(τ)) dτ+

+

t∫

0

G1(τ, Xk−1(τ), Yk−1(τ))




τ∫

0

B1(σ)dσ


dτ−

−
ω∫

t

G1(τ,Xk−1(τ), Yk−1(τ))




ω∫

τ

B1(σ)dσ


dτ−

−
ω∫

0

[G1(τ,Xk(τ), Yk(τ))− A1(τ)Xk(τ)−Xk(τ)B1(τ)] dτ



 ,
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Yk(t) = Φ−1
2





t∫

0




τ∫

0

A2(σ) dσ


G2(τ, Xk−1(τ), Yk−1(τ)) dτ−

−
ω∫

t




ω∫

τ

A2(σ)dσ


G2(τ, Xk−1(τ), Yk−1(τ))dτ+

+

t∫

0

G2(τ, Xk−1(τ), Yk−1(τ))




τ∫

0

B2(σ)dσ


dτ−

−
ω∫

t

G2(τ, Xk−1(τ), Yk−1(τ))




ω∫

τ

B2(σ) dσ


dτ−

−
ω∫

0

[G2(τ, Xk(τ), Yk(τ))− A2(τ)Yk(τ)− Yk(τ)B2(τ)] dτ



.

Èññëåäîâàíû âîïðîñû ñõîäèìîñòè, ñêîðîñòè ñõîäèìîñòè ïðåäëîæåííîãî àëãîðèòìà,
ïðè ýòîì ïîëó÷åíû ñîîòâåòñòâóþùèå îöåíêè ïîãðåøíîñòåé ïðèáëèæ¼ííûõ ðåøåíèé.

Ëèòåðàòóðà
1. Ëàïòèíñêèé Â.Í., Ðîãîëåâ Ä.Â. Êîíñòðóêòèâíûå ìåòîäû ïîñòðîåíèÿ ðåøåíèÿ ïåðèîäè÷åñêîé

êðàåâîé çàäà÷è äëÿ ñèñòåìû ìàòðè÷íûõ äèôôåðåíöèàëüíûõ óðàâíåíèé òèïà Ðèêêàòè // Äèôôå-
ðåíöèàëüíûå óðàâíåíèÿ. 2011. Ò. 47. � 10. Ñ. 1412�1420.

2. Ëàïòèíñêèé Â.Í., Ðîãîëåâ Ä .Â. Ê êîíñòðóêòèâíîìó àíàëèçó ïåðèîäè÷åñêîé êðàåâîé çàäà÷è
äëÿ ñèñòåìû ìàòðè÷íûõ óðàâíåíèé Ðèêêàòè // Òðåòüÿ ìåæäóíàð. íàó÷. êîíô. ¾Ìàòåìàòè÷åñêîå
ìîäåëèðîâàíèå è äèôôåðåíöèàëüíûå óðàâíåíèÿ¿: òåç. äîêë., Áðåñò, 17�22 ñåíò. 2012 ã. Áðåñò: ÁðÃÓ,
2012. Ñ. 66.

3. Ðîãîëåâ Ä.Â. Àíàëèç ïåðèîäè÷åñêîé êðàåâîé çàäà÷è äëÿ ñèñòåìû ìàòðè÷íûõ óðàâíåíèé òèïà
Ðèêêàòè // Âåñíiê Ìàãië¼²ñêàãà äçÿðæ. óí-òà iìÿ À.À.Êóëÿøîâà. Ñåð. Â. Ïðûðîäàçíà²÷ûÿ íàâóêi
(ìàòýìàòûêà, ôiçiêà, áiÿëîãiÿ). 2011. � 1(37). Ìîãèë¼â: ÌÃÓ, 2011. Ñ. 4�19.

4. Ëàïòèíñêèé Â.Í. Êîíñòðóêòèâíûé àíàëèç óïðàâëÿåìûõ êîëåáàòåëüíûõ ñèñòåì. Ìí.:
ÈÌ ÍÀÍ Áåëàðóñè, 1998.

ÈÍÂÀÐÈÀÍÒÛ ÑÈÑÒÅÌÛ ẋ = −e(x)y, ẏ = a(x) + c(x)y2

È ÅÅ ÈÇÎÕÐÎÍÍÎÑÒÜ

À.Å. Ðóäåíîê

Ðàññìîòðèì ñèñòåìó

ẋ = −e(x)y, ẏ = a(x) + c(x)y2, (1)

ãäå e(x), a(x), c(x) � ãîëîìîðôíûå â îêðåñòíîñòè x = 0 ôóíêöèè, e(0) = 1, a(0) = 0,
a′(0) = 1. Äâå ñèñòåìû âèäà (1) áóäåì íàçûâàòü ýêâèâàëåíòíûìè, åñëè ñóùåñòâóåò
ïðåîáðàçîâàíèå âèäà

x → F (x), y → yG(x), (2)

ïåðåâîäÿùåå ñèñòåìû îäíó â äðóãóþ. Äëÿ ñèñòåìû (1) ââåäåì ôóíêöèè B(x), h(x) ïî
ôîðìóëàì:

h(x) = 2
(−1 + a(x)c(x) + e(x)a′(x)

)
, B(x) = a(x)e(x)h′(x). (3)
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Òåîðåìà 1. Åñëè ôóíêöèè h, B, îïðåäåëåííûå ôîðìóëàìè (3), ñâÿçàíû ôóíêöèî-
íàëüíûì ñîîòíîøåíèåì

B(x) = K
(
h(x)

)
, (4)

òî ôóíêöèÿ K ÿâëÿåòñÿ èíâàðèàíòîì ñèñòåìû (1) ïðè ïðåîáðàçîâàíèÿõ (2).
Òåîðåìà 2. Åñëè äëÿ íåêîòîðîé èçîõðîííîé ñèñòåìû (1) ôóíêöèè (3) ñâÿçàíû ñî-

îòíîøåíèåì (4), òî ëþáàÿ äðóãàÿ ñèñòåìà âèäà (1), ó êîòîðîé ôóíêöèè (3) ñâÿçàíû
òåì æå ñîîòíîøåíèåì K, èçîõðîííàÿ.

Òåîðåìà 3.Åñëè äëÿ ñèñòåìû (1) h(x) = 0,òî ñèñòåìà (1) èçîõðîííàÿ è èìååòâèä

ẋ = −e(x)y, ẏ = a(x) +
1− e(x)a′(x)

a(x)
y2.

Òåîðåìà 4. Åñëè äëÿ ñèñòåìû (1)

B(x) =
1

3
h(x)

(
3 + 2h(x)

)
, (5)

òî îíà èçîõðîííàÿ.
Äîêàçàòåëüñòâî. Ñèñòåìà

ẋ = −y, ẏ =
x(1− kx) (1− 2kx + 2k2x2)

(1− 2kx)3
,

k ∈ R, èçîõðîííàÿ [1], è åå ôóíêöèè (3) ñâÿçàíû ñîîòíîøåíèåì (5).
Òåîðåìà 5. Ñèñòåìà

ẋ = −y, ẏ =
r(x)

(
1 + r(x)

)3

r′(x)
+

(
− 3r′(x)

1 + r(x)
+

r′′(x)

r′(x)

)
y2, (6)

r(x) = k x + ..., k ∈ R, èçîõðîííàÿ.
Äîêàçàòåëüñòâî. Ñèñòåìà

ẋ = −(1 + kx)3y, ẏ = x

k ∈ R, èçîõðîííàÿ [2], à ôóíêöèè (3) ýòîé ñèñòåìû è ôóíêöèè (3) ñèñòåìû (6) ñâÿçàíû
îäíèì è òåì æå ñîîòíîøåíèåì (4).

Ëèòåðàòóðà
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ÏÐÅÄÅËÜÍÛÅ ÖÈÊËÛ ¾ÍÎÐÌÀËÜÍÎÃÎ ÐÀÇÌÅÐÀ¿
ÊÓÁÈ×ÅÑÊÈÕ ÑÈÑÒÅÌ ËÜÅÍÀÐÀ

È.Í. Ñèäîðåíêî

Ðàññìîòðèì êàíîíè÷åñêóþ ñèñòåìó Ëüåíàðà

dx

dt
= y,

dy

dt
= x

(
1− x

)(
1− (Lx)

)− ε
(
a1 + a2x + a3x

2 + a4x
3
)
y, (1)
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ãäå LR, ai ∈ R. Ïîìåñòèì â òî÷êó O(0; 0) ñåäëî, à â òî÷êó E(1, 0) � àíòèñåäëî, ÷òî
ñîîòâåòñòâóåò óñëîâèþL < 0.Äàííàÿ ðàáîòà ÿâëÿåòñÿ ïðîäîëæåíèåìèðàçâèòèåì [1, 2].
Öåëüþ äàííîé ðàáîòû ÿâëÿåòñÿ èññëåäîâàíèå ìàêñèìàëüíîãî êîëè÷åñòâà ïðåäåëüíûõ
öèêëîâ ¾íîðìàëüíîãî ðàçìåðà¿ [2] ó ñèñòåì (1), à òàêæå ïîñòðîåíèå êîíêðåòíûõ ñè-
ñòåì ðàññìàòðèâàåìîãî êëàññà ñ ðàçëè÷íûìè ðàñïðåäåëåíèÿìè ïðåäåëüíûõ öèêëîâ.
Äëÿ èññëåäîâàíèÿ ñåìåñòâà ñèñòåì (1) áóäåì èñïîëüçîâàòü ïðîãíîçíûé ìåòîä [3] îöåí-
êè ÷èñëà ïðåäåëüíûõ öèêëîâ. Ìåòîä îñíîâûâàåòñÿ íà ðåøåíèè àëãåáðàè÷åñêîé ñèñòå-
ìû óðàâíåíèé

F (ξ) = F (ψ), G(ξ) = G(ψ), (2)

ãäå F (x) =
∫

f(x)du, G(x) =
∫

g(x)du, ïðîìåæóòêè èçìåíåíèÿ ïåðåìåííûõ ξ, ψ
çàâèñÿò îò âûáîðà îñîáûõ òî÷åê, âîêðóã êîòîðûõ ïðîèçâîäèòñÿ îöåíêà ÷èñëà ïðå-
äåëüíûõ öèêëîâ. Äëÿ "óëó÷øåíèÿ" ïîëó÷åííûõ ñèñòåì èñïîëüçóåòñÿ ìåòîä, ðàçðà-
áîòàííûé äëÿ âîçìóùåíèÿ íåãðóáîãî ôîêóñà [4]. Îáîçíà÷èì ÷åðåç a � âåêòîð êî-
ýôôèöèåíòîâ ñèñòåìû (1), è ïóñòü ïðè a = a0 ñèñòåìà èìååò k ïðåäåëüíûõ öèê-
ëîâ âîêðóã òî÷êè O(0, 0), êîòîðûå ðàñïðåäåëåíû íå ðàâíîìåðíî. Âûáåðåì íà ïðîìå-
æóòêå I = [p, q] , p > 0, òî÷êè x1, . . . , xk+1 è ðàññìîòðèì ôóíêöèþ ïîñëåäîâàíèÿ
∆(x, a0 + ∆a) , x ∈ I , ∆a íåêîòîðîå âîçìóùåíèå ñèñòåìû (1), òîãäà ∆(xi, a

0 + ∆a) =

= ∆(xi, a
0) +

n∑
j=1

tp(i, j)∆aj + o(∆a), ãäå tp(i, j) =
∂∆k(xk

i , a
0)

∂aj

íàõîäÿòñÿ ÷èñëåííî.

Äàëåå ðåøàåì çàäà÷ó ëèíåéíîãî ïðîãðàììèðîâàíèÿ

L → min, ±(−1)i

(
∆(xi, a

0) +
n∑

j=1

tpk(i, j)∆aj

)
> 0, i = 1, k + 1, |∆aj| 6 L. (3)

Åñëè çàäà÷à (3) èìååò ðåøåíèå ∆a = ∆a∗, L = L∗, òî ñîîòâåòñòâóþùàÿ ñèñòåìà
Ëüåíàðà èìååò, ïî êðàéíåé ìåðå, k ïðåäåëüíûõ öèêëîâ.

Òåîðåìà. Äëÿ ñèñòåìû Ëüåíàðà
dx

dt
= y,

dy

dt
= x

(
1− (1 + L)x + Lx2

)− ε(a1 + a2x + a3x
2 + a4x

3)y (4)

ñ L = −1

2
, a3 = 1, a4 = −1, èìåþùåé àíòèñåäëà A (−2, 0), E (1, 0) è ñåäëî O (0, 0)

âûïîëíÿþòñÿ ñëåäóþùèå óòâåðæäåíèÿ:

1. Âñå ðåøåíèÿ ñîîòâåòñòâóþùåé ñèñòåìû ïðîãíîçà (2) äëÿ ñèñòåìû Ëüåíàðà (4)
òèïà

(
(k2, k3), k1

)
óäîâëåòâîðÿþò íåðàâåíñòâó k1 + k2 + k3 6 4.

2. Ñèñòåìà ïðîãíîçà (2) äëÿ ðàññìàòðèâàåìîé ñèñòåìû Ëüåíàðà (4) ìîæåò èìåòü
ðåøåíèÿ òîëüêî ñëåäóþùèõ òèïîâ:

(
(1, 0), 0

)
,

(
(0, 1), 0

)
,

(
(0, 0), 1

)
,

(
(1, 0), 1

)
,(

(0, 1), 1
)
,

(
(1, 1), 1

)
,

(
(0, 2), 0

)
,

(
(2, 0), 0

)
,

(
(0, 0), 2

)
.

3. Â êàæäîé îáëàñòè ïðîñòðàíñòâà êîýôôèöèåíòîâ, â êîòîðîé ñèñòåìà ïðîãíî-
çà èìååò ðåøåíèå òèïà

(
(k2, k3), k1

)
, ñóùåñòâóåò ïîäìíîæåñòâî, â êîòîðîì

ñèñòåìà Ëüåíàðà (3) ïðè ε = 0.01 èìååò òàêîå æå ðàñïðåäåëåíèå
(
(k2, k3), k1

)
ïðåäåëüíûõ öèêëîâ.

4. Åñëè k2 = 0 (k3 = 0) , òî ñèñòåìà Ëüåíàðà (4) íå èìååò ïðåäåëüíûõ öèêëîâ,
îêðóæàþùèõ îñîáóþ òî÷êó A (−2, 0) ( E (1, 0) ).
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Î ÊÎÌÏÀÊÒÍÛÕ ÈÍÂÀÐÈÀÍÒÍÛÕ ÃÈÏÅÐÏÎÂÅÐÕÍÎÑÒßÕ
ÄÈÑÊÐÅÒÍÛÕ ÄÈÍÀÌÈ×ÅÑÊÈÕ ÑÈÑÒÅÌ

Â.Þ. Òûùåíêî
Ðàññìîòðèì âïîëíå ðàçðåøèìóþ [1, c. 230] íåâûðîæäåííóþ [2] äèñêðåòíóþ äèíà-

ìè÷åñêóþ ñèñòåìó, îáðàçîâàííóþ áèãîëîìîðôèçìàìè

fj : G → Rn, j = 1,m, (1)

ãäå îáëàñòü G ⊂ Rn, n > 1. Ïðè ýòîì áóäåì ïîëàãàòü, ÷òî âñå îòîáðàæåíèÿ f
sj

j èìåþò
îáùóþ îáëàñòü îïðåäåëåíèÿ, ãäå sj ∈ Z, f−1

j � îòîáðàæåíèå, îáðàòíîå ê fj, j = 1,m,
ïðîèçâåäåíèÿ îòîáðàæåíèé îáîçíà÷àþò ñóïåðïîçèöèè ñîîòâåòñòâóþùèõ îòîáðàæåíèé.
Ñîãëàñíî [2, 3] ñèñòåìà (1) îïðåäåëÿåò íà G ñèíãóëÿðíîå ñëîåíèå ðàçìåðíîñòè m.

Îïðåäåëåíèå 1. Èçîëèðîâàííóþ êîìïàêòíóþ èíâàðèàíòíóþ ãèïåðïîâåðõíîñòü
ñèñòåìû (1) áóäåì íàçûâàòü ðåãóëÿðíîé, åñëè äàííàÿ ãèïåðïîâåðõíîñòü ÿâëÿåòñÿ â
êàæäîé èç äâóõ îïðåäåëÿåìûõ åþ ïîëóîêðåñòíîñòåé ëîêàëüíî ïðèòÿãèâàþùåé èëè
ëîêàëüíî îòòàëêèâàþùåé äëÿ êàæäîãî áèãîëîìîðôèçìà fj, j = 1, m.

Íàðÿäó ñ ïðîñòðàíñòâîì Rn áóäåì èñïîëüçîâàòü åãî êîìïàêòèôèêàöèþ ñ èñïîëü-
çîâàíèåì n-ìåðíîé ñôåðû Sn, ïîëó÷åííîé äîáàâëåíèåì áåñêîíå÷íî óäàëåííîé òî÷êè
∞ ïðè ïðèìåíåíèè ìíîãîìåðíîé ñòåðåîãðàôè÷åñêîé ïðîåêöèè. Ïðè ýòîì âñå âû÷èñ-
ëåíèÿ áóäåì ïðîâîäèòü â êàðòå ñôåðû Sn, ñîîòâåòñòâóþùåé ïðîñòðàíñòâó Rn. Áóäåì
ñ÷èòàòü, ÷òî îáëàñòü G îáðàçîâàíà ëàêóíàìè (ëèíåéíî ñâÿçíûìè ìíîæåñòâàìè, äëÿ
êàæäîãî èç êîòîðûõ ñóùåñòâóåò ãèïåðïîâåðõíîñòü, ãîìåîìîðôíàÿ (n−1)-ìåðíîé ñôå-
ðå Sn−1 è ñîäåðæàùàÿ âíóòðè ñåáÿ ýòî è òîëüêî ýòî ìíîæåñòâî) Γl, l = 1, r + 1. Ïðè
ýòîì ëàêóíû Γl, l = 1, r, íå ñîäåðæàò áåñêîíå÷íî óäàëåííóþòî÷êó ∞ (èõ áóäåì íàçû-
âàòü âíóòðåííèìè), à âíåøíÿÿ ëàêóíà Γr+1 ñîäåðæèò áåñêîíå÷íî óäàëåííóþòî÷êó ∞.

Ðàñìîòðèì ãëàäêèå íà îáëàñòè G äèôôåðåíöèàëüíûå (n − 1)-ôîðìû ω è ω(gj),
à òàêæå îáðàçîâàííóþ íà èõ îñíîâå äèôôåðåíöèàëüíóþ (n− 1)-ôîðìó

$j(x) = ω(gj(x))− ω(x) =
n∑

i=1

(−1)i−1aj
i (x)dxi,

ãäå x = (x1, . . . , xn), âíåøíèå ïðîèçâåäåíèÿ

dxi = dx1 ∧ . . . ∧ dxi−1 ∧ dxi+1 ∧ . . . ∧ dxn, i = 1, n, j ∈ {1, . . . , m}.
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Äèôôåðåíöèàëüíîé (n− 1)-ôîðìå $j íà îáëàñòè G ïîñòàâèì â áèåêòèâíîå ñîîòâåò-
ñòâèå ãëàäêîå âåêòîðíîå ïîëå aj = (aj

1, . . . , aj
n). Òàêæå áóäåì ðàññìàòðèâàòü âñåâîç-

ìîæíûå ïðåäåëû
lim

γl→Γl

∫

γl

$j , (2)

ãäå γl åñòü ïðîñòàÿ çàìêíóòàÿ (ò.å. ãîìåîìîðôíàÿ ñôåðå Sn−1 ) êóñî÷íî-ãëàäêàÿ ãè-
ïåðïîâåðõíîñòü (â äàëüíåéøåì âñå ãèïåðïîâåðõíîñòè áóäåì ïîëàãàòü êóñî÷íî-ãëàä-
êèìè), âíóòðè êîòîðîé ðàñïîëîæåíà ëàêóíà Γl (è òîëüêî îíà îäíà), l = 1, r. Ïðè
ýòîì áóäåì ñ÷èòàòü, ÷òî îðèåíòàöèÿ ãèïåðïîâåðõíîñòåé γl ñîãëàñîâàíà ñ îðèåíòàöèåé
âíóòðåííîñòè.

Îïðåäåëåíèå 2. Âåðõíèé (íèæíèé) òî÷íûé ïðåäåë (2) áóäåì íàçûâàòü âåðõ-
íèì (íèæíèì) èíäåêñîì âíóòðåííåé ëàêóíû Γl îòíîñèòåëüíî äèôôåðåíöèàëüíîé
(n− 1)-ôîðìû $j è îáîçíà÷àòü ñèìâîëîì ind$j

Γl (ind$j
Γl), l = 1, r.

Ïðè ýòîì áóäåì èñïîëüçîâàòü ñëåäóþùèå óñëîâíûå îáîçíà÷åíèÿ:

sgn ind$j
Γl =




+1 : ind$j
Γl ∈ (0, +∞],

0 : ind$j
Γl = 0,

−1 : ind$j
Γl ∈ [−∞, 0);

sgn ind$j
Γl =




+1 : ind$j
Γl ∈ (0, +∞],

0 : ind$j
Γl = 0,

−1 : ind$j
Γl ∈ [−∞, 0);

l = 1, r.

Èìåþò ìåñòî ñëåäóþùèå óòâåðæäåíèÿ [4, 5].
Òåîðåìà 1. Ïóñòü ñóùåñòâóåò òàêàÿ íåïðåðûâíàÿ íà îáëàñòè G ôóíêöèÿ µ,

÷òî íà äàííîé îáëàñòè (êðîìå, áûòü ìîæåò, ìíîæåñòâà n-ìåðíîé ìåðû íóëü)
âûïîëíÿåòñÿ îäíî èç äâóõ óñëîâèé:

µ
(
fj(x)

)
det J

(
fj(x)

)− µ(x) > 0 èëè µ
(
fj(x)

)
det J

(
fj(x)

)− µ(x) < 0,

ãäå J
(
fj(x)

)
åñòü ìàòðèöà ßêîáè áèãîëîìîðôèçìà fj, j ∈ {1, . . . , m}. Òîãäà íà îá-

ëàñòè G ñèñòåìà (1) ìîæåò èìåòü íå áîëåå r êîìïàêòíûõ èíâàðèàíòíûõ ãèïåð-
ïîâåðõíîñòåé.

Òåîðåìà 2. Ïóñòü ñóùåñòâóåò òàêàÿ íåïðåðûâíàÿ çíàêîïîñòîÿííàÿ íà îáëàñòè
G ôóíêöèÿ µ, ÷òî íà äàííîé îáëàñòè (êðîìå, áûòü ìîæåò, ìíîæåñòâà n �ìåðíîé
ìåðû íóëü) âûïîëíÿåòñÿ óñëîâèå µ

(
fj(x)

)
det J

(
fj(x)

)−µ(x) = 0, j ∈ {1, . . . , m}. Òî-
ãäà íà îáëàñòè G ñèñòåìà (1) ìîæåò èìåòü íå áîëåå r èçîëèðîâàííûõ êîìïàêòíûõ
ðåãóëÿðíûõ èíâàðèàíòíûõ ãèïåðïîâåðõíîñòåé.

Òåîðåìà 3. Ëèíåéíàÿ ñèñòåìà (1) (ò. å. ñèñòåìà, ïîðîæäåííàÿ áèãîëîìîðôèç-
ìàìè fj :x → Ajx + bj , ∀x ∈ Rn, j = 1,m, ãäå Aj ∈ GL(n,R), bj ∈ Rn, j = 1, m ) íå
èìååò èçîëèðîâàííûõ êîìïàêòíûõ ðåãóëÿðíûõ èíâàðèàíòíûõ ãèïåðïîâåðõíîñòåé.

Òåîðåìà 4. Ïóñòü ñóùåñòâóþò òàêèå ãëàäêàÿ íà îáëàñòè G äèôôåðåíöèàëüíàÿ
(n − 1)-ôîðìà ω è èíäåêñ j ∈ {1, . . . , m}, ÷òî íà äàííîé îáëàñòè (êðîìå, áûòü
ìîæåò, ìíîæåñòâà n-ìåðíîé ìåðû íóëü) âûïîëíÿåòñÿ îäíî èç äâóõ óñëîâèé:

div aj > 0 èëè div aj < 0,

ãäå div aj � äèâåðãåíöèÿ âåêòîðíîãî ïîëÿ aj. Òîãäà íà îáëàñòè G ñèñòåìà (1)ìîæåò
èìåòü íå áîëåå r êîìïàêòíûõ èíâàðèàíòíûõ ãèïåðïîâåðõíîñòåé.

Òåîðåìà 5. Ïóñòü ñóùåñòâóþò òàêèå ãëàäêàÿ íà îáëàñòè G äèôôåðåíöèàëüíàÿ
(n− 1)-ôîðìà ω è èíäåêñ j ∈ {1, . . . , m}, ÷òî

{sgn ind$j
Γτi

∨ sgn ind$j
Γτi
} = {sgn ind$k

Γτk
∨ sgn ind$k

Γτk
},
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τi ∈ {1, . . . , r}, τk ∈ {1, . . . , r}, i = 1, s, k = 1, s, s 6 r,

è ïðè τ = τi íà äàííîé îáëàñòè (êðîìå, áûòü ìîæåò, ìíîæåñòâà n-ìåðíîé ìåðû
íóëü) âûïîëíÿåòñÿ îäíà èç øåñòè ñåðèé óñëîâèé:

div aj · sgn ind$j
Γτ > 0; div aj · sgn ind$j

Γτ > 0; div aj > 0, sgn ind$j
Γτ = 0;

div aj > 0, sgn ind$j
Γτ =0; div aj < 0, sgn ind$j

Γτ =0; div aj < 0, sgn ind$j
Γτ =0.

Òîãäà íà îáëàñòè G ñèñòåìà (1) ìîæåò èìåòü íå áîëåå r − s êîìïàêòíûõ èíâà-
ðèàíòíûõ ãèïåðïîâåðõíîñòåé.
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ÑÈÑÒÅÌÛ Ñ ÍÅÀÍÀËÈÒÈ×ÅÑÊÈÌÈ ÓÑËÎÂÈßÌÈ ÖÅÍÒÐÀ

Ä.Í. ×åðãèíåö

À. Ïóàíêàðå è À.Ì. Ëÿïóíîâ ïîêàçàëè, ÷òî íåîáõîäèìûì è äîñòàòî÷íûì óñëîâè-
åì öåíòðà äëÿ ñèñòåì ñ öåíòðîì ïî ëèíåéíûì ÷ëåíàì ÿâëÿåòñÿ îáðàùåíèå â íîëü
áåñêîíå÷íîãî ÷èñëà ëÿïóíîâñêèõ ôîêóñíûõ âåëè÷èí, êîòîðûå ÿâëÿþòñÿ ìíîãî÷ëåíà-
ìè ñ öåëûìè êîýôôèöèåíòàìè îò êîýôôèöèåíòîâ ðàçëîæåíèÿ â ðÿä Òåéëîðà ïðàâûõ
÷àñòåé ñèñòåìû. À.Ï. Ñàäîâñêèì áûëî äîêàçàíî [1], ÷òî òàêîé æå âèä èìåþò óñëî-
âèÿ öåíòðà ñèñòåì ñ ëèíåéíîé ÷àñòüþ â âèäå íåíóëåâîé íèëüïîòåíòíîé æîðäàíîâîé
êëåòêè. Þ.Ñ. Èëüÿøåíêî äëÿ ñèñòåì ñ îñîáîé òî÷êîé, íå èìåþùåé èñêëþ÷èòåëüíûõ
íàïðàâëåíèé, äîêàçàë [2] àëãåáðàè÷åñêóþ íåðàçðåøèìîñòü ïðîáëåìû öåíòðà è ôîêóñà,
òî åñòü ÷òî óñëîâèÿ öåíòðà óæå íå îïðåäåëÿþòñÿ ìíîãî÷ëåíàìè. Í.Á. Ìåäâåäåâà äî-
êàçàëà [3], ÷òî ïðîáëåìà öåíòðà è ôîêóñà àíàëèòè÷åñêè ðàçðåøèìà â ëþáîì ïðîñòåé-
øåì ìîíîäðîìíîì êëàññå, òî åñòü ìíîæåñòâî îïðåäåëåíèÿ ïàðàìåòðîâ ñèñòåìû ìîæíî
ðàçáèòü íà ïðîñòåéøèå ìîíîäðîìíûå êëàññû, íà êàæäîì èç êîòîðûõ óñëîâèÿ öåíòðà
îïðåäåëÿþòñÿ àíàëèòè÷åñêèìè ôóíêöèÿìè îò ïàðàìåòðîâ ñèñòåìû. Í.Á. Ìåäâåäåâà
äîêàçàëà [4] àíàëèòè÷åñêóþ íåðàçðåøèìîñòü ïðîáëåìû óñòîé÷èâîñòè ïî Ëÿïóíîâó íà
ïëîñêîñòè.

Àâòîðîì ïîëó÷åíà ñèñòåìà ñ àíàëèòè÷åñêîé ïðàâîé ÷àñòüþ, äëÿ êîòîðîé óñëîâèå
öåíòðà îïðåäåëÿåòñÿ ôóíêöèåé, íå ÿâëÿþùåéñÿ àíàëèòè÷åñêîé â ãðàíè÷íîé òî÷êå ìíî-
æåñòâà çíà÷åíèé ïàðàìåòðîâ, ïðè êîòîðûõ îñîáàÿ òî÷êà ñèñòåìû ÿâëÿåòñÿ ìîíîäðîì-
íîé. Äàííîå ìíîæåñòâî áóäåì íàçûâàòü îáëàñòüþ ìîíîäðîìíîñòè. Íàéäåíà ñèñòåìà
ñ ìîíîäðîìíîé îñîáîé òî÷êîé, äëÿ êîòîðîé óñëîâèå öåíòðà îïðåäåëÿåòñÿ ôóíêöèåé,
íåàíàëèòè÷åñêîé â òî÷êå, ïðèíàäëåæàùåé îáëàñòè ìîíîäðîìíîñòè. Âû÷èñëåíî àñèìï-
òîòè÷åñêîå ïðåäñòàâëåíèå ôóíêöèè, îïðåäåëÿþùåé óñëîâèå öåíòðà, â òî÷êå, â êîòîðîé
íàðóøàåòñÿ å¼ àíàëèòè÷íîñòü.
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Ðàññìîòðèì ñèñòåìó
dx

dt
=

(
2a2xy + y2(bx2 + y2)

)
x− (a2x2 + y2)y,

dy

dt
=

(
2a2xy + y2(bx2 + y2)

)
y + (a2x2 + y2)x,

(1)

a, b ∈ R, 0 < a < 1. Àâòîðîì äîêàçàíà ñëåäóþùàÿ
Òåîðåìà 1. Ïîëîæåíèå ðàâíîâåñèÿ O(0, 0) ñèñòåìû (1) ÿâëÿåòñÿ öåíòðîì òîãäà

è òîëüêî òîãäà, êîãäà b = −Φ4(a)/Φ2(a), ãäå

Φn(a) :=

+∞∫

0

tn

(1 + t2)2+σ(a2 + t2)1−σ
dt, σ := 2a2/(1− a2).

Ïðè÷åì

b = −Φ4(a)/Φ2(a) = −1− 2a− 4a2 − 8a3 ln a + O(a3), a → +0.

Ñëåäñòâèå 1. Óñëîâèå öåíòðà ñèñòåìû (1) îïðåäåëÿåòñÿ ôóíêöèåé, êîòîðàÿ ÿâ-
ëÿåòñÿ íåàíàëèòè÷åñêîé íà ãðàíèöå îáëàñòè ìîíîäðîìíîñòè.

Ïðè a = 0 ïîëîæåíèå ðàâíîâåñèÿ O(0, 0) ñèñòåìû (1) íå ÿâëÿåòñÿ èçîëèðîâàííûì,
òàê êàê êàæäàÿ òî÷êà îñè OX ÿâëÿåòñÿ ïîëîæåíèåì ðàâíîâåñèÿ. Ïîýòîìó ðàññìîòðèì
ñèñòåìó

dx

dt
=

1

a2 + y2

((
2a2xy + y2(bx2 + y2)

)
x− (a2x2 + y2)y

)
,

dy

dt
=

1

a2 + y2

((
2a2xy + y2(bx2 + y2)

)
y + (a2x2 + y2)x

)
,

(2)

a, b ∈ R, −1 < a < 1. Áóäåì ñ÷èòàòü, ÷òî ïðè a = 0 ñèñòåìà (2) èìååò âèä
dx

dt
= (bx2 + y2)x− y,

dy

dt
= (bx2 + y2)y + x.

Äëÿ ñèñòåìû (2) ñïðàâåäëèâà íèæåïðåâåäåííàÿ
Òåîðåìà 2. Îñîáàÿ òî÷êà O(0, 0) ñèñòåìû (2) ÿâëÿåòñÿ öåíòðîì òîãäà è òîëüêî

òîãäà, êîãäà b = −Φ4(a)/Φ2(a), ïðè÷åì

−Φ4(a)/Φ2(a) = −1− 2|a| − 4a2 − 8|a|3 ln |a|+ O(a3), a → 0.

Ñëåäñòâèå 2. Íåîáõîäèìîå è äîñòàòî÷íîå óñëîâèå öåíòðà äëÿ ñèñòåìû (2) îïðå-
äåëÿåòñÿ ôóíêöèåé, êîòîðàÿ ÿâëÿåòñÿ íåàíàëèòè÷åñêîé âî âíóòðåííåé òî÷êå îáëà-
ñòè ìîíîäðîìíîñòè.

Ëèòåðàòóðà
1. Ñàäîâñêèé À.Ï. Î ïðîáëåìå ðàçëè÷åíèÿ öåíòðà è ôîêóñà äëÿ ñèñòåì ñ íåíóëåâîé ëèíåéíîé

÷àñòüþ // Äèôôåðåíöèàëüíûå óðàâíåíèÿ. 1976. Ò. 12. � 7. Ñ. 1238�1246.
2. Èëüÿøåíêî Þ.Ñ. Àëãåáðàè÷åñêàÿ íåðàçðåøèìîñòü è ïî÷òè àëãåáðàè÷åñêàÿ ðàçðåøèìîñòü

ïðîáëåìû öåíòð�ôîêóñ // Ôóíêö. àíàëèç è åãî ïðèë. 1972. Ò. 6. � 3. C. 30�37.
3. Ìåäâåäåâà Í.Á. Îá àíàëèòè÷åñêîé ðàçðåøèìîñòè ïðîáëåìû ðàçëè÷åíèÿ öåíòðà è ôîêóñà

// Ñáîðíèê ñòàòåé, Òð. ÌÈÀÍÃ. 2006. Ò. 254. C. 11�100.
4. Ìåäâåäåâà Í.Á. Îá àíàëèòè÷åñêîé íåðàçðåøèìîñòè ïðîáëåìû óñòîé÷èâîñòè íà ïëîñêîñòè

// ÓÌÍ. 2013. Ò. 68. Âûï. 5(413). Ñ. 147�176.



76 ¾ÅÐÓÃÈÍÑÊÈÅ ×ÒÅÍÈß�2022¿

CONSTRUCTING A "BENDIXSON'S BAG"
FOR A DYNAMICAL SYSTEM USING DN-TRACKING METHOD

O.S. Akhmedov, A.I. Sotvoldiyev

One of the main problems of the qualitative theory of dynamical systems is to prove
the existence of a closed trajectory [1-5]. To prove its existence even for a concrete two-
dimensional dynamical system remains a di�cult task. In 2008, A.Azamov proposed a
new method called DN-tracking of trajectories of dynamical system, which under certain
conditions allows one to rigorously prove the speci�c properties of dynamical systems
(namely, existence of closed trajectory) based on numerical methods [4].

Consider the simplest non-linear dynamical system
{

ẋ = ax + y + x2,
ẏ = bx + y,

(1)

where a and b are real parameters.
This system can be written in a vector form as

ż = f(z), (2)

where z = (x, y), f(z) = (ax + y + x2, bx + y).
It is known that almost many dynamical systems are not integrable in explicit way

and one can not �nd its �rst integral forms, so to �nd approximate solution of system (2)
with given initial condition z(0) = z0 one has to use numerical methods. In spite of the
simplicity of system (2) it is not integrable and we call it the simplest model system on
the plane.

To solve it numerically we applied an explicit Runge-Kutta method of second order:

zn+1 = zn + F (zn, h), (3)

where zn = (xn, yn), F (zn, h) = hf

(
zn +

h

2
f(zn)

)
.

Further an approximate solution zn obtained by above scheme (3) we call the discrete
trajectory of the system (2). Note that one cannot �nd exact values of discrete solution in
spite of the fact that the system (2) is polynomial. Therefore, one has to work with another
sequence of vectors ζn to be obtained by rounding the values of zn on a computer. Indeed,
in real calculations, due to rounding of the results of arithmetic operations on a computer,
instead of the sequence zn one get another sequence ζn , which we call it a numerical
trajectory of the system (2) that satis�es the following a recursion formula

ζn+1 = ζn + F̃ (ζn, h), (4)

where F̃ (ζn, h) is the approximate value of F (ζn, h) which is calculated on a computer.
It should be noted that one can get the following estimate

∣∣∣F̃ (ζn, h)− F (ζn, h)
∣∣∣ < ∆, (4a)

where ∆ is upper bound of round-o� error that produced on a computer after calculation
the value of F (ζn, h).

Computer result shows that system (2) has a closed trajectory z(t) of the period
T ∈ (8.05, 8.15) passing through near the point z0 = (0.6± 0.01, 0) when a = −0.8
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and b = −2. For other values of parameters a, b one can experimentally establish existence
of closed trajectory on a computer.

Let m0 = maxz∈K ‖f(z)‖ , m1 = maxz∈K

∥∥∥∂f(z)
∂z

∥∥∥ , m2 = maxz∈K

∥∥∥∂2f(z)
∂z2

∥∥∥ , h = T
N
,

N is a number of division of given interval [0, T ] .

Let m0 = maxz∈K ‖f(z)‖ , m1 = maxz∈K

∥∥∥∂f(z)
∂z

∥∥∥ , m2 = maxz∈K

∥∥∥∂2f(z)
∂z2

∥∥∥ , h = T
N
,

N is a number of division of given interval [0, T ] .
Assumption 1. The trajectory z(t) with given initial condition z(0) = z0 exists on

the time interval 0 6 t 6 T and z(t) ∈ K.

Theorem 1. Assumption 1 holds on time interval
[
0,

T

2

]
and

|z(t)− ζn| < 9.2 · 10−4 = ε,

where n =

[
t

h
+

1

2

]
.

The last inequality means that it possible to trace with accuracy ε the trajectory z(t)
by means of a sequence of vectors ζn , actually computable and stored in the memory of the
computing device. Note that in worse case, exact trajectory z(t) may pass on the leftmost
point C of the line segment C ′C , where C ′ = ζN +(ε, 0), C = ζN − (ε, 0) . Therefore, in
the next step, we study exact trajectory with initial condition z0 = C on second segment

[
T

2
, T

]
.

Since our system (2) is dynamical systems, instead of the segment
[
T

2
, T

]
one may

consider the segment
[
0,

T

2

]
= [0, 4.136].

Therefore we proved that the trajectory z(t) starting from the initial point A returns
to the left side that point on time interval [0, T ] and intersects OX-axis at some point I
which placed on the left of point A . So the region B which is bounded by the inner part of
the union the lines both trajectory z(t) and line segment IA serves as a "Bendixson's bag".
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TO TWO-POINT BOUNDARY VALUE PROBLEM
FOR THE MATRIX RICCATI EQUATION

I.I. Makovetsky

Consider a Riccati equation of the following form:

dX

dt
= A(t)X + XB(t) + XQ(t)X + λF (t) ≡ G(t,X, λ), (1)

where A,B,Q, F ∈ C(I, Rn×n), I = [0, ω], ω > 0, λ ∈ R.
We study a two-point boundary-value problem for (1) in case of

MX(0, λ) + NX(ω, λ) = 0, (2)

where M and N are real (n× n)-matrices.
This equation is prominent in the di�erential equation theory and its applications [1-8].

Similar problems were considered with the aid of qualitative methods in [1, 4, 6, 7] and on
the basis of constructive methods in [3, 5, 8�10].

The present work is a continuation of [10] and deals with a constructive analysis of
problem (1), (2) on the basis of the method presented in [3, chapter 1].

We introduce the following notations:

Dρ = {(t,X) : t ∈ I, ‖X‖ 6 ρ},
α = max

t
‖A(t)‖, β = max

t
‖B(t)‖, h = max

t
‖F (t)‖, δ = max

t
‖Q(t)‖,

ε = |λ|, µ = max(‖M‖, ‖N‖), γ = ‖(M + N)−1‖,

ϕ(ρ) = a0ρ
2 + a1ρ + εa2, ε0 =

ρ(1− a0ρ− a1)

a2

, ‖X‖C = max
t
‖X(t, λ)‖,

where ρ > 0, t ∈ I, ‖X‖C is the norm in �nite�dimensional Banach algebra B(n) of
continuous (n × n)-matrices-functions; ‖ · ‖ is the corresponding norm of matrixes, for
example, any of norms given in [11, p. 21], a0 = γµδω, a1 = γµ(α + β)ω, a2 = γµωh.

Theorem. Let the following conditions be ful�lled: 1. det(M + N) 6= 0, 2. dϕ/dρ < 1.
Then for |λ| 6 ε0 the solution of problem (1), (2) exists in the region Dρ , it is unique
and can be presented as a uniform limit of a sequence of matrix functions determined by
the recurrent integrated relationship

Xk+1(t, λ) =

= (M + N)−1

{
M

t∫

0

G(τ, Xk(τ, λ), λ)dτ−N

ω∫

t

G(τ,Xk(τ, λ), λ)dτ

}
, k = 0, 1, 2, . . . , (3)

where X0(t) is arbitrary C(I, Rn×n) � class matrix, which belongs to the sphere ‖X0‖C6 ρ.
Then the matrix function Xm(t) (m = 1, 2, . . . ) , it also satisfy to condition (2).

Using condition (2) and induction by k, one can show readily that members of sequence
{Xk(t)}∞0 , belong to the sphere ‖X‖C 6 ρ.

Also received estimates

‖X −Xk‖C 6 qk

1− q
‖X1 −X0‖C (k = 0, 1, 2, ...). (4)
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We have from (4)
‖X‖C 6 ‖X1‖C

1− q
. (5)

From (3) for X0 = 0 we obtain an estimate for X1 :

‖X1‖C 6 γµωεh. (6)

Using (6) and (5) we have
‖X(t)‖C 6 γµωεh

1− q(ρ)
.
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ADDITIONAL DARBOUX POLYNOMIALS OF
HAMILTONIAN SYSTEMS

A.F. Pranevich, A.A. Grin, E.V. Musa�rov

Consider a canonical polynomial Hamiltonian system with n degrees of freedom
dqi

dt
= ∂pi

H(q, p),
dpi

dt
= − ∂qi

H(q, p), i = 1, . . . , n, (1)

where q = (q1, . . . , qn) ∈ Cn and p = (p1, . . . , pn) ∈ Cn are the generalized coordinates
and momenta, respectively, the independent variable t ∈ R, and the Hamiltonian function
H : C2n → C is a polynomial of degree h > 2. In this paper, we use the Darboux theory of
integrability (or the theory of partial integrals) [1, 2] for studying the existence of additional
Darboux polynomials (or partial integrals) for the polynomial Hamiltonian system (1) in
the phase space C2n.

The Darboux theory was established [1] by the French mathematician J.G. Darboux
and provided a link between the existence of �rst integrals and Darboux polynomials for
polynomial autonomous di�erential systems. Notice that for the polynomial di�erential
systems, the Darboux theory of integrability is one of the best theories for studying
the existence of �rst integrals (see, for example, the monograph [2] and the references
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therein). In the articles [3 � 5], we applied the Darboux theory of integrability for the
polynomial Hamiltonian systems (1). This paper continues studies in this direction and
develops approaches of construction additional Darboux polynomials by known Darboux
polynomials. For example, the following statement holds.

Theorem. Suppose the polynomial Hamiltonian system (1) has a Darboux polynomial
w ∈ C[q, p] \C such that the Poisson bracket

[
w(q, p), H(q, p)

]
= w(q, p)M(q, p) for all (q, p)∈C 2n,

where the polynomial M ∈ C[q, p] such that deg M 6 h− 2. And let a map

ψ = (ψ1(q, p), . . . , ψn(q, p)), ϕ = (ϕ1(q, p), . . . , ϕn(q, p)) for all (q, p) ∈ C2n

be holomorphism of C2n to C2n such that the following identities hold
[
ψi(q, p), H(q, p)

]
= λ∂ϕi

H(ψ, ϕ)������
ψ= ψ(q, p),

ϕ= ϕ(q, p)

,
[
ϕi(q, p), H(q, p)

]
= −λ∂

ψi

H(ψ, ϕ)������
ψ= ψ(q, p),

ϕ= ϕ(q, p)

,

where a number λ ∈ C \ {0}. Then the polynomial

w̃(q, p) = w(ψ(q, p), ϕ(q, p)) for all (q, p) ∈ C2n

is an additional Darboux polynomial of the Hamiltonian system (1) such that the Poisson
brackets

[
w̃(q, p), H(q, p)

]
= λw̃(q, p)M(ψ(q, p), ϕ(q, p)) for all (q, p) ∈ C2n.
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ÒÅÎÐÈß ÓÑÒÎÉ×ÈÂÎÑÒÈ
È ÓÏÐÀÂËÅÍÈß ÄÂÈÆÅÍÈÅÌ

ÎÁ ÝÔÔÅÊÒÈÂÍÛÕ ÏÐÈÇÍÀÊÀÕ
ÝÊÑÏÎÍÅÍÖÈÀËÜÍÎÉ ÓÑÒÎÉ×ÈÂÎÑÒÈ ÐÅØÅÍÈÉ

ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ ÓÐÀÂÍÅÍÈÉ ÍÅÉÒÐÀËÜÍÎÃÎ ÒÈÏÀ

À.Ñ. Áàëàíäèí

Ðàññìîòðèì ñêàëÿðíîå äèôôåðåíöèàëüíîå óðàâíåíèå íåéòðàëüíîãî òèïà

(I − S)ẋ(t) = (Tx)(t) + f(t), t ∈ R+, (1)

â ñëåäóþùèõ ïðåäïîëîæåíèÿõ è îáîçíà÷åíèÿõ:

S =
J∑

j=1

ajShj
, (Shy)(t) =

{
y(t− h), t− h > 0,

0, t− h < 0,
(Ty)(t) =

ω∫

0

(Sξy) (t) dr(ξ),

J ∈ N, aj ∈ R, hj, ω ∈ R+, ôóíêöèÿ r : [0, ω] → R èìååò îãðàíè÷åííóþ âàðèàöèþ,
r(0) = 0, èíòåãðàë ïîíèìàåòñÿ â ñìûñëå Ðèìàíà�Ñòèëòüåñà, ôóíêöèÿ f : R+ → R
ñóììèðóåìà íà êàæäîì êîíå÷íîì îòðåçêå.

Ïîä ðåøåíèåì óðàâíåíèÿ (1) áóäåì ïîíèìàòü àáñîëþòíî íåïðåðûâíóþ íà êàæäîì
êîíå÷íîì îòðåçêå ôóíêöèþ x : R+ → R, óäîâëåòâîðÿþùóþ (1) ïî÷òè âñþäó íà R+.
Êàê èçâåñòíî (ñì. [1, ñ. 84, òåîðåìà 1.1], [2]), óðàâíåíèå (1) ñ çàäàííûìè íà÷àëüíûìè
óñëîâèÿìè îäíîçíà÷íî ðàçðåøèìî è åãî ðåøåíèå ïðåäñòàâèìî â âèäå

x(t) = X(t)x(0) +

t∫

0

Y (t− s)f(s) ds,

ãäå X : R+ → R íàçûâàåòñÿ ôóíäàìåíòàëüíûì ðåøåíèåì, à Y : R+ → R � ôóíê-
öèåé Êîøè óðàâíåíèÿ (1). Óäîáíî äîîïðåäåëèòü íóë¼ì ôóíäàìåíòàëüíîå ðåøåíèå è
ôóíêöèþ Êîøè íà îòðèöàòåëüíîé ïîëóîñè.

Ôóíêöèÿ Êîøè è ôóíäàìåíòàëüíîå ðåøåíèå óðàâíåíèÿ (1) ñâÿçàíû ñîîòíîøåíèåì
(ñì. [2])

X(t) = (I − S)Y (t).

Íàñ áóäåò èíòåðåñîâàòü íàëè÷èå ó ôóíêöèè Êîøè óðàâíåíèÿ (1) ýêñïîíåíöèàëüíîé
îöåíêè

|Y (t)| 6 Me−γt, M, γ > 0. (2)

Õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ óðàâíåíèÿ (1) èìååò âèä:

g(p) = p

(
1−

J∑
j=1

aje
−phj

)
−

ω∫

0

e−pξ dr(ξ), p ∈ C.

Òåîðåìà 1.Ôóíêöèÿ Êîøè óðàâíåíèÿ (1) èìååò îöåíêó (2) òîãäà è òîëüêî òîãäà,
êîãäà îïåðàòîð I−S èìååò â ïðîñòðàíñòâå Lp îáðàòíûé è âñå íóëè ôóíêöèè g
ëåæàò ñëåâà îò ìíèìîé îñè.
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Òåîðåìà 1 ïîçâîëÿåò óñòàíàâëèâàòü ýôôåêòèâíûå, ò.å. âûðàæåííûå â òåðìèíàõ ïà-
ðàìåòðîâ èñõîäíîãî óðàâíåíèÿ, ïðèçíàêè ýêñïîíåíöèàëüíîé óñòîé÷èâîñòè. Â ñòàòüå [3]
áûëà ïîñòðîåíà îáëàñòü ýêñïîíåíöèàëüíîé óñòîé÷èâîñòè äëÿ óðàâíåíèÿ

(I − aSh)ẋ(t) + (bI − cS)x(t) = f(t),

â ðàáîòå [4] � äëÿ óðàâíåíèÿ

(I − aS1 − bS2)ẋ(t) = c(S1x)(t) + f(t).

Â ñòàòüå [5] áûë ïðåäëîæåí ñïîñîá èññëåäîâàíèÿ ýêñïîíåíöèàëüíîé óñòîé÷èâîñòè óðàâ-
íåíèé íåéòðàëüíîãî òèïà ñ ïîìîùüþ ñâåäåíèÿ ê èçó÷åíèþ ýêñïîíåíöèàëüíîé óñòîé÷è-
âîñòè óðàâíåíèÿ çàïàçäûâàþùåãî òèïà è òàêèì îáðàçîì áûëèíàéäåíûíîâûå ïðèçíàêè.

Ðàññìîòðèì óðàâíåíèå

ẋ(t)− aẋ(t) + bx(t) + cx(t− 1) + k

t∫

t−1

x(s) ds = f(t), (3)

ãäå a, b, c, k ∈ R.
Ââåä¼ì â ñèñòåìå êîîðäèíàò Ouvw ïîâåðõíîñòü

Γ =

{
u = −2θ ctg θ + v, w =

θ(2θ − v sin 2θ)

sin2 θ
, θ ∈ [0, π)

}
.

Ïîâåðõíîñòü Γ è ïëîñêîñòü u + v + w = 0 îãðàíè÷èâàþò îáëàñòü D , ñîäåðæàùóþ
ïîëîæèòåëüíóþ ïîëóîñü Ou (ñì. ðèñ. 1).

Ðèñ. 1. Îáëàñòü D .

Òåîðåìà 2.Ôóíêöèÿ Êîøè óðàâíåíèÿ (3) èìååò îöåíêó (2) òîãäà è òîëüêî òîãäà,
êîãäà |a| < 1 è òî÷êà

{
b− ac

1− a2
,
c− ab

1− a2
,

k

1 + a

}
ïðèíàäëåæèò îáëàñòè D .

Ðàáîòà âûïîëíåíà â ðàìêàõ ãîñçàäàíèÿÌèíèñòåðñòâà íàóêè è âûñøåãî îáðàçîâàíèÿ
Ðîññèéñêîé Ôåäåðàöèè (çàäàíèå FSNM-2020-0028).
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5. Áàëàíäèí À.Ñ. Ðåäóêöèÿ äèôôåðåíöèàëüíûõ óðàâíåíèé íåéòðàëüíîãî òèïà ê óðàâíåíèÿì
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ÊÐÈÒÅÐÈÉ ÑÒÀÁÈËÈÇÈÐÓÅÌÎÑÒÈ
ËÈÍÅÉÍÛÕ ÑÒÀÖÈÎÍÀÐÍÛÕ ÑÈÑÒÅÌ ÓÏÐÀÂËÅÍÈß

Â.È. Áóëàòîâ

Ðàññìîòðèì ñòàöèîíàðíóþ ñèñòåìó

ẋ = Ax + Bu, (1)

ãäå x � n-âåêòîð; u � r-âåêòîð; A è B � ñîîòâåòñòâåííî (n×n) è (n× r)-ìàòðèöû.
Ñèñòåìó (1) ñ÷èòàåì ñòàáèëèçèðóåìîé, åñëè íàéä¼òñÿ òàêàÿ r×n -ìàòðèöà Q , ÷òî

çàìûêàíèå ýòîé ñèñòåìû óïðàâëåíèåì

u = Qx

ïðèâîäèò ê àñèìòîòè÷åñêè óñòîé÷èâîé ñèñòåìå

ẋ = (A + BQ)x.

Ïóñòü â ìàòðèöå
H = [B; AB; . . . ; An−1B] (2)

íåíóëåâîé ìèíîð k -ãî ïîðÿäêà, ãäå k = rank H, ðàñïîëîæåí â ñîîòâåòñòâóþùèõ ñòðî-
êàõ è ñòîëáöàõ ýòîé ìàòðèöû ñ íîìåðàìè i1, i2, . . . , ik è j1, j2, . . . , jk .

Âû÷èñëèì îïðåäåëèòåëü n-ãî ïîðÿäêà p(λ), ïîëó÷àåìûé èç îïðåäåëèòåëÿ λ-ìàò-
ðèöû D(λ) = λE − A çàìåíîé ñòîëáöîâ ñ íîìåðàìè i1, i2, . . . , ik íà âûäåëåííûå â
ìàòðèöå (2) ñòîëáöû ñ íîìåðàìè j1, j2, . . . , jk.

Íà îñíîâàíèè [1] äîêàçûâàåòñÿ ñëåäóþùàÿ
Òåîðåìà. Ñèñòåìà (1) ñòàáèëèçèðóåìà òîãäà è òîëüêî òîãäà, êîãäà p(λ) ÿâëÿåò-

ñÿ ìíîãî÷ëåíîì Ãóðâèöà.
Ëèòåðàòóðà
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Î ÌÍÎÆÅÑÒÂÅ ÓÏÐÀÂËßÅÌÎÑÒÈ ÎÄÍÎÃÎ ÎÁÚÅÊÒÀ

Ì.Í. Ãîí÷àðîâà

Ðàññìîòðèì óïðàâëÿåìûé îáúåêò, ïîâåäåíèå êîòîðîãî îïèñûâàåòñÿ äèôôåðåíöè-
àëüíûì óðàâíåíèåì âòîðîãî ïîðÿäêà

ẍ + ω2x = u, (1)
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ãäå ω > 0 , íà óïðàâëåíèå íàëîæåíî îãðàíè÷åíèå u ∈ [−ε1; ε2] , ε1 > 0, ε2 > 0.
Ïîñòðîèì ìíîæåñòâî óïðàâëåìîñòè Y (t) ýòîãî îáúåêòà â òî÷êó O(0; 0), òî åñòü

ìíîæåñòâî âñåõ òî÷åê ôàçîâîãî ïðîñòðàíñòâà, èç êîòîðûõ ìîæíî ïåðåéòè íà îòðåçêå
âðåìåíè [t; t1] â íà÷àëî êîîðäèíàò ïðè âñåâîçìîæíûõ äîïóñòèìûõ óïðàâëåíèÿõ. Òàê
êàê êîíå÷íîå ìíîæåñòâî ñîñòîèò èç îäíîé òî÷êè, òî ñíà÷àëà âû÷èñëèì îïîðíóþ ôóíê-
öèþ ìíîæåñòâà Y (t), à çàòåì âîññòàíîâèì êîìïàêò Y (t) ïî åãî îïîðíîé ôóíêöèè.

Ñ ïîìîùüþ çàìåíû x = y1, ẋ = ωy2 óðàâíåíèå (1) ñâåäåì ê íîðìàëüíîé ñèñòåìå
óðàâíåíèé {

ẏ1 = ωy2,
ẏ2 = −ωy1 + v,

(2)

â êîòîðîé âåêòîð óïðàâëåíèÿ (o; v) áóäåò ïðèíèìàòü çíà÷åíèÿ èç îòðåçêà

V =
{

(v1; v2) ∈ R2 | v1 = 0,−ε1

ω
6 v2 6 ε2

ω
} =

= {(v1; v2) ∈ R2 | v1 = 0,−l1 6 v2 6 l2

}
. (3)

Ýêñïîíåíöèàë eAt ìàòðèöû ñèñòåìû (2) åñòü ìàòðèöà
(

cos ωt sin ωt
− sin ωt cos ωt

)
.

Îïîðíàÿ ôóíêöèÿ ìíîæåñòâà (3) èìååò âèä c(V, ψ) =
l2 − l1

2
ψ2 +

l2 + l1
2

|ψ2|.
Èñïîëüçóÿ ôîðìóëó îïîðíîé ôóíêöèè ìíîæåñòâà óïðàâëÿåìîñòè [1] è ïðîâåäÿ âû-

÷èñëåíèÿ, ïîëó÷èì

c(Y (t), ψ) =
1

ω

τω∫

0

(
l2 − l1

2
(ψ1 sin α + ψ2 cos α) +

l2 + l1
2

|ψ1 sin α + ψ2 cos α|
)

dα,

ãäå τ = t1 − t � äëèíà îòðåçêà [t; t1]. Ïðîèçâîëüíûé âåêòîð ψ = (ψ1, ψ2), ïðèíàä-
ëåæàùèé ñôåðå ðàäèóñà 1 ñ öåíòðîì â íà÷àëå êîîðäèíàò, ïðåäñòàâèì â ïîëÿðíûõ
êîîðäèíàòàõ

ψ1 = cos β, ψ2 = sin β, 0 6 β 6 2π. (4)

Òîãäà äëÿ îïîðíîé ôóíêöèè c
(
Y (t), ψ

)
ïîëó÷èì âûðàæåíèå

c
(
Y (t), ψ

)
=

1

ω

τω∫

0

(
l2 − l1

2
sin(α + β) +

l2 + l1
2

| sin(α + β)|
)

dα. (5)

Âû÷èñëåíèå èíòåãðàëà (5) çàâèñèò îò äëèíû èíòåðâàëà τω. Ïðè âûïîëíåíèè íåðà-
âåíñòâ 0 6 τω 6 π âû÷èñëåíèå èíòåãðàëà (5) ðàñïàäàåòñÿ íà ÷åòûðå ñëó÷àÿ â çàâè-
ñèìîñòè îò çíà÷åíèÿ ïàðàìåòðà β. Ïîëó÷àåì

c
(
Y (t), ψ

)
=





l2
ω

(1− cos τω) cos β +
l2
ω

sin τω sin β, 0 6 β 6 π − τω,

l1 + l2
ω

+

(
l2
ω

+
l1
ω

cos τω

)
cos β − l1

ω
sin τω sin β, π − τω < β 6 π,

l1
ω

(cos τω − 1) cos β − l1
ω

sin τω sin β, π < β 6 2π − τω,

l1 + l2
ω

−
(

l1
ω

+
l2
ω

cos τω

)
cos β +

l2
ω

sin τω sin β, 2π − τω < β 6 2π.
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Ðàçîáúåì âåêòîðà (4) ïëîñêîñòè íà ñåêòîðà ñëåäóþùèì îáðàçîì. Ê ñåêòîðó I îò-
íåñåì âåêòîðû, äëÿ êîòîðûõ âûïîëíÿþòñÿ íåðàâåíñòâà 0 6 β 6 π − τω, ê ñåêòîðó
II � âåêòîðû, äëÿ êîòîðûõ âûïîëíÿþòñÿ íåðàâåíñòâà π− τω < β 6 π, ê ñåêòîðó III �
âåêòîðû, äëÿ êîòîðûõ âûïîëíÿþòñÿ íåðàâåíñòâà π < β 6 2π − τω è ê ñåêòîðó IV �
âåêòîðû, äëÿ êîòîðûõ âûïîëíÿþòñÿ íåðàâåíñòâà 2π − τω < β 6 2π.

Òàêèì îáðàçîì, â çàâèñèìîñòè îò òîãî, â êàêîé ñåêòîð ïîïàäàåò âåêòîð ψ , çàäàí-
íûé ôîðìóëàìè (3), ïîëó÷àåì ðàçíûå âûðàæåíèÿ äëÿ îïîðíîé ôóíêöèè. Ó÷èòûâàÿ
ôîðìóëû (3) è òîò ôàêò, ÷òî ||ψ|| = 1, îêîí÷àòåëüíî ïîëó÷àåì ôîðìóëó

c
(
Y (t), ψ

)
=





l2
ω

(1− cos τω)ψ1 +

(
l2
ω

sin τω

)
ψ2, ψ ∈ I,

l1 + l2
ω

||ψ||+
( l2

ω
+

l1
ω

cos τω
)
ψ1 −

(
l1
ω

sin τω

)
ψ2, ψ ∈ II,

l1
ω

(cos τω − 1)ψ1 −
(

l1
ω

sin τω

)
ψ2, ψ ∈ III,

l1 + l2
ω

||ψ|| −
( l1

ω
+

l2
ω

cos τω
)
ψ1 +

(
l2
ω

sin τω

)
ψ2, ψ ∈ IV.

Êîãäà âåêòîð ψ ïðîáåãàåò I ñåêòîð, òî ïîëó÷àåì îïîðíóþ ôóíêöèþ òî÷êè ñ êîîðäè-
íàòàìè

(
l2
ω

(1− cos τω),
l2
ω

sin τω

)
, êîãäà âåêòîð ψ ïðîáåãàåò II ñåêòîð, òî ýòî � îïîðíàÿ

ôóíêöèÿ êðóãà ðàäèóñà l1 + l2
ω

ñ öåíòðîì â òî÷êå
(

l2
ω

+
l1
ω

cos τω,− l1
ω

sin τω

)
, êîãäà âåê-

òîð ψ ïðîáåãàåò III ñåêòîð, òî ýòî � îïîðíàÿôóíêöèÿ òî÷êè
(

l1
ω

(cos τω − 1),− l1
ω

sin τω

)

è, íàêîíåö, êîãäà âåêòîð ψ ïðîáåãàåò IV ñåêòîð, òî ýòî � îïîðíàÿ ôóíêöèÿ êðóãà ðà-
äèóñà l1 + l2

ω
ñ öåíòðîì â òî÷êå

(
− l1

ω
− l2

ω
cos τω,

l2
ω

sin τω

)
.

Â ðåçóëüòàòå ïîëó÷àåì, ÷òî èñêîìîå ìíîæåñòâî óïðàâëÿåìîñòè ÿâëÿåòñÿ ïåðåñå÷å-
íèåì äâóõ êðóãîâ: êðóãà ðàäèóñà l1 + l2

ω
ñ öåíòðîì â òî÷êå

(
l2
ω

+
l1
ω

cos τω,− l1
ω

sin τω

)

è êðóãà ðàäèóñà l1 + l2
ω

ñ öåíòðîì â òî÷êå
(
− l1

ω
− l2

ω
cos τω,

l2
ω

sin τω

)
. Ïðè τω = π

îïîðíàÿ ôóíêöèÿ c
(
Y (t), ψ

)
ïðèíèìàåò ïîñòîÿííîå çíà÷åíèå äëÿ ñåêòîðîâ II è IV,

ñåêòîðà I è III âûðîæäàþòñÿ. Òàêèì îáðàçîì, èìååì, ÷òî ïðè τω = π ìíîæåñòâî
óïðàâëÿåìîñòè ÿâëÿåòñÿ êðóãîì ðàäèóñà l1 + l2

ω
ñ öåíòðîì â òî÷êå

(
− l1

ω
+

l2
ω

, 0

)
.

Ïîñòðîèâ ìíîæåñòâî óïðàâëÿåìîñòè, ìîæíî ïðîâåñòè áîëåå ïîäðîáíûé àíàëèç ïî-
âåäåíèÿ èçó÷àåìîãî îáúåêòà.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ìèíèñòåðñòâà îáðàçîâàíèÿ Ðåñïóá-
ëèêè Áåëàðóñü (ÃÏÍÈ "Êîíâåðãåíöèÿ�2025", çàäàíèå 1.2.04.4).

Ëèòåðàòóðà
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ÇÀÄÀ×À ÑÒÀÁÈËÈÇÀÖÈÈ ÑÈÑÒÅÌ ÓÏÐÀÂËÅÍÈß
ÍÀ ÎÑÍÎÂÅ ÅÅ ÐÅÄÓÖÈÐÎÂÀÍÍÎÉ ÌÎÄÅËÈ

Â.Â. Ãîðÿ÷êèí, Â.Â. Êðàõîòêî

Ïóñòü çàäàíà ñèñòåìà óïðàâëåíèÿ

x(t + 1) = Ax(t) + B(t)u(t), t = 0, 1, 2, . . . , (1)

ãäå x ∈ Rn, u ∈ Rn; A, B � ïîñòîÿííûå ìàòðèöû ñîîòâåòñòâóþùèõ ðàçìåðîâ.
Ïðåäïîëîæèì, ÷òî âåêòîð x(t) èçìåðÿåòñÿ ïîëíîñòüþ è óïðàâëåíèå çàäàíî â âèäå

u(t) = Cx(t), t > 0, (2)

ãäå C � ïîñòîÿííàÿ (r × n)-ìàòðèöà. Òîãäà äëÿ çàìêíóòîé ñèñòåìû

x(t + 1) = (A + BC)x(t)

îáðàòíàÿ ñâÿçü (2) îáåñïå÷èâàåò àñèìïòîòè÷åñêóþ óñòîé÷èâîñòü, åñëè

‖A + BC‖ < 1. (3)

Ðàññìîòðèì çàäà÷ó ñòàáèëèçàöèè îáúåêòà (1) ñ óñòàíîâëåííîé ìàòðèöåé C, ó
êîòîðîé ÷àñòü ñòîëáöîâ ïðèìåì ðàâíûì íóëþ. Òðåáóåòñÿ íàéòè òîò ìàêñèìàëüíûé
ïî ÷èñëó íàáîð íóëåâûõ ñòîëáöîâ ìàòðèöû C, ïðè êîòîðûõ ñîõðàíÿåòñÿ ñâîéñòâî
ñòàáèëèçèðóåìîñòè çàìêíóòîé ñèñòåìû.

Òàêóþ çàäà÷ó ñòàáèëèçàöèè áóäåì èíòåðïðåòèðîâàòü êàê çàäà÷ó ñòàáèëèçàöèè
èñõîäíîãî îáúåêòà óïðàâëåíèÿ íà îñíîâå åå ðåäóöèðîâàííîé ìîäåëè.

Ïóñòü D � äèàãîíàëüíàÿ (n×n)-ìàòðèöà ñ ýëåìåíòàìè dii , i = 1, 2, . . . , n, ïðè÷åì
ýëåìåíò dii ìîæåò ïðèíèìàòü îäíî èç äâóõ çíà÷åíèé 0 èëè 1. Òîãäà, î÷åâèäíî, â ïðî-
èçâåäåíèè CDx(t) áóäóò çàäåéñòâîâàíû òîëüêî òå êîîðäèíàòû âåêòîðà x(t), êîòîðûå
ñîîòâåòñòâóþò åäèíè÷íûì ýëåìåíòàì ìàòðèöû D. Ýòî ñâîéñòâî òàê æå ïåðåíîñèòñÿ
è íà ïðîèçâåäåíèå BCDx(t).

Ïîòðåáóåì, ÷òîáû ýëåìåíòû ìàòðèöû D áûëè ïîäîáðàíû òàê, ÷òîáû çàìêíóòàÿ
ñèñòåìà îñòàâàëàñü ñòàáèëèçèðóåìîé è âûïîëíÿëîñü äîñòàòî÷íîå óñëîâèå àñèìïòîòè-
÷åñêîé óñòîé÷èâîñòè çàìêíóòîé ñèñòåìû

‖A + BCD‖ < 1. (4)

Ââåäåì îáîçíà÷åíèÿ: ai � ñòîëáöû ìàòðèöû A; hi � ñòîëáöû ìàòðèöû BC; ϕi �
ñòîëáöû ìàòðèöû Φ = A + BCD. Î÷åâèäíî ϕi = ai + hidii.

Ìàòðèöà C áûëà âûáðàíà òàê, ÷òî âûïîëíÿåòñÿ äîñòàòî÷íîå óñëîâèå (4), êîòîðîå
âî ââåäåííûõ îáîçíà÷åíèÿõ ýêâèâàëåíòíî íåðàâåíñòâó

n∑
i=1

ϕ′iϕi < 1. (5)

ßñíî, ÷òî äëÿ ïîñòðîåíèÿ ðåäóöèðîâàííîé ìîäåëè íåîáõîäèìî íàéòè òîò ìèíè-
ìàëüíûé íàáîð ýëåìåíòîâ ìàòðèöû D ñ åäèíèöàìè íà ãëàâíîé äèàãîíàëè, ïðè êîòî-
ðîì ñîõðàíÿåòñÿ íåðàâåíñòâî (5).

Ïðèâåäåì àëãîðèòì íàõîæäåíèÿ íóëåâûõ ñòîëáöîâ ìàòðèöû C.
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1. Ïîëîæèì äëÿ âñåõ i = 1, 2, . . . , n dii = 1 (D = E).

2. Âû÷èñëèì n ñêàëÿðíûõ ïðîèçâåäåíèé si = ϕ′iϕi, i = 1, 2, . . . , n.

3. Ïîäñ÷èòàåì ÷èñëà αi = a′iai − si, i = 1, 2, . . . , n.

4. Çàïîëíèì òàáëèöó P , ñîñòîÿùóþ èç ÷åòûðåõ ñòîëáöîâ è n ñòðîê ïî ïðàâèëó:
â ïåðâûé ñòîëáåö çàíîñèì íóëè; âî âòîðîé ñòîëáåö íîìåðà èíäåêñîâ i , íà÷èíàÿ
ñ 1 äî n; â òðåòèé è â ÷åòâåðòûé ñòîëáöû çàíåñåì çíà÷åíèÿ si è αi ñîãëàñíî
íîìåðó èíäåêñà âî âòîðîì ñòîëáöå ñîîòâåòñòâåííî.

5. Âûïîëíèì ñîðòèðîâêó ñòðîê òàáëèöû P ïî çíà÷åíèÿì òðåòüåãî ñòîëáöà â
ïîðÿäêå âîçðàñòàíèÿ.

6. Âû÷èñëèì ñóììó âñåõ ýëåìåíòîâ òðåòüåãî ñòîëáöà òàáëèöû P . Ïóñòü pij,

i = 1, 2, . . . , n, j = 1, 2, 3, 4, � ýëåìåíòû òàáëèöû P è y =
n∑

i=1

pi3 =
n∑

i=1

si.

7. Ïîëîæèì i = 1.

8. Âû÷èñëèì y = y + pi4.

9. Åñëè y > 1, òî ïåðåõîäèì ê øàãó 14.

10. Åñëè y < 1, òî pi1 = 1.

11. Ïóñòü i = i + 1.

12. Åñëè i 6 n, òî ïåðåõîäèì ê øàãó 8.

13. Åñëè i > n, òî ïåðåõîäèì ê øàãó 14.

14. Ýëåìåíòû ïåðâîãî ñòîëáöà òàáëèöû P îïðåäåëÿþò âî âòîðîì ñòîëáöå íîìåðà
íóëåâûõ ñòîëáöîâ â ìàòðèöå C.

Ïîëó÷åííûé ðåçóëüòàò ïîäòâåðæäàåòñÿ õîðîøî èçâåñòíûì ìåòîäîì ïîñòðîåíèÿ ñè-
ñòåì óïðàâëåíèÿ ðåàëüíûìè îáúåêòàìè âûñîêîãî ïîðÿäêà è ôàêòîì èõ ñòàáèëèçàöèè
ïðè èñïîëüçîâàíèè ëèøü ðåäóöèðîâàííûõ ìîäåëåé [1, c. 74].

Çàìåòèì, åñëè íåðàâåíñòâî (3) âûïîëíÿåòñÿ ñ íåêîòîðûì �çàïàñîì�, òî ýòî â ïðèí-
öèïå îòêðûâàåò âîçìîæíîñòü ïîñòðîåíèÿ ñòàáèëèçèðóþùåãî óïðàâëåíèÿ íà îñíîâå
ðåäóöèðîâàííîé ìîäåëè îáúåêòà.

Åñëè ðàññìîòðåòü ïðîöåäóðó çàäàíèÿ èñêîìîé ìàòðèöû C â óïðàâëåíèè (2) òàê,
÷òîáû âûïîëíÿëîñü äîñòàòî÷íîå óñëîâèå (3), òî ìîæíî âîñïîëüçîâàòüñÿ ýêñòðåìàëü-
íûì ñâîéñòâîì ïñåâäîîáðàòíîé ìàòðèöû. Òî åñòü ñóùåñòâóåò îäíà è òîëüêî îäíà ìàò-
ðèöà, êîòîðàÿ ìèíèìèçèðóåò åâêëèäîâó íîðìó [2, ãë. 1]: min

C
‖A + BC‖ = ‖A−BB+A‖.

Ýòî îçíà÷àåò, ÷òî åñëè âçÿòü C = −B+A, è íîðìà ‖A−BB+A‖ < 1, òî ñèñòåìà (1)
ñòàáèëèçèðóåìà, ò.å. èìååòñÿ âîçìîæíîñòü ïîñòðîåíèÿ åå ðåäóöèðîâàííîé ìîäåëè ïî
ïðèâåäåííîìó âûøå àëãîðèòìó.
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ÌÍÎÃÎÊÐÀÒÍÎ ÇÀÌÛÊÀÅÌÛÅ ÎÁÐÀÒÍÛÅ ÑÂßÇÈ
Â ËÈÍÅÉÍÎÉ ÒÅÐÌÈÍÀËÜÍÎÉ ÇÀÄÀ×Å

ÎÏÒÈÌÀËÜÍÎÃÎ ÓÏÐÀÂËÅÍÈß

Í.Ì. Äìèòðóê

Äëÿ ëèíåéíîé ñèñòåìû óïðàâëåíèÿ ñ âîçìóùåíèåì

x(t + 1) = Ax(t) + Bu(t) + Mw(t), x(0) = x0, t = 0, 1, . . . , T − 1, (1)

ðàññìàòðèâàåòñÿ çàäà÷à î ìèíèìèçàöèè ãàðàíòèðîâàííîãî çíà÷åíèÿ òåðìèíàëüíîãî
êðèòåðèÿ êà÷åñòâà maxw(·) c′x(T ) ïðè óñëîâèè ïîïàäàíèÿ òðàåêòîðèè ñèñòåìû (1) â
ìîìåíò âðåìåíè T ñ ãàðàíòèåé íà òåðìèíàëüíîå ìíîæåñòâî

XT = {x ∈ Rn : gmin 6 Hx 6 gmax}.
Çäåñü x(t) ∈ Rn � ñîñòîÿíèå, u(t) ∈ U = {u ∈ Rr : umin 6 u 6 umax} � óïðàâëåíèå,
w(t) ∈ W = {w ∈ Rp : ||w||∞ 6 wmax} � íåèçâåñòíîå âîçìóùåíèå,

A ∈ Rn×n, B ∈ Rn×r, M ∈ Rn×p, H ∈ Rm×n, gmin, gmax ∈ Rm, c ∈ Rn �

çàäàííûå ìàòðèöû è âåêòîðû.
Ñäåëàåì ïðåäïîëîæåíèå î òîì, ÷òî ñèñòåìà (1) áóäåò çàìêíóòà [1] â ìîìåíòû âðå-

ìåíè tj ∈ {1, 2, . . . , T − 1}, j = 1, 2, . . . , N, t1 < t2 < . . . < tN . Ïðåäïîëàãàåòñÿ
(ñì. [2, 3]), ÷òî â êàæäûé ìîìåíò çàìûêàíèÿ tj ìîæíî áóäåò: 1) èçìåðèòü òåêóùåå ñî-
ñòîÿíèå x∗(tj) ñèñòåìû; 2) â çàâèñèìîñòè îò èçìåðåííîãî x∗(tj) âûáðàòü íîâîå óïðàâ-
ëåíèå uj(t| tj, x∗(tj)), t ∈ ∆j = {tj, tj +1, . . . , tj+1−1}. Çäåñü x∗ çàâèñèò îò êîíêðåòíîé
ðåàëèçàöèè âîçìóùåíèÿ â ïðîöåññå óïðàâëåíèÿ.

Îáîçíà÷èì x(tj+1| tj, xj, uj, wj) � ñîñòîÿíèå ñèñòåìû (1) â ìîìåíò tj+1 ïðè íà-
÷àëüíîì ñîñòîÿíèè x(tj) = xj, óïðàâëåíèè uj(t| tj, xj) è âîçìóùåíèè wj(t), t ∈ ∆j;
X(tj+1| tj, xj, uj) = {x(tj+1| tj, xj, uj, wj) : wj(t) ∈ W, t ∈ ∆j}.

Îïðåäåëèì ñòðàòåãèþ óïðàâëåíèÿ πN(0, x0) ñ N ìîìåíòàìè çàìûêàíèÿ t1, . . .
. . . , tN ðåêóððåíòíî íà îñíîâå ñòðàòåãèé πN−j(tj, xj) , ñ N − j ìîìåíòàìè çàìûêàíèÿ,
j = N − 1, N − 2, . . . , 1 :
π1(tN−1, xN−1) = {uN−1(·| tN−1, xN−1); uN(·| tN , xN), xN ∈ X(tN | tN−1, xN−1, uN−1)},
πN−j(tj, xj) = {uj(·| tj, xj); πN−j−1(tj+1, xj+1), xj+1 ∈ X(tj+1| tj, xj, uj)}, (2)
πN(0, x0) = {u0(·|0, x0); πN−1(t1, x1), x1 ∈ X(t1|0, x0, u0)}.

Äîïóñòèìîñòü ñòðàòåãèè (2) òàêæå îïðåäåëèì ðåêóððåíòíî. Äëÿ ýòîãî ââåäåì ìíî-
æåñòâà XN+1, XN : XN+1 = XT , XN � ìíîæåñòâî òî÷åê xN , äëÿ êîòîðûõ íà
∆N ñóùåñòâóþò îïòèìàëüíûå ãàðàíòèðóþùèå ïðîãðàììû u0

N(t| tN , xN), t ∈ ∆N , ò.å.
ñóùåñòâóåò ðåøåíèå çàäà÷è

VN(tN , xN) = min
uN

max
wN

c′x(T | tN , xN , uN , wN), X(T | tN , xN , uN) ⊆ XN+1. (3)

Íà ∆N îïðåäåëèì äîïóñòèìóþ ñòðàòåãèþ

π1(tN−1, xN−1) =
{
uN−1(·| tN−1, xN−1); u0

N(·| tN , xN), xN ∈ X(tN | tN−1, xN−1, u0
N−1)

}

ñ îäíèì ìîìåíòîì çàìûêàíèÿ tN , ãäå uN−1(t| tN−1, xN−1), t ∈ ∆N−1, òàêîâî, ÷òî
X(tN | tN−1, xN−1, uN−1) ⊆ XN , ñì. òàêæå ðåçóëüòàòû äëÿ ñòðàòåãèè ñ îäíèì çàìû-
êàíèåì â [3]. Ìíîæåñòâî âñåõ xN−1, äëÿ êîòîðûõ ñóùåñòâóåò äîïóñòèìàÿ ñòðàòåãèÿ
π1(tN−1, xN−1) îáîçíà÷èì XN−1.
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Ïðîäîëæàÿ, îïðåäåëèì ìíîæåñòâà XN−2, . . . , X0 è óïðàâëåíèÿ uN−2(·| tN−2, xN−2),
. . . , u0(·|0, x0) â äîïóñòèìîé ñòðàòåãèè (2) ñîãëàñíî ñëåäóþùèì ïðàâèëàì:

Xj =
{
xj ∈ Rn : ∃uj(·| tj, xj), X(tj+1| tj, xj, uj) ⊆ Xj+1

}
, j = 0, 1, . . . , N − 1,

ò.å. ìíîæåñòâî Xj ñîñòàâèì èç âñåõ òî÷åê xj, äëÿ êîòîðûõ ñóùåñòâóåò óïðàâëåíèå
uj(t| tj, xj), t ∈ ∆j, ïåðåâîäÿùåå ñèñòåìó (1) ñ ãàðàíòèåé íà ìíîæåñòâî Xj+1.

Îïòèìàëüíàÿ ñòðàòåãèÿ π0
N(0, x0) îïðåäåëÿåòñÿ óïðàâëåíèÿìè u0

j(t| tj, xj), t ∈ ∆j,
êîòîðûå, ñëåäóÿ ðàññóæäåíèÿì äèíàìè÷åñêîãî ïðîãðàììèðîâàíèÿ, íàõîäÿòñÿ èç àíà-
ëîãà óðàâíåíèÿ Áåëëìàíà

Vj(tj, xj) = min
uj

max
wj

Vj+1

(
x(tj+1| tj, xj, uj, wj)

)
, j = N − 1, . . . , 0, (4)

ãäå VN(tN , xN) îïðåäåëÿåòñÿ ñîãëàñíî (3).
Öåëü äîêëàäà � óïðàâëåíèå ñèñòåìîé (1) ïî ïðèíöèïó çàìêíóòîãî êîíòóðà. Ïî-

ýòîìó íà îñíîâå îïòèìàëüíûõ ñòðàòåãèé (2) îïðåäåëèì òàê íàçûâàåìóþ îïòèìàëüíóþ
ìíîãîêðàòíî çàìûêàåìóþ îáðàòíóþ ñâÿçü [1] äëÿ ñèñòåìû (1). Äëÿ ýòîãî ïîãðóçèì
ðàññìàòðèâàåìóþ çàäà÷ó â ñåìåéñòâî çàäà÷, â êîòîðîì ïðîöåññ óïðàâëåíèÿ ñòàðòóåò
â ìîìåíò âðåìåíè τ èç ñîñòîÿíèÿ z ∈ Rn . Îïòèìàëüíóþ ñòðàòåãèþ çàäà÷è ñåìåéñòâà
äëÿ ïîçèöèè (τ, z) ïðè τ ∈ ∆j îáîçíà÷èì

π0
N−j(τ, z) =

{
uj(·| τ, z); πN−j−1(tj+1, xj+1), xj+1 ∈ X(tj+1| tj, xj, uj)

}
.

Çäåñü u0
j(·| τ, z) =

(
u0

j(t| τ, z) , t ∈ {τ, τ + 1, . . . , tj+1 − 1}), ÿâëÿåòñÿ ðåøåíèåì çàäà÷è

Vj(τ, z) = min
uj

max
wj

Vj+1

(
x(tj+1| τ, z, uj, wj)

)
. (5)

Òîãäà îïòèìàëüíàÿ çàìûêàåìàÿ îáðàòíàÿ ñâÿçü èìååò âèä

u0(τ, z) = u0
j(τ | τ, z), τ ∈ ∆j, j = 0, 1, . . . , N.

Äëÿ ïîñòðîåíèÿ ðåàëèçàöèè îïòèìàëüíîé ìíîãîêðàòíî çàìûêàåìîé îáðàòíîé ñâÿçè
u∗(τ) = u0

(
τ, x∗(τ)

)
, τ = 0, 1, . . . , T−1, â ðåàëüíîì âðåìåíè [1] âäîëü ðåàëèçóþùåéñÿ â

êàæäîì êîíêðåòíîì ïðîöåññå óïðàâëåíèÿ òðàåêòîðèè x∗(τ), τ = 0, 1, . . . , T −1, íåîá-
õîäèìî áûñòðî ñòðîèòü îïòèìàëüíûå óïðàâëåíèÿ u0

j

(·| τ, x∗(τ)
)
, ò.å. ðåøàòü çàäà÷è

âèäà (5).
Ðåøåíèå çàäà÷è (5) îñíîâàíî íà ïîñòðîåíèè âíåøíèõ àïïðîêñèìàöèé ìíîãîãðàí-

íèêîâ Xj(α) = {xj : Vj(tj, xj) 6 α}, j = 1, . . . , N, (ñì. òàêæå [3]). Äëÿ ýòîãî âûáåðåì
(íå çàâèñÿùóþ îò α è j ) ñèñòåìó âåêòîðîâ pk ∈ Rn, k ∈ K, ||pk|| = 1, è ñîñòàâèì èç
íèõ ìàòðèöó P ∈ R|K|×n. Ïóñòü fj(α) =

(
fjk(α), k ∈ K

)
:

fjk(α) = max p′kxj, xj ∈ Xj(α). (6)

Îñíîâíîé ðåçóëüòàò ðàáîòû çàêëþ÷àåòñÿ â îáîñíîâàíèè àôôèííîé çàâèñèìîñòè
ðåøåíèé çàäà÷ (6) îò α :

fj(α) = fj(0) + λjα,

ãäå λj = (λjk, k ∈ K) íàõîäèòñÿ èç ðåøåíèÿ çàäà÷è ëèíåéíîãî ïðîãðàììèðîâàíèÿ
(ñì. èäåþ äîêàçàòåëüñòâà â [3]).
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Òîãäà äëÿ íàõîæäåíèÿ óïðàâëåíèÿ u0
j

(·| τ, x∗(τ)
)
(ïðèáëèæåííî) ïîëó÷èì çàäà÷ó

Vj(τ, z) = min
uj ,α

α,

x(t + 1) = Ax(t) + Buj(t), x(τ) = x∗(τ), uj(t) ∈ U, t ∈ {τ, τ + 1, . . . , tj+1 − 1},
Px(tj+1) 6 fj+1(0) + λj+1α− γj,

(7)

ãäå γj = (γjk, k ∈ K) : γjk = wmax

∑
t∈∆j

||p′kAtM ||1 . Î÷åâèäíî, çàäà÷à (7) ñâîäèòñÿ ê
çàäà÷å ëèíåéíîãî ïðîãðàììèðîâàíèÿ, ÷òî âûãîäíî îòëè÷àåò ïîëó÷åííûé ðåçóëüòàò îò
ðàáîòû [1].

Â äîêëàäå áóäåò ïîêàçàíî, êàê îñóùåñòâëÿåòñÿ êîððåêöèÿ ïðåäûäóùåãî ðåøåíèÿ
u0

0(·| τ − 1, x∗(τ − 1)) äëÿ áûñòðîãî ïîñòðîåíèÿ òåêóùåãî ðåøåíèÿ u0
0(·| τ, x∗(τ)).
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ÓÏÐÀÂËÅÍÈÅ È ÍÀÁËÞÄÅÍÈÅ
ËÈÍÅÉÍÛÕ ÄÈÔÔÅÐÅÍÖÈÀËÜÍÎ�ÐÀÇÍÎÑÒÍÛÕ ÑÈÑÒÅÌ

Ñ ËÈÍÅÉÍÎ ÂÎÇÐÀÑÒÀÞÙÈÌ ÇÀÏÀÇÄÛÂÀÍÈÅÌ

À.Ï. Æàáêî, Â.Ñ. Æèãàëîâ

1. Ââåäåíèå. Â ðàáîòå ðàññìàòðèâàåòñÿ ñèñòåìà äèôôåðåíöèàëüíî�ðàçíîñòíûõ
óðàâíåíèé ñ ïîñòîÿííûìè êîýôôèöèåíòàìè âèäà

ẋ(t) = A0x(t) + A1x(αt) + f(t), (1)

ãäå A0, A1 � (n × n)-ìàòðèöû, α ∈ (0, 1), f(t) � çàäàííàÿ íà [t0, T ] êóñî÷íî-íåïðå-
ðûâíàÿ ôóíêöèÿ.

Çàäàäèì íàáëþäåíèå
y(t) = Cx(t), (2)

ãäå y(t) -� èçâåñòíàÿ âåêòîð-ôóíêöèÿ ðàçìåðíîñòè r, C � (r × n) -ìàòðèöà.
Îïðåäåëåíèå 1. Ñèñòåìà (1), (2) íàçûâàåòñÿ ïîëíîñòüþ íàáëþäàåìîé íà ïðîìå-

æóòêå [t0, T ] , åñëè ïî çíà÷åíèÿì âåêòîðà íàáëþäåíèé y(t) íà [t0, T ] ìîæíî îäíî-
çíà÷íî âîññòàíîâèòü äâèæåíèå ñèñòåìû íà íà÷àëüíîì ìíîæåñòâå � âåêòîð φ(t).

2. Ïðåäâàðèòåëüíûå ðàññóæäåíèÿ. Ðàññìîòðèì ñëó÷àé âûðîæäåííîé ìàòðè-
öû A1. Ñóùåñòâóåò òàêàÿ ìàòðèöà D, ÷òî DA1 = 0. Åñëè DA0 = ΛD, òî ïîñëå
çàìåíû Dx = z ïîëó÷àåì ñèñòåìó

ż = Λz + Df(t). (3)

Ñèñòåìà (3) � íåíàáëþäàåìàÿ ÷àñòü ñèñòåìû (1). Äàííûå ðàññóæäåíèÿ ïðèìåíè-
ìû äëÿ ëþáûõ íà÷àëüíûõ òî÷åê t0. Èç ÷åãî ñëåäóåò
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Òåîðåìà 1. Åñëè ìàòðèöà A1 � âûðîæäåííàÿ, è äëÿ íåêîòîðîé íåíóëåâîé ìàò-
ðèöû D âûïîëíåíû óñëîâèÿ DA1 = 0 è DA0 = ΛD, òî ñèñòåìà (1), (2) íå ÿâëÿåòñÿ
ïîëíîñòüþ íàáëþäàåìîé.

Äàëåå ñ÷èòàåì ìàòðèöó A1 íåâûðîæäåííîé.
3. Ïîñòðîåíèå íà÷àëüíîé ôóíêöèè. Ñäåëàåì â ñèñòåìå (1), (2) çàìåíó

x(t) = eA0tz(t).

Ïîëó÷èì {
eA0tż = A1φ(αt) + f(t),

y(t) = eA0tz.
(4)

Èç ïåðâîãî óðàâíåíèÿ ñèñòåìû (4) ïîëó÷àåì ðàâåíñòâî

φ(αt) = A−1
1 [eA0tż − f(t)],

ãäå âîçíèêàåò ÷ëåí eA0tż. Èç âòîðîãî óðàâíåíèÿ (7) ïîëó÷àåì

ẏ(t) = A0e
A0tz + eA0tż,

îòêóäà ìîæíî âûðàçèòü eA0tż.
Çàìå÷àíèå. Ïîñêîëüêó ïðè äèôôåðåíöèðîâàíèè íàáëþäåíèÿ ìîãóò âîçíèêàòü

ïîãðåøíîñòè, òî ïðèáëèæàåì ôóíêöèþ ẋèñò(t) ðàâåíñòâîì

ẋèñò(t) ≈
1

Kδ

K∑
j=1

[x(t− 2jδ)− x(t− (2j − 1)δ)],

ãäå δ � ìàëàÿ âåëè÷èíà, K � öåëîå.
4. Ñëó÷àé íåïîëíîãî íàáëþäåíèÿ. Ïðåäïîëîæèì, ÷òî ìàòðèöà C 6= E. Ââåäåì

âñïîìîãàòåëüíóþ ñèñòåìó óðàâíåíèé

ż(t) = A0z(t) + A1z(αt) + L0

(
Cz(t)− y(t)

)
+ L1

(
Cz(αt)− y(αt)

)
, (5)

êîòîðóþ íàçîâåì àñèìïòîòè÷åñêèì íàáëþäàòåëåì.
Òåîðåìà 2. Åñëè ñóùåñòâóþòòàêèåìàòðèöû L0 è L1 , ÷òîìàòðèöà (A0+L0C) �

ãóðâèöåâà, à ìàòðèöà (A0 + L0C)−1(A1 + L1C) èìååò âñå ñîáñòâåííûå ÷èñëà â åäè-
íè÷íîì êðóãå, òî ñïðàâåäëèâî ïðåäåëüíîå ñîîòíîøåíèå z(t) → x(t) ïðè t →∞.

Äîêàçàòåëüñòâî ñëåäóåò èç [1]. Äàëåå íà÷àëüíàÿ ôóíêöèÿ ñòðîèòñÿ ïî èçëîæåííîìó
â ï. 3 àëãîðèòìó ñ çàìåíîé âåêòîðà x(t) åãî àñèìïòîòè÷åñêèì ïðèáëèæåíèåì z(t).

5. Ïðîãðàììíîå àñèìïòîòè÷åñêîå óïðàâëåíèå. Ðàññìîòðèì ñèñòåìó

dx(t)

dt
= A0x(t) + A1x(αt) + Bν + f(t), (6)

ãäå ν � óïðàâëåíèå.
Îïðåäåëåíèå 2. Áóäåì ãîâîðèòü, ÷òî ñèñòåìà (6), (2) àñèìïòîòè÷åñêè óïðàâëÿ-

åìà íà ïðîìåæóòêå [t0, T ], 0 6 t0 6 t 6 T, åñëè äëÿ ëþáîé âåêòîðíîé ôóíêöèè
ψ(t) ∈ C[T, α−1T ] ñóùåñòâóåò òàêîå óïðàâëåíèå ν(t, y), ïðè êîòîðîì ðåøåíèå x(t) ñè-
ñòåìû (6) óäîâëåòâîðÿåò óñëîâèþ x(t) → x̂(t), t →∞. Çäåñü x̂(t) � ðåøåíèå ñèñòåìû
(1) ñ íà÷àëüíîé ôóíêöèåé x̂(t) = ψ(t), t ∈ [T, α−1T ].

Òåîðåìà 3. Ïðåäïîëîæèì, ÷òî ðåøåíèå x̂(t) îïðåäåëåíî íà ïðîìåæóòêå
t0 6 t 6 ∞. Îïðåäåëèì ôóíêöèþ ŷ(t) = Cx̂(t). Ïóñòü ìàòðèöû L0, L1 óäîâëåòâî-
ðÿþò óñëîâèÿì Òåîðåìû 2, à ìàòðèöû F0, F1 òàêèå, ÷òî ìàòðèöà (A0 + F0C) �
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ãóðâèöåâà è ó ìàòðèöû (A0 + F0C)−1(A1 + F1C) âñå ñîáñòâåííûå ÷èñëà ëåæàò â
åäèíè÷íîì êðóãå. Òîãäà ðåøåíèåì ñèñòåìû (6) è ñèñòåìû:

ż(t) = A0z(t) + A1z(αt) + L0(Cz(t)− ŷ(t)) + L1(Cz(αt)− ŷ(αt)) (7)

ÿâëÿåòñÿ
ν(t) = F0w(t) + F1w(αt),

w(t) = z(t) + Pz(t) + Qz(αt).

Ìàòðèöû P è Q âûáèðàþòñÿ ñîãëàñíî ðàáîòå [2].
Çàêëþ÷åíèå. Â ðàáîòå ïðåäëîæåíà òåîðåìà, äàþùàÿ íåîáõîäèìîå óñëîâèå ïîë-

íîé íàáëþäàåìîñòè ñèñòåì âèäà (1), (2) è ïðåäëîæåí ìåòîä ïîñòðîåíèÿ ïðèáëèæåíèÿ
äâèæåíèÿ äèôôåðåíöèàëüíî�ðàçíîñòíîé ñèñòåìû ñ èñïîëüçîâàíèåì àñèìïòîòè÷åñêîãî
íàáëþäàòåëÿ.
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ÀÑÈÌÏÒÎÒÈ×ÅÑÊÈÅ ÌÅÒÎÄÛ Â ÇÀÄÀ×ÀÕ ÎÏÒÈÌÈÇÀÖÈÈ
ÑÈÍÃÓËßÐÍÎ ÂÎÇÌÓÙÅÍÍÛÕ ÄÈÍÀÌÈ×ÅÑÊÈÕ ÑÈÑÒÅÌ

À.È. Êàëèíèí, Ë.È. Ëàâðèíîâè÷

Ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé, ñîäåðæàùèå ìàëûå ïàðàìåòðû ïðè ÷àñòè
ïðîèçâîäíûõ, ïðèíÿòî íàçûâàòü ñèíãóëÿðíî âîçìóùåííûìè. Êàê èçâåñòíî, ÷èñëåííîå
ðåøåíèå çàäà÷ îïòèìàëüíîãî óïðàâëåíèÿ ïðåäïîëàãàåò íåîäíîêðàòíîå èíòåãðèðîâà-
íèå ïðÿìîé è ñîïðÿæåííîé ñèñòåì. Â çàäà÷àõ ñ ñèíãóëÿðíûìè âîçìóùåíèÿìè ýòè
äèíàìè÷åñêèå ñèñòåìû ÿâëÿþòñÿ æåñòêèìè, è, êàê ñëåäñòâèå, ïðè âû÷èñëåíèÿõ âîç-
íèêàþò ñåðüåçíûå òðóäíîñòè, âûðàæàþùèåñÿ â íåäîïóñòèìî áîëüøîì âðåìåíè ñ÷å-
òà è íåèçáåæíîì íàêîïëåíèè âû÷èñëèòåëüíûõ îøèáîê. Ïðèìåíåíèå àñèìïòîòè÷åñêèõ
ìåòîäîâ ïîçâîëÿåò íå òîëüêî èçáåæàòü èíòåãðèðîâàíèÿ ñèíãóëÿðíî âîçìóùåííûõ ñè-
ñòåì, íî è ñâåñòè èñõîäíóþ çàäà÷ó îïòèìàëüíîãî óïðàâëåíèÿ ê ðåøåíèþ çàäà÷ ìåíü-
øåé ðàçìåðíîñòè.

Â îñíîâå ïðèìåíÿåìîé ìåòîäèêè èññëåäîâàíèÿ ëåæèò èäåÿ êîíå÷íîìåðíîé ïàðà-
ìåòðèçàöèè îïòèìàëüíûõ óïðàâëåíèé. Äëÿ ìíîãèõ çàäà÷ îïòèìèçàöèè äèíàìè÷åñêèõ
ñèñòåì ìîæíî óêàçàòü êîíå÷íîìåðíûå ýëåìåíòû (íàçîâåì èõ îïðåäåëÿþùèìè), ïî êî-
òîðûì ëåãêî âîññòàíàâëèâàåòñÿ ðåøåíèå çàäà÷è, ïðè÷åì â âîçìóùåííûõ çàäà÷àõ, ÷òî
î÷åíü ñóùåñòâåííî, îíè, êàê ïðàâèëî, ãëàäêèì îáðàçîì çàâèñÿò îò ìàëîãî ïàðàìåòðà.
Ê îïðåäåëÿþùèì ýëåìåíòàì, â ÷àñòíîñòè, îòíîñÿòñÿ òî÷êè ïåðåêëþ÷åíèÿ ðåëåéíûõ
óïðàâëåíèé, íà÷àëüíûå è êîíå÷íûå ìîìåíòû îñîáûõ è êâàçèîñîáûõ ðåæèìîâ, ìíî-
æèòåëè Ëàãðàíæà, äëèòåëüíîñòü ïðîöåññà (â òîì ñëó÷àå, êîãäà îíà íå çàäàíà). Ñ ïî-
ìîùüþ ïðèíöèïà ìàêñèìóìà è óñëîâèé äîïóñòèìîñòè óïðàâëåíèé äëÿ îïðåäåëÿþùèõ
ýëåìåíòîâ a1, a2, . . . , ak ìîæíî ñîñòàâèòü ñèñòåìó êîíå÷íûõ óðàâíåíèé
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Fi(a1, a2, . . . , ak, µ) = 0, i = 1, k, (1)

ãäå µ -� ìàëûé ïàðàìåòð. Íàçîâåì ýòè óðàâíåíèÿ, êàê è èõ êîðíè, îïðåäåëÿþùèìè.
Ôîðìèðóþòñÿ óðàâíåíèÿ (1) ïóòåì èíòåãðèðîâàíèÿ ïðÿìîé è ñîïðÿæåííîé äèíàìè÷å-
ñêèõ ñèñòåì, êîòîðûå ÿâëÿþòñÿ âîçìóùåííûìè. Ïðèìåíÿÿ ìåòîä ïîãðàíè÷íûõ ôóíê-
öèé, ìîæíî ðàçëîæèòü ôóíêöèè Fi(a1, a2, . . . , ak, µ), i = 1, k, ïî ñòåïåíÿì ìàëîãî
ïàðàìåòðà

Fi(a1, a2, . . . , ak, µ) ∼ Fi0(a1, a2, . . . , ak) + µFi1(a1, a2, . . . , ak) + . . . , i = 1, k,

à çàòåì â óñëîâèÿõ ïðèìåíèìîñòè òåîðåìû î íåÿâíîé ôóíêöèè ìåòîäîì íåîïðåäå-
ëåííûõ êîýôôèöèåíòîâ íàéòè àñèìïòîòèêó ðåøåíèÿ ñèñòåìû (1). Äëÿ ïîñòðîåíèÿ
àñèìïòîòè÷åñêè ñóáîïòèìàëüíûõ óïðàâëåíèé çàäàííîãî ïîðÿäêà äîñòàòî÷íî çàìåíèòü
íåèçâåñòíûå îïðåäåëÿþùèå ýëåìåíòû ai(µ), i = 1, k, èõ àñèìïòîòè÷åñêèìè ïðèáëè-
æåíèÿìè ñîîòâåòñòâóþùåãî ïîðÿäêà. Îñíîâíàÿ òðóäíîñòü ïðè ðåàëèçàöèè îïèñàííîé
ñõåìû ñîñòîèò â íàõîæäåíèè ñòàðøèõ êîýôôèöèåíòîâ ðàçëîæåíèÿ îïðåäåëÿþùèõ ýëå-
ìåíòîâ, ò.å. êîðíåé ñèñòåìû íóëåâîãî ïðèáëèæåíèÿ

Fi0(a1, a2, . . . , ak) = 0, i = 1, k. (2)

Îêàçûâàåòñÿ, ÷òî åñëè æå èñõîäíàÿ çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ ÿâëÿåòñÿ ñèí-
ãóëÿðíî âîçìóùåííîé, òî êîðíÿìè ñèñòåìû (2), êàê ïðàâèëî, áóäóò îïðåäåëÿþùèå
ýëåìåíòû äâóõ çàäà÷ ìåíüøåé ðàçìåðíîñòè. Îäíîé èç íèõ ÿâëÿåòñÿ âûðîæäåííàÿ çà-
äà÷à, à âòîðàÿ ïîäáèðàåòñÿ â ðåçóëüòàòå àíàëèçà ñèñòåìû (2), ÷òî ïðåäñòàâëÿåò ñîáîé
íåôîðìàëüíûé ýòàï èññëåäîâàíèÿ. Îïèñàííûé ïîäõîä óäîáåí äëÿ ÷èñëåííîé ðåàëè-
çàöèè, ïîñêîëüêó ïðè åãî ïðèìåíåíèè äåëî ñâîäèòñÿ ê ðàçëîæåíèþ êîíå÷íîìåðíûõ
ýëåìåíòîâ.

Â äîêëàäå ïðåäñòàâëåí îáçîð ðåçóëüòàòîâ, ïîëó÷åííûõ äëÿ çàäà÷ îïòèìèçàöèè ñèí-
ãóëÿðíî âîçìóùåííûõ ñèñòåì â Ìèíñêîé øêîëå ïî îïòèìàëüíîìó óïðàâëåíèþ.

ÏÑÅÂÄÎÏÐÎËÎÍÃÀÖÈÈ Â ÄÈÍÀÌÈ×ÅÑÊÈÕ ÑÈÑÒÅÌÀÕ

Á.Ñ. Êàëèòèí

Â ðàáîòå Ò. Óðà [1] ïðåäñòàâëåíî ïåðñïåêòèâíîå íàïðàâëåíèå ðàçâèòèÿ êà÷åñòâåí-
íîé òåîðèè óñòîé÷èâîñòè äâèæåíèÿ− òåîðèÿ ïðîëîíãàöèé. Â äàëüíåéøåì ýòà òåîðèÿ
èñïîëüçîâàëàñü â ðàáîòàõ Æ.Ï. Àóñëàíäåðà, Ï. Ñåéáåðòà, À. Ïýëü÷åðà, Î. Õàéåêà è
äð. (ñì. [2-11]). Íàïîìíèì íåîáõîäèìûå îáîçíà÷åíèÿ è îïðåäåëåíèÿ [8, 10]: (X,R, π) �
äèíàìè÷åñêàÿ ñèñòåìà íà ìåòðè÷åñêîìïðîñòðàíñòâå X ñ ìåòðèêîé d : X ×X → R+;
B(N, α) = {x ∈ X : d(N, x) < α} äëÿ α > 0; (xn) � ïîñëåäîâàòåëüíîñòü òî÷åê â X;
L+(x) � ìíîæåñòâî ω - (α -)ïðåäåëüíûõ òî÷åê äëÿ x ∈ X; π : X × R → X � ôàçîâîå
îòîáðàæåíèå, π(x, t) = xt.

Îïðåäåëåíèå 1. Ïóñòü (X,R+, π) � ïîëóäèíàìè÷åñêàÿ ñèñòåìà è M � çàìêíóòîå
ïîäìíîæåñòâî X. Áóäåì ãîâîðèòü, ÷òî M :
-óñòîé÷èâîå, åñëè

(∀ε > 0)(∀x ∈ M)(∃δ = δ(x, ε) > 0) : d(M, xt) < ε ∀t > 0;
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-ïðèòÿãèâàþùåå (ñëàáî ïðèòÿãèâàþùåå), åñëè îáëàñòü ïðèòÿæåíèÿ A+(M) (îáëàñòü
ñëàáîãî ïðèòÿæåíèÿ A+

ω (M) ) ÿâëÿåòñÿ îêðåñòíîñòüþ M ;
-àñèìïòîòè÷åñêè óñòîé÷èâîå, åñëè îíî óñòîé÷èâîå è ïðèòÿãèâàþùåå.

Îïðåäåëåíèå 2. Ïîëóäèíàìè÷åñêàÿ ñèñòåìà (X,R+, π) íàçûâàåòñÿ àñèìïòîòè-
÷åñêè êîìïàêòíîé íà ìíîæåñòâå W, åñëè äëÿ ëþáîé ïàðû ïîñëåäîâàòåëüíîñòåé
(xn) ⊂ W è (tn) ⊂ R+ òàêèõ, ÷òî xn[0, tn] ⊂ W äëÿ âñåõ n ∈ N è tn → +∞,
ïîñëåäîâàòåëüíîñòü (xntn) îòíîñèòåëüíî êîìïàêòíà.

Îïðåäåëåíèå 3. [9, ñ. 24] Ïóñòü (X,R, π) � äèíàìè÷åñêàÿ ñèñòåìà íà ìåòðè÷åñêîì
ïðîñòðàíñòâå X. Ïðîëîíãàöèåé òî÷êè x ∈ X íàçûâàåòñÿ îòîáðàæåíèå D+ : X → 2X,
îïðåäåëÿåìîå ôîðìóëîé

D+(x) =
{
y ∈ X : ∃(xn) ⊂ X, ∃(tn) ⊂ R+ òàêèå, ÷òî xn → x è xntn → y

}
.

Åñëè M � çàìêíóòîå ìíîæåñòâî, òî D+(M) =
⋃

m∈M

D+(m) íàçûâàåòñÿïðîëîíãàöèåé
ìíîæåñòâà M.

Îïðåäåëåíèå 4. [11] Ïóñòü (X,R+, π) � ïîëóäèíàìè÷åñêàÿ ñèñòåìà íà ìåòðè÷å-
ñêîì ïðîñòðàíñòâå X. Ïñåâäîïðîëîíãàöèåé òî÷êè x ∈ X íàçûâàåòñÿ îòîáðàæåíèå
σ+ : X → 2X, îïðåäåëÿåìîå ôîðìóëîé

σ+(x) =
{
y ∈ X : ∃(xn) ⊂ X, ∃(tn) ⊂ R+ òàêèå, ÷òî xn → x è xntn = y ∀n ∈ N}

. (1)

Åñëè M � çàìêíóòîå ìíîæåñòâî, òî σ+(M) =
⋃

m∈M

σ+(m) íàçûâàåòñÿ ïñåâäîïðî-
ëîíãàöèåé ìíîæåñòâà M.

Î÷åâèäíî, ÷òî σ+(M) ⊂ D+(M).

Òåîðåìà 1. Ïóñòü (X,R+, π) � ïîëóäèíàìè÷åñêàÿ ñèñòåìà íà ìåòðè÷åñêîì ïðî-
ñòðàíñòâå X è M ⊂ X � çàìêíóòîå ìíîæåñòâî. Òîãäà èìåþò ìåñòî ñëåäóþùèå
óòâåðæäåíèÿ:
1) M ⊂ σ(M);
2) åñëè M ïîëîæèòåëüíî èíâàðèàíòíî, òî σ(M) ïîëîæèòåëüíî èíâàðèàíòíî, à

ìíîæåñòâî σ(M)\M èíâàðèàíòíî è äëÿ òî÷åê x ∈ M è y ∈ X\M â óñëîâèè (1)
tn → +∞;

3) åñëè M ñâÿçíî, êîìïàêòíî è èíâàðèàíòíî, à σ(M) êîìïàêòíî,òî σ(M) ñâÿçíî.

Îïðåäåëåíèå 5. [11, c. 32] Ïóñòü (X,R+, π) � ïîëóäèíàìè÷åñêàÿ ñèñòåìà íà ìåò-
ðè÷åñêîì ïðîñòðàíñòâå X è M ⊂ X � çàìêíóòîå èíâàðèàíòíîå ìíîæåñòâî. Òî÷-
êà x èç X íàçûâàåòñÿ ñëàáî ýëëèïòè÷åñêîé òî÷êîé M, åñëè L+(x)

⋂
M 6= ∅ è

L−(x)
⋂

M 6= ∅.
Òåîðåìà 2. Ïóñòü (X,R, π) � äèíàìè÷åñêàÿ ñèñòåìà íà ìåòðè÷åñêîì ïðîñòðàí-

ñòâå X è M ⊂ X � êîìïàêòíîå ñëàáî ïðèòÿãèâàþùåå ìíîæåñòâî. Ïðåäïîëîæèì,
÷òî (X,R, π) àñèìïòîòè÷åñêè êîìïàêòíà ïðè t → +∞ è ïðè t → −∞ â îáëà-
ñòè ñëàáîãî ïðèòÿæåíèÿ A+

ω(M). Òîãäà ïñåâäîïðîëîíãàöèÿ σ+(M) ÿâëÿåòñÿ íàè-
ìåíüøèì êîìïàêòíûì èíâàðèàíòíûì àñèìïòîòè÷åñêè óñòîé÷èâûì ìíîæåñòâîì,
ñîäåðæàùèì M, ïðè÷åì

A+
ω(M) = A+

(
σ+(M)

)
.

Òåîðåìà 3. Ïóñòü (X,R, π) � äèíàìè÷åñêàÿ ñèñòåìà íà ëîêàëüíî êîìïàêòíîì
ìåòðè÷åñêîì ïðîñòðàíñòâå X è M ⊂ X � êîìïàêòíîå ñëàáî ïðèòÿãèâàþùåå ìíî-
æåñòâî. Òîãäà èìåþò ìåñòî ðàâåíñòâà σ+(M) = Eω(M) = D+(M).
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ÍÅÏÐÅÐÛÂÍÀß ÇÀÂÈÑÈÌÎÑÒÜ ÎÒ ÏÀÐÀÌÅÒÐÎÂ È
ÎÃÐÀÍÈ×ÅÍÍÎÑÒÜ ÐÅØÅÍÈÉ ÑÈÑÒÅÌ Ñ ÃÈÑÒÅÐÅÇÈÑÎÌ

À.Ì. Êàìà÷êèí, Ä.Ê. Ïîòàïîâ, Â.Â. Åâñòàôüåâà

Ðàññìîòðèì ìàòåìàòè÷åñêèå ìîäåëè ñèñòåì àâòîìàòè÷åñêîãî óïðàâëåíèÿ, êîòîðûå
îïèñûâàþòñÿ n-ìåðíûìè ñèñòåìàìè îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé
ïåðâîãî ïîðÿäêà

Ẋ = AX + BF (σ) + Kf(t) (1)

(ìîäåëü íåàâòîíîìíîé ñèñòåìû) è

Ẋ = AX + BF (σ) (2)

(ìîäåëü àâòîíîìíîé ñèñòåìû). Çäåñü X � âåêòîð ñîñòîÿíèé ñèñòåìû, X ∈ En , En �
n-ìåðíîå åâêëèäîâî ïðîñòðàíñòâî, A � ïîñòîÿííàÿ íåíóëåâàÿ ìàòðèöà ðàçìåðíîñ-
òè n × n ñ âåùåñòâåííûìè ýëåìåíòàìè, B è K � ïîñòîÿííûå íåíóëåâûå âåêòîðû
èç En ñ âåùåñòâåííûìè ýëåìåíòàìè, F (σ) � ôóíêöèÿ, îïèñûâàþùàÿ íåëèíåéíîñòü
òèïà íåèäåàëüíîãî (ãèñòåðåçèñíîãî) äâóõïîçèöèîííîãî ðåëå ñ ïîðîãîâûìè çíà÷åíèÿìè
l1 , l2 (l1 < l2) è çíà÷åíèÿìè âûõîäà m1 , m2 (m1 < m2), σ = (Γ, X) � ñêàëÿðíîå
ïðîèçâåäåíèå âåêòîðîâ Γ è X , ãäå Γ � ïîñòîÿííûé íåíóëåâîé âåêòîð èç En ñ âå-
ùåñòâåííûìè ýëåìåíòàìè. Ôóíêöèÿ F

(
σ(t)

)
îïðåäåëåíà ïðè íåïðåðûâíîì âõîäå σ(t)

äëÿ t > 0 â êëàññå êóñî÷íî-íåïðåðûâíûõ ôóíêöèé è çàäàåòñÿ â ñîîòâåòñòâèè ñ [1]
ñëåäóþùèì îáðàçîì: èç íåðàâåíñòâà σ(t) 6 l1 ñëåäóåò ðàâåíñòâî F (σ) = m1 , èç íåðà-
âåíñòâà σ(t) > l2 ñëåäóåò ðàâåíñòâî F (σ) = m2, à èç íåðàâåíñòâ l1 < σ(t) < l2
(t1 < t 6 t2) ñëåäóåò ðàâåíñòâî F

(
σ(t1)

)
= F

(
σ(t2)

)
. Òàêèì îáðàçîì, F

(
σ(t)

)
ïðèíè-

ìàåò ïîñòîÿííîå çíà÷åíèå íà îòðåçêå [t1, t2], åñëè ëèáî F
(
σ(t1)

)
= m1 è σ(t) < l2 ïðè

t ∈ [t1, t2], ëèáî F
(
σ(t1)

)
= m2 è σ(t) > l1 ïðè t ∈ [t1, t2]. Â ïðèëîæåíèÿõ ôóíêöèþ
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F (σ) íàçûâàþò íåëèíåéíîé õàðàêòåðèñòèêîé ñèñòåìû [2]. Ïåòëÿ ãèñòåðåçèñà, îïèñû-
âàåìàÿ â êîîðäèíàòàõ (σ, F ) óðàâíåíèÿìè σ = σ(t), F = F

(
σ(t)

)
, îáõîäèòñÿ ïðîòèâ

õîäà ÷àñîâîé ñòðåëêè (ñì. ðèñóíîê, íàïðèìåð, â [3]). Ôóíêöèþ F (σ) ðàññìàòðèâàåì
â êà÷åñòâå óïðàâëåíèÿ. Ôóíêöèÿ f(t) îïèñûâàåò âíåøíåå âîçäåéñòâèå íà ñèñòåìó è
ìîæåò áûòü êàê ïåðèîäè÷åñêîé, òàê è íåïåðèîäè÷åñêîé, íî â ëþáîì ñëó÷àå ïîëàãàåì,
÷òî îíà íåïðåðûâíàÿ è îãðàíè÷åííàÿ, ò. å. ñóùåñòâóåò ïîñòîÿííàÿ M > 0 òàêàÿ, ÷òî
|f(t)| 6 M äëÿ ëþáîé âåùåñòâåííîé ïåðåìåííîé t > 0.

Èç ïîñëåäíèõ ðàáîò ïî èññëåäîâàíèþ íåëèíåéíûõ ñèñòåì, çàìêíóòûõ îáðàòíîé
ñâÿçüþ â ôîðìå äâóõïîçèöèîííîãî ðåëå ñ ãèñòåðåçèñîì, îòìåòèì [4�11].

Íàðÿäó ñ ïåðèîäè÷åñêèìè ðàññìàòðèâàåì îãðàíè÷åííûå ðåøåíèÿ èçó÷àåìûõ ñè-
ñòåì, ò. å. ðåøåíèÿ, ðàñïîëîæåííûå â íåêîòîðîé îãðàíè÷åííîé îáëàñòè ôàçîâîãî ïðî-
ñòðàíñòâà. Èìåþò ìåñòî íèæåñëåäóþùèå òåîðåìû (ñì. [11]).

Òåîðåìà 1. Ïóñòü, êðîìå ïðåäïîëîæåíèé, ñäåëàííûõ âûøå îòíîñèòåëüíî ïðà-
âîé ÷àñòè ñèñòåìû (1), âñå ñîáñòâåííûå ÷èñëà ìàòðèöû A èìåþò îòðèöàòåëüíûå
âåùåñòâåííûå ÷àñòè, è âûïîëíåíû ñëåäóþùèå óñëîâèÿ:

−(Γ, A−1Bm2) < l1, −(Γ, A−1Bm1) > l2.

Òîãäà âñå óñòàíîâèâøèåñÿ äâèæåíèÿ ñèñòåìû (1) ïðèíàäëåæàò íåêîòîðîé îãðàíè-
÷åííîé îáëàñòè ôàçîâîãî ïðîñòðàíñòâà èëè, èíà÷å, èçîáðàæàþùàÿ òî÷êà ëþáîãî
ðåøåíèÿ ñèñòåìû (1) çà êîíå÷íîå âðåìÿ ïîïàäåò è îñòàíåòñÿ â íåêîòîðîé îãðàíè-
÷åííîé îáëàñòè ôàçîâîãî ïðîñòðàíñòâà.

Òåîðåìà 2. Ïóñòü ïðè íåêîòîðîì íàáîðå ïàðàìåòðîâ ìàòðèöû A , âåêòîðîâ B,
K, Γ è ôóíêöèé F (σ), f(t) ñèñòåìà (1) óäîâëåòâîðÿåò óñëîâèÿì òåîðåìû 1 è
èìååò õîòÿ áû îäíî ïåðèîäè÷åñêîå ðåøåíèå ñ 2n (n ∈ N) èçîëèðîâàííûìè òî÷-
êàìè ïåðåêëþ÷åíèÿ X1, . . . , X2n, ðàñïîëîæåííûìè íà ïîâåðõíîñòÿõ ïåðåêëþ÷åíèÿ
(Γ, X) = l1 è (Γ, X) = l2. Òîãäà òî÷êè ïåðåêëþ÷åíèÿ ëîêàëüíî íåïðåðûâíî çàâèñÿò
îò ýòîãî íàáîðà ïàðàìåòðîâ, åñëè

∣∣∣∣∣∣

(Γ, (X1)′t1) . . . (Γ, (X1)′t2n
)

. . .
(Γ, (X2n)′t1) . . . (Γ, (X2n)′t2n

)

∣∣∣∣∣∣
6= 0,

ãäå t1, . . . , t2n � ìîìåíòû âðåìåíè ïåðåêëþ÷åíèÿ, (X i)′tj � ÷àñòíàÿ ïðîèçâîäíàÿ ýëå-
ìåíòîâ âåêòîðà X i ïî ïåðåìåííîé tj (i, j = 1, 2n).

Òåîðåìà 3. Ïóñòü ñèñòåìà (2) óäîâëåòâîðÿåò óñëîâèÿì òåîðåì 1 è 2 îòíî-
ñèòåëüíî ïàðàìåòðîâ ìàòðèöû A, âåêòîðîâ B, Γ, ôóíêöèè F (σ) è, êðîìå òîãî,
(Γ, B) 6= 0. Òîãäà óíèìîäàëüíîå [12] ïåðèîäè÷åñêîå ðåøåíèå ñèñòåìû (2) ëîêàëüíî
íåïðåðûâíî çàâèñèò îò óêàçàííûõ ïàðàìåòðîâ, åñëè âûïîëíÿåòñÿ íåðàâåíñòâî

(Γ, Θ1(e
AT Bm1 + eAτ1B(m2 −m1)−Bm2))(Γ, Θ2e

Aτ2B(m1 −m2))+

+(Γ, Θ2e
Aτ1B(m2 −m1))(Γ, Θ1(e

AT Bm2 + eAτ2B(m1 −m2)−Bm1))+

+(Γ, Θ2(e
AT Bm1 + eAτ1B(m2 −m1)))(Γ, Θ2(e

AT Bm2 + eAτ2B(m1 −m2)))−
−(Γ, Θ2e

AT Bm1)(Γ, Θ2e
AT Bm2) 6= 0,

ãäå Θ1 = (E−eAT )−2eAT , Θ2 = (E−eAT )−1, E � åäèíè÷íàÿ ìàòðèöà, T = τ1+τ2, τ1,
τ2 � âðåìåíà ïåðåõîäîâ èçîáðàæàþùåé òî÷êè ìåæäó ïîâåðõíîñòÿìè ïåðåêëþ÷åíèÿ.

Ïîëó÷åííûå ðåçóëüòàòû äàþò äîñòàòî÷íîå óñëîâèå îãðàíè÷åííîñòè ðåøåíèé ñóùå-
ñòâåííî íåëèíåéíîé íåàâòîíîìíîé ñèñòåìû (òåîðåìà 1), à â ñëó÷àå íàëè÷èÿ ó òàêîé
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ñèñòåìû ïåðèîäè÷åñêèõ ðåøåíèé äîñòàòî÷íûå óñëîâèÿ íåçàâèñèìîñòè êîíôèãóðàöèé
ýòèõ ðåøåíèé îò äîñòàòî÷íî ìàëûõ èçìåíåíèé ïàðàìåòðîâ ñèñòåìû (òåîðåìû 2 è 3).
Áîëåå òîãî, âûïèñàíû óñëîâèÿ, ïîçâîëÿþùèå èññëåäîâàòåëÿì îãðàíè÷èâàòü âûáîð ïà-
ðàìåòðîâ ñèñòåìû. Ïðèìåíåíèå òåîðåìû 3 èëëþñòðèðóåòñÿ íà ïðèìåðå ñèñòåìû (2)
ïðè n = 2.
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ÐÀÂÍÎÌÅÐÍÀß ÃËÎÁÀËÜÍÀß ÄÎÑÒÈÆÈÌÎÑÒÜ
ËÈÍÅÉÍÛÕ ÄÈÑÊÐÅÒÍÛÕ ÑÈÑÒÅÌ

Ñ ÏÅÐÈÎÄÈ×ÅÑÊÈÌÈ ÊÎÝÔÔÈÖÈÅÍÒÀÌÈ

À.À. Êîçëîâ, Ò.À. Àëåêñàíäðîâè÷

Ðàññìîòðèì ëèíåéíóþ äèñêðåòíóþ ñèñòåìó óïðàâëåíèÿ [1, c. 214]

x(k + 1) = A(k)x(k) + B(k)u(k), x ∈ Rn, u ∈ Rm, k ∈ Z, (1)

â êîòîðîé {A(k)}k∈Z , {B(k)}k∈Z � îãðàíè÷åííûå, ω -ïåðèîäè÷åñêèå ïîñëåäîâàòåëü-
íîñòè ñîîòâåòñòâåííî (n × n)- è (n × m)- âåùåñòâåííûõ ìàòðèö (ω ∈ N \ {1});
x = x(k) : Z → Rn � âåêòîð ñîñòîÿíèÿ ñèñòåìû; u = u(k) : Z → Rm � óïðàâëÿþùåå
âîçäåéñòâèå.

Íàïîìíèì, ÷òî ïîñëåäîâàòåëüíîñòü ìàòðèö N(k), k ∈ Z, íàçûâàåòñÿ ω -ïåðèîäè-
÷åñêîé, åñëè íàéäåòñÿ ÷èñëî ω ∈ N \ {1}, ÷òî äëÿ âñåõ k ∈ Z âûïîëíÿþòñÿ ðàâåíñòâà
N(k + ω) = N(k).
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Ïîëàãàåì òàêæå, ÷òî ôóíêöèÿ A : Z→ Rn×n ÿâëÿåòñÿ âïîëíå îãðàíè÷åííîé [2] íà
Z. Ïîñëåäíåå îçíà÷àåò [2], ÷òî ïðè êàæäîì k ∈ Z ìàòðèöà A(k) îáðàòèìà è íàéäåòñÿ
òàêîå ÷èñëî a > 1, ïðè êîòîðîì èìååò ìåñòî ñîîòíîøåíèå

sup{‖A(k) + A−1(k)‖, k ∈ Z} 6 a.

Óïðàâëåíèå u â ñèñòåìå (1) áóäåì âûáèðàòü ëèíåéíûì ïî ñîñòîÿíèþ
u(k) = U(k)x(k), ãäå U(k), k ∈ Z, � íåêîòîðàÿ ïîñëåäîâàòåëüíîñòü âåùåñòâåííûõ
(m × n) -ìàòðèö. Â ðåçóëüòàòå ïîëó÷èì çàìêíóòóþ ëèíåéíóþ îäíîðîäíóþ ñèñòåìó ñ
äèñêðåòíûì âðåìåíåì

x(k + 1) = (A(k) + B(k)U(k))x(k), k ∈ Z, (2)

â êîòîðîé ôóíêöèÿ U : Z→ Rm×n èãðàåò ðîëü ìàòðè÷íîãî óïðàâëÿþùåãî âîçäåéñòâèÿ.
Ñëåäóÿ ðàáîòå [3], äàëåå áóäåì ïîëüçîâàòüñÿ íèæåïðèâåäåííûì äîïóùåíèåì.
Îïðåäåëåíèå 1. [3] Ìàòðè÷íîå óïðàâëåíèå U : Z→ Rm×n áóäåì íàçûâàòü äîïó-

ñòèìûì äëÿ ñèñòåìû (2), åñëè âûïîëíåíû óñëîâèÿ:
1) óïðàâëåíèå U(·) îãðàíè÷åíî íà Z, ò.å. ñïðàâåäëèâî íåðàâåíñòâî

sup{‖U(k)‖, k ∈ Z} < ∞;

2) ïðè êàæäîì k ∈ Z ìàòðèöà A(k) + B(k)U(k) îáðàòèìà, ïðè÷åì èìååò ìåñòî
îöåíêà

sup
{‖(A(k) + B(k)U(k)

)−1‖, k ∈ Z}
< ∞.

Îïðåäåëåíèå 2. [1, ñ. 13 � 14] Íàïîìíèì, ÷òî ìàòðèöà Êîøè X(k, s) ∈ Mn, k, s ∈
Z, äèñêðåòíîé ñèñòåìû x(k+1) = A(k)x(k), x ∈ Rn, k ∈ Z, îïðåäåëÿåòñÿ ðàâåíñòâîì

X(k, s) =





A(k − 1) · A(k − 2) · . . . · A(s) ïðè k > s,
E ïðè k = s,
X−1(s, k) ïðè k < s.

Îïðåäåëåíèå 3. Áóäåì ãîâîðèòü, ÷òî ëèíåéíàÿ äèñêðåòíàÿ ñèñòåìà (2) îáëàäàåò
ñâîéñòâîì ðàâíîìåðíîé ãëîáàëüíîé äîñòèæèìîñòè, åñëè ñóùåñòâóåò òàêîå íàòóðàëü-
íîå ÷èñëî T > 0, ÷òî äëÿ ëþáûõ α > 0 è β > 0 íàéäåòñÿ âåëè÷èíà d = d(α, β) >
> 0, ïðè êîòîðîé äëÿ ïðîèçâîëüíîé (n× n) -ìàòðèöû Λ, óäîâëåòâîðÿþùåé íåðàâåí-
ñòâàì | det Λ| > α è ‖Λ‖ 6 β, è âñÿêîãî k0 ∈ Z ñóùåñòâóåò äîïóñòèìîå óïðàâëåíèå
U : {k0, k0+1, . . . , k0+T} → Rm×n , óäîâëåòâîðÿþùåå ïðè âñåõ k ∈ {k0, k0+1, . . . k0+T}
îöåíêå ‖U(k)‖ 6 d(α, β) è ãàðàíòèðóþùåå äëÿ ìàòðèöû Êîøè XU(·, ·) ñèñòåìû (2)
íà óêàçàííîì ìíîæåñòâå ðàâåíñòâî XU(k0 + T, k0) = Λ.

Ïî-âèäèìîìó, âïåðâûå òåðìèí ¾ðàâíîìåðíàÿ ãëîáàëüíàÿ äîñòèæèìîñòü¿ áûë ââå-
äåí Â.À. Çàéöåâûì è Å.Ë. Òîíêîâûì â ñòàòüå [4] äëÿ ëèíåéíûõ ñèñòåì îáûêíîâåííûõ
äèôôåðåíöèàëüíûõóðàâíåíèé

ẋ = A(t)x + B(t)u, x ∈ Rn, u ∈ Rm, n,m ∈ N, t ∈ R. (3)

Câîéñòâî ðàâíîìåðíîé ãëîáàëüíîé äîñòèæèìîñòè ëèíåéíîé ñèñòåìû (2) ñ äèñêðåòíûì
âðåìåíåì (ðàâíî êàê è ñ íåïðåðûâíûì) äàåò âîçìîæíîñòü óïðàâëåíèÿ âñåì êîíå÷íî-
ìåðíûì áàçèñîì ïðîñòðàíñòâà ðåøåíèé ýòîé ñèñòåìû íà ïðîèçâîëüíîì öåëî÷èñëåí-
íîì âðåìåíí�îì îòðåçêå ôèêñèðîâàííîé äëèíû T ∈ N, ò. å. ïîçâîëÿåò ïîñòðîèòü òàêîå
äîïóñòèìîå óïðàâëåíèå U, ÷òî ìíîæåñòâî {xi(k)}n

i=1, k ∈ Z, ëèíåéíî-íåçàâèñèìûõ
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ðåøåíèé ñèñòåìû (2) ñ ýòèì óïðàâëåíèåì è íà÷àëüíûìè óñëîâèÿìè � ñîîòâåòñòâóþ-
ùèìè âåêòîðàìè ei, i = 1, n, êàíîíè÷åñêîãî îðòîíîðìèðîâàííîãî áàçèñà ïðîñòðàí-
ñòâà Rn � ÷åðåç âðåìÿ T áóäåò ñîâïàäàòü ñ ïðîèçâîëüíûì íàïåðåä çàäàííûì áàçèñîì
ýòîãî ïðîñòðàíñòâà.

Çàìå÷àíèå 2. Îòìåòèì, ÷òî ñóùåñòâåííîå îòëè÷èå ñâîéñòâà ðàâíîìåðíîé ãëî-
áàëüíîé äîñòèæèìîñòè ëèíåéíûõ äèôôåðåíöèàëüíûõ ñèñòåì îò äèñêðåòíûõ ñèñòåì
çàêëþ÷àåòñÿ â òîì, ÷òî äëÿ ïîñëåäíèõ ìàòðèöà Êîøè ìîæåò èìåòü íå òîëüêî îòäå-
ëåííûé îò íóëÿ ïîëîæèòåëüíûé, íî è îòðèöàòåëüíûé îïðåäåëèòåëü. Ïîýòîìó â îïðåäå-
ëåíèè 3, â îòëè÷èå îò îïðåäåëåíèÿ ðàâíîìåðíîé ãëîáàëüíîé äîñòèæèìîñòè ëèíåéíûõ
äèôôåðåíöèàëüíûõ ñèñòåì (ñì. íàïð., ñòàòüþ [4]), äëÿ êâàäðàòíîé (n×n) -ìàòðèöû Λ
âûïîëíÿåòñÿ íåðàâåíñòâî | det Λ| > α.

Â ðàáîòå [5] áûë óñòàíîâëåí êðèòåðèé ðàâíîìåðíîé ãëîáàëüíîé äîñòèæèìîñòè ëè-
íåéíûõ ñèñòåì ñ êóñî÷íî-íåïðåðûâíûìè è îãðàíè÷åííûìè ω -ïåðèîäè÷åñêèìè êîýô-
ôèöèåíòàìè âèäà

ẋ = (A(t) + B(t)U(t))x, x ∈ Rn, t ∈ R. (4)

Òåîðåìà 1. [5] Ñèñòåìà (3) ñ êóñî÷íî-íåïðåðûâíûìè è îãðàíè÷åííûìè ω -ïåðèî-
äè÷åñêèìè êîýôôèöèåíòàìè ðàâíîìåðíî âïîëíå óïðàâëÿåìà òîãäà è òîëüêî òîãäà,
êîãäà ñîîòâåòñòâóþùàÿ çàìêíóòàÿ ñèñòåìà (4) îáëàäàåò ñâîéñòâîì ðàâíîìåðíîé
ãëîáàëüíîé äîñòèæèìîñòè.

Ýòà òåîðåìà óñòàíàâëèâàåò ýêâèâàëåíòíîñòü íàëè÷èÿ ñâîéñòâà ðàâíîìåðíîé ãëî-
áàëüíîé äîñòèæèìîñòè ó ñèñòåìû (4) è ñâîéñòâà ðàâíîìåðíîé ïîëíîé óïðàâëÿåìîñòè
[6, 7] ñîîòâåòñòâóþøåé ëèíåéíîé óïðàâëÿåìîé ñèñòåìû (4). Äèñêðåòíûì àíàëîãîì ïî-
ñëåäíåãî ñâîéñòâà ñëóæèò ñëåäóþùåå

Îïðåäåëåíèå 4. [3] Cèñòåìà (1) îáëàäàåò ñâîéñòâîì ðàâíîìåðíîé ïîëíîé óïðàâ-
ëÿåìîñòè, åñëè ñóùåñòâóþò òàêèå ÷èñëà α > 0 è K ∈ N, ÷òî ïðè ëþáûõ ÷èñëå
k0 ∈ Z è âåêòîðå x1 ∈ Rn íàéäåòñÿ óïðàâëåíèå u(k), k = k0, k0 + 1, . . . , k0 + K − 1,
óäîâëåòâîðÿþùåå îöåíêå ‖u(k)‖ 6 α‖x1‖, ïðè êîòîðîì äëÿ ðåøåíèÿ x(k) ñèñòåìû
(1) ñ ýòèì óïðàâëåíèåì u è íà÷àëüíûì óñëîâèåì x(k0) = 0 îáåñïå÷èâàåòñÿ ðàâåíñòâî
x(k0 + K) = x1.

Îñíîâíûì ðåçóëüòàòîì äàííîé ðàáîòû ÿâëÿåòñÿ
Òåîðåìà 2. Ïóñòü ìàòðèöà A(·) ñèñòåìû (1) âïîëíå îãðàíè÷åíà, à ìàòðèöà B(·)

îãðàíè÷åíà íà Z. Òîãäà åñëè äèñêðåòíàÿ ñèñòåìà óïðàâëåíèÿ (1) ñ ω -ïåðèîäè÷åñêèìè
êîýôôèöèåíòàìè ðàâíîìåðíî âïîëíå óïðàâëÿåìà, òî ñîîòâåòñòâóþùàÿ çàìêíóòàÿ
äèñêðåòíàÿ ñèñòåìà (2) îáëàäàåò ñâîéñòâîìðàâíîìåðíîé ãëîáàëüíîé äîñòèæèìîñòè.

Ðàáîòà âûïîëíåíà â ðàìêàõ Ãîñóäàðñòâåííîé ïðîãðàììû íàó÷íûõ èññëåäîâàíèé
Ðåñïóáëèêè Áåëàðóñü ¾Êîíâåðãåíöèÿ�2025¿ (ïîäïðîãðàììà 1, çàäàíèå 1.2.01).
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ÓÏÐÀÂËßÅÌÎÑÒÜ ÀÍÑÀÌÁËÅÌ
ËÈÍÅÉÍÛÕ ÍÅÏÐÅÐÛÂÍÛÕ ÄÈÍÀÌÈ×ÅÑÊÈÕ ÑÈÑÒÅÌ

Ñ ÏÎÌÎÙÜÞ ÄÅÑÊÐÈÏÒÎÐÍÎÃÎ ÐÅÃÓËßÒÎÐÀ

Â.Â. Êðàõîòêî, Ã.Ï. Ðàçìûñëîâè÷

Àíñàìáëü ëèíåéíûõ íåïðåðûâíûõ ñèñòåì � ýòî ñîâîêóïíîñòü ñèñòåì, êîýôôèöèåíòû
êîòîðûõ ïðèíàäëåæàò íåêîòîðûì çàäàííûì ìíîæåñòâàì [1].

Âîïðîñû óïðàâëÿåìîñòè ëèíåéíûõ ñèñòåì äèíàìè÷åñêèìè ðåãóëÿòîðàìè èññëåäî-
âàíû, íàïðèìåð, â ðàáîòå [2]. Îäíàêî íà ïðàêòèêå ÷àñòî òî÷íûå çíà÷åíèÿ ïàðàìåòðîâ
è íà÷àëüíûõ ñîñòîÿíèé òàêèõ ñèñòåì íåèçâåñòíû. Çàäàíû ëèøü ìíîæåñòâà, â êîòîðûõ
ýòè ïàðàìåòðû èçìåíÿþòñÿ ïðîèçâîëüíûì îáðàçîì.

Ðàññìîòðèì ñèñòåìó óïðàâëåíèÿ

ẋ(t) = Ax(t) + Bu(t), t ∈ [0, +∞), (1)

ñ íà÷àëüíûì óñëîâèåì
x(0) = x0, (2)

ãäå x, x0 ∈ Rn; u ∈ Rr; A ∈ Rn,n, B ∈ Rn,r � íåêîòîðûå ìàòðèöû.
Ïóñòü [A], [B] � íåêîòîðûå ìíîæåñòâà ìàòðèö ñîîòâåòñòâåííî ðàçìåðîâ n×n, n×r

è [x0] � ìíîæåñòâî âåêòîðîâ, ïðèíàäëåæàùèõ Rn.
Áóäåì òåïåðü ñ÷èòàòü, ÷òî ìàòðèöû A è B è íà÷àëüíîå ñîñòîÿíèå x0 ñèñòåìû (1)

ïðèíèìàþò ïðîèçâîëüíûå çíà÷åíèÿ ñîîòâåòñòâåííî èç ìíîæåñòâ [A], [B], [x0].
Ñèñòåìà (1) ïðè óêàçàííûõ óñëîâèÿõ � ýòî àíñàìáëü ëèíåéíûõ óïðàâëÿåìûõ

ñèñòåì (1).
Â êà÷åñòâå óïðàâëåíèÿ u(t) ðàññìîòðèì óïðàâëåíèå âèäà

u(t) = Cy(t), (3)

ãäå C ∈ Rr,m, à y(t) � âûõîä ëèíåéíîé äåñêðèïòîðíîé ñèñòåìû
D0ẏ(t) = Dy(t), y(0) = y0. (4)

Çäåñü y, y0 ∈ Rm; D0, D � (m × m)-ïîñòîÿííûå ìàòðèöû, ïðè÷¼ì det D0 = 0 è
ïó÷îê ìàòðèö D0 + λD ÿâëÿåòñÿ ðåãóëÿðíûì.

ßñíî, ÷òî ïðè ëþáûõôèêñèðîâàííûõìàòðèöàõA ∈ [A], B ∈ [B], è âåêòîðå x0 ∈ [x0]
è óïðàâëåíèè (3) ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå ñèñòåìû (1)

x(t) = F (t, 0)x0 +
( t∫

0

F (t, τ)BCeDd
0Dτdτ

)
y0,

y0 = Dd
0Dq,

(5)

ãäå F (t, τ) � ôóíäàìåíòàëüíàÿ ìàòðèöà îäíîðîäíîé çàäà÷è Êîøè äëÿ ñèñòåìû (1),
Dd

0 � îáðàòíàÿ Äðàçèíà ìàòðèöû D0 [3], à q ∈ Rm.
Îïðåäåëåíèå 1. Àíñàìáëü ñèñòåì (1) íàçûâàåòñÿ óïðàâëÿåìûì äåñêðèïòîðíûì

ðåãóëÿòîðîì (4), åñëè äëÿ ëþáîãî x0 ∈ [x0] íàéäóòñÿ ìîìåíò âðåìåíè t1(t1 < +∞) è
m -âåêòîð q òàêèå, ÷òî ñå÷åíèÿ {x(t1)} âñåõ ðåøåíèé àíñàìáëÿ îáðàùàþòñÿ â íóëü.

Îòìåòèì, ÷òî â òàêîé ïîñòàíîâêå çàäà÷à óïðàâëÿåìîñòè àíñàìáëÿ áóäåò èìåòü ðå-
øåíèå ëèøü â èñêëþ÷èòåëüíûõ ñëó÷àÿõ. Ïîýòîìó áóäåì ðåøàòü çàäà÷ó ïîñòðîåíèÿ
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òàêîãî óïðàâëåíèÿ (íàéòè òàêîå q ), ÷òîáû êàæäîå ðåøåíèå x(t) àíñàìáëÿ óäîâëåòâî-
ðÿëî íåðàâåíñòâó

|x(t1)| 6 ε, (6)

ãäå |x(t1)| � âåêòîð, ñîñòàâëåííûé èç ìîäóëåé êîìïîíåíò âåêòîðà x(t1), à âåêòîð
ε = (ε1, . . . , εn) > 0, çäåñü εi > 0 äëÿ ëþáîãî i = 1, n.

Ñòàâèòñÿ çàäà÷à: íàéòè âåêòîð ε > 0 òàêîé, ÷òî ñêàëÿðíîå ïðîèçâåäåíèå

e′ε = ε1 + ε2 + . . . + εn

áûëî ìèíèìàëüíûì.
Òàêèì îáðàçîì, âñå òðàåêòîðèè x(t1) â ìîìåíò âðåìåíè t1 àíñàìáëÿ îáëàäàþò

ñâîéñòâîì, ÷òî ïîïàäàþò â "ìèíèìàëüíóþ" îêðåñòíîñòü íóëÿ.
Ó÷èòûâàÿ (6), ïîëó÷èì, ÷òî àíñàìáëü óïðàâëÿåì äåñêðèïòîðíûì ðåãóëÿòîðîì (4),

êîãäà ïðè íåêîòîðîì t1 (t1 ∈ +∞) äëÿ ëþáîãî x0 ∈ [x0] íàéäåòñÿ òàêîé m -âåêòîð q
(îäèí è òîò æå äëÿ âñåõ ñèñòåì àíñàìáëÿ), ÷òî âûïîëíÿåòñÿ íåðàâåíñòâî

|x(t1, q)| = |M(t1)q − P | 6 ε.

Çäåñü x(t1, q) ≡ x(t1), M(t1) =
t1∫
0

F (t1, τ)BCeDd
0DτDd

0D0dτ, P = −F (t1, 0)x0.

Òîãäà "ìèíèìàëüíàÿ" ε-îêðåñòíîñòü íóëÿ ìîæåò áûòü íàéäåíà êàê ðåøåíèå çàäà÷è

e′ε → min,
−ε 6 Mq − P 6 ε,
ε > 0, q ∈ Q, Q ∈ Rm,

(7)

îòíîñèòåëüíî ïåðåìåííûõ ε è q, Q � âûïóêëûé ìíîãîãðàííèê â Rm.
Ñëåäîâàòåëüíî, äëÿ óïðàâëÿåìîñòè àíñàìáëÿ â ñìûñëå îïðåäåëåíèÿ äîñòàòî÷íî,

÷òîáû çàäà÷à (7) èìåëà îïòèìàëüíûé ïëàí ε0, q0 ñ ε0 = 0.
Â ÷àñòíîì ñëó÷àå, êîãäà èíòåðâàëû [A], [B] âûðîæäåíû, ïîëó÷àåì èçâåñòíûå ðå-

çóëüòàòû, óñòàíîâëåííûå â ðàáîòàõ [2, 4].
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Î ÑÐÀÂÍÅÍÈÈ ÏÐÈÇÍÀÊÎÂ ÓÑÒÎÉ×ÈÂÎÑÒÈ ÄËß
ÍÅÀÂÒÎÍÎÌÍÛÕ ÔÓÍÊÖÈÎÍÀËÜÍÎ-ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ

ÓÐÀÂÍÅÍÈÉ

Â.Â. Ìàëûãèíà

Ðàçíîñòíûå óðàâíåíèÿ ñ çàïàçäûâàíèåì (Delay Di�erence Equations) â ïîñëåäíèå
äåñÿòèëåòèÿ àêòèâíî èñïîëüçóþòñÿ äëÿ ìîäåëèðîâàíèÿ ðàçëè÷íûõ ïðîöåññîâ â áèî-
ëîãèè, ýêîëîãèè, ýêîíîìèêå. Èíòåðåñíî îòìåòèòü, ÷òî ýòè óðàâíåíèÿ âñå ÷àùå îáîñíî-
âàííî ñîïîñòàâëÿþòñÿ íå ñ îáûêíîâåííûìè, à ñ ôóíêöèîíàëüíî-äèôôåðåíöèàëüíûìè
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óðàâíåíèÿìè, ê êîòîðûì ðàçíîñòíûå óðàâíåíèÿ ñ çàïàçäûâàíèåì ïî ñâîåé ïðèðîäå
îêàçàëèñü áëèæå. Ýòà àíàëîãèÿ ÿâèëàñü îñíîâîé íîâûõ ìåòîäîâ èññëåäîâàíèÿ ðàç-
íîñòíûõ óðàâíåíèé è äàëà âîçìîæíîñòü ïîëó÷èòü íîâûå ðåçóëüòàòû. Â ýòîé ñâÿçè
èíòåðåñíî ñðàâíåíèå, íàïðèìåð, ýôôåêòèâíûõ ïðèçíàêîâ óñòîé÷èâîñòè, ïîëó÷åííûõ
äëÿ äèôôåðåíöèàëüíûõ è ðàçíîñòíûõ óðàâíåíèé ñ çàïàçäûâàíèåì.

Ðàññìîòðèì äèôôåðåíöèàëüíîå óðàâíåíèå ñ ñîñðåäîòî÷åííûì çàïàçäûâàíèåì

ẋ(t) = −
K∑

k=1

ak(t)x(t− hk(t)), t > 0, (1)

è ðàçíîñòíîå óðàâíåíèå

x(n + 1)− x(n) = −
K∑

k=1

ak(n)x(n− hk(n)), n ∈ N0, (2)

êîòîðîå ìîæíî ñ÷èòàòü äèñêðåòíûì àíàëîãîì óðàâíåíèÿ (1). Ïðèâåäåì äâà ïðèçíàêà
óñòîé÷èâîñòè äëÿ óðàâíåíèé (1) è (2), êîòîðûå ìîæíî ðàññìàòðèâàòü êàê îáîáùåíèå
¾3/2-òåîðåìû¿ À.Ä. Ìûøêèñà.

Îáîçíà÷èì a(t) =
K∑

k=1

ak(t), h(t) = max
16k6K

hk(t).

Òåîðåìà 1. [1] Ïóñòü ak(t) > 0, hk(t) > 0 ïðè ëþáîì k = 1, K. Åñëè

lim
t→∞

t∫

t−h(t)

a(s) ds <
3

2
, (3)

òî äëÿ ôóíêöèè Êîøè óðàâíåíèÿ (1) ïðè íåêîòîðûõ N, α > 0 ñïðàâåäëèâà îöåíêà

|C(t, s)| 6 N exp



−α

t∫

s

a(τ) dτ



 , t > s > 0. (4)

Òåîðåìà 2. [2] Ïóñòü ak(n) > 0, hk(n) > 0 ïðè ëþáîì k = 1, K. Åñëè

lim
n→∞

n∑

i=n−h(n)

a(i) <
3

2
, (5)

òî äëÿ ôóíêöèè Êîøè óðàâíåíèÿ (2) ïðè íåêîòîðûõ N, α > 0 ñïðàâåäëèâà îöåíêà

|C(n,m)| 6 N exp

{
−α

n∑
i=m

a(i)

}
, n > m > 0. (6)

Ïîñòîÿííàÿ 3/2 â íåðàâåíñòâàõ (3) è (5) ÿâëÿåòñÿ òî÷íîé: åå íåëüçÿ óìåíüøèòü áåç
íàðóøåíèÿ îöåíîê (4) è (6), ÷òî äîêàçûâàåòñÿ ïîñòðîåíèåì ñîîòâåòñòâóþùèõ ïðèìå-
ðîâ. Íî â ýòèõ ïðèìåðàõ åñòü ñóùåñòâåííîå îòëè÷èå. Äëÿ äèôôåðåíöèàëüíûõ óðàâíå-
íèé (1) òî÷íîñòü ïîñòîÿííîé 3/2 ñîõðàíÿåòñÿ íåçàâèñèìî îò òîãî, ÿâëÿåòñÿ âåëè÷èíà
h(t) îãðàíè÷åííîé èëè íåò, à äëÿ ðàçíîñòíûõ óðàâíåíèé (2) òî÷íîñòü ïîñòîÿííîé 3/2
óäàåòñÿ äîêàçàòü, òîëüêî åñëè h(n) ìîæåò ïðèíèìàòü ñêîëü óãîäíî áîëüøèå çíà÷åíèÿ.
Åñëè æå ïîä÷èíèòü h(n) óñëîâèþ îãðàíè÷åííîñòè, òî îöåíêó (5) ìîæíî óñèëèòü.
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Òåîðåìà 3. [3, 4] Ïóñòü ak(n) > 0, hk(n) > 0 ïðè ëþáîì k = 1, K, à h(n) 6 H.
Åñëè

lim
n→∞

n∑

i=n−h(n)

a(i) <
3

2
+

1

2(H + 1)
, (7)

òî äëÿ ôóíêöèè Êîøè óðàâíåíèÿ (2) ïðè íåêîòîðûõ N, α > 0 ñïðàâåäëèâà îöåíêà (6).
Äàëüíåéøåå óñèëåíèå îöåíêè (7) âîçìîæíî, åñëè ðàññìàòðèâàòü ¾ïîëóàâòîíîìíûå¿

óðàâíåíèÿ âèäà (2), ò. å. òàêèå, â êîòîðûõ ak(n) ≡ ak > 0 . Îáîçíà÷èì a =
K∑

k=1

ak,

ω(H) =





12(H + 1)

5H + 3 +
√

9H2 + 6H + 9
, H ≡ 0 (mod 3),

3

2

(
1 +

1

2H + 1

)
, H ≡ 1 (mod 3),

12(H + 1)

5H + 2 +
√

9H2 + 12H + 12
, H ≡ 2 (mod 3).

Âñå òðè âåòâè ôóíêöèè ω àñèìïòîòè÷åñêè ýêâèâàëåíòíû ôóíêöèè 3

2

(
1 +

1

2H + 1

)
.

Òåîðåìà 4. [5] Åñëè 0 < (H + 1)a < ω(H) , òî óðàâíåíèå (2) ýêñïîíåíöèàëüíî
óñòîé÷èâî.

Ïîñòîÿííûå, îïðåäåëÿþùèå îáëàñòè óñòîé÷èâîñòè â òåîðåìàõ 3 è 4, òàêæå ÿâëÿ-
þòñÿ òî÷íûìè. Çàìåòèì, ÷òî äëÿ óðàâíåíèÿ (1) ñóæåíèå êëàññà óðàâíåíèé äî ïîëó-
àâòîíîìíûõ ñîõðàíÿåò ïîñòîÿííóþ 3/2 è åå íåóëó÷øàåìîñòü.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ìèíèñòåðñòâà íàóêè è âûñøåãî îá-
ðàçîâàíèÿ Ðîññèéñêîé Ôåäåðàöèè, ãîñçàäàíèå FSNM-2020-0028.
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ÎÖÅÍÊÈ ÐÅØÅÍÈÉ ÍÅÊÎÒÎÐÛÕ ÊËÀÑÑÎÂ
ÍÅÀÂÒÎÍÎÌÍÛÕ ÓÐÀÂÍÅÍÈÉ Ñ ÇÀÏÀÇÄÛÂÀÍÈÅÌ

È.È. Ìàòâååâà

Ðàññìàòðèâàþòñÿ íåêîòîðûå êëàññû ñèñòåì íåàâòîíîìíûõ óðàâíåíèé ñ çàïàçäûâà-
íèåì, ïðè ýòîì çàïàçäûâàíèå ìîæåò áûòü íåîãðàíè÷åííûì. Èñïîëüçóÿ ôóíêöèîíàëû
Ëÿïóíîâà�Êðàñîâñêîãî ñïåöèàëüíîãî âèäà, óñòàíîâëåíû îöåíêè ðåøåíèé ýòèõ ñèñòåì
íà ïðàâîé ïîëóîñè. Ïîëó÷åííûå îöåíêè ïîçâîëÿþò ñäåëàòü âûâîä îá óñòîé÷èâîñòè
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ðåøåíèé. Â ñëó÷àå àñèìïòîòè÷åñêîé óñòîé÷èâîñòè óêàçàíû îöåíêè íà îáëàñòè ïðèòÿ-
æåíèÿ è îöåíêè, õàðàêòåðèçóþùèå ñêîðîñòü ñòàáèëèçàöèè ðåøåíèé íà áåñêîíå÷íîñòè.
Ðàáîòà ïðîäîëæàåò íàøè èññëåäîâàíèÿ óñòîé÷èâîñòè ðåøåíèé íåàâòîíîìíûõ óðàâíå-
íèé ñ çàïàçäûâàíèåì (ñì., íàïðèìåð, [1�9]).

Ðàáîòà âûïîëíåíà â ðàìêàõ ãîñóäàðñòâåííîãî çàäàíèÿ Èíñòèòóòà ìàòåìàòè-
êè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ (ïðîåêò � FWNF-2022-0008).
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Î ÍÀÁËÞÄÀÒÅËßÕ Ñ ÔÈÍÈÒÍÎÉ ÏÎÃÐÅØÍÎÑÒÜÞ
ÄËß ËÈÍÅÉÍÛÕ ÑÈÑÒÅÌ ÍÅÉÒÐÀËÜÍÎÃÎ ÒÈÏÀ

À.Â. Ìåòåëüñêèé, Â.Å. Õàðòîâñêèé

Ïóñòü çàäàíà ëèíåéíàÿ àâòîíîìíàÿ äèôôåðåíöèàëüíî-ðàçíîñòíàÿ ñèñòåìà íåéò-
ðàëüíîãî òèïà ñ ñîèçìåðèìûìè çàïàçäûâàíèÿìè

ẋ(t)−
m∑

i=1

Diẋ(t− ih) =
m∑

i=0

Aix(t− ih), t > 0, (1)

y(t) =
m∑

i=0

Cix(t− ih), t > 0, (2)

ãäå Di ∈ Rn×n, Ai ∈ Rn×n, Ci ∈ Rl×n, x � âåêòîð ðåøåíèÿ, y � âåêòîð âûõîä-
íûõ âåëè÷èí, äîñòóïíûõ íàáëþäåíèþ (âûõîä), h = const>0. Ðåøåíèå óðàâíåíèÿ (1)
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îäíîçíà÷íî çàäàåòñÿ íà÷àëüíîé ôóíêöèåé x(t) = ϕ(t), t ∈ [−mh, 0], âçÿòîé èç êëàñ-
ñà íåïðåðûâíûõ íà îòðåçêå [−mh, 0] ôóíêöèé, èìåþùèõ íà ýòîì îòðåçêå êóñî÷íî-
íåïðåðûâíóþ ïðîèçâîäíóþ. Ñ÷èòàåì, ÷òî ôóíêöèÿ ϕ ÿâëÿåòñÿ íåèçâåñòíîé.

Çàäà÷à 1. Òðåáóåòñÿ ïîñòðîèòü ëèíåéíóþ àâòîíîìíóþ äèôôåðåíöèàëüíóþ ñèñòå-
ìó çàïàçäûâàþùåãî òèïà ñ âûõîäîì x̄ òàêóþ, ÷òî ïðè âõîäíîì ñèãíàëå y, îïðåäå-
ëÿåìîì ôîðìóëîé (2), âûõîä x̄, íà÷èíàÿ ñ íåêîòîðîãî ìîìåíòà âðåìåíè t1 > 0, åñòü
òî÷íàÿ îöåíêà íåèçâåñòíîãî ðåøåíèÿ x óðàâíåíèÿ (1): x̄(t)−x(t) ≡ 0, t > t1. Äèôôå-
ðåíöèàëüíóþ ñèñòåìó ñ âûõîäîì x̄, ðåàëèçóþùóþ îöåíêó x óðàâíåíèÿ (1), íàçîâåì
ôèíèòíûì íàáëþäàòåëåì äëÿ ñèñòåìû (1), (2).

Òåðìèí ¾íàáëþäàòåëü¿ â òåîðèè ëèíåéíûõ ñèñòåì áûë âïåðâûå ââåäåí â 1963 ã.
Ëóåíáåðãåðîì [1]. Ýòèì òåðìèíîì îáîçíà÷àëàñü äèíàìè÷åñêàÿ ñèñòåìà, ïåðåìåííûå
âûõîäà êîòîðîé ïðåäñòàâëÿþò ñîáîé îöåíêè ïåðåìåííûõ ñîñòîÿíèÿ äðóãîé ñèñòåìû.
Èçâåñòíî, ÷òî äëÿ êàæäîé íàáëþäàåìîé ëèíåéíîé ñèñòåìû ìîæåò áûòü ñïðîåêòèðîâàí
àñèìïòîòè÷åñêèé íàáëþäàòåëü ñ îøèáêîé îöåíêè, ñòðåìÿùåéñÿ ê íóëþ ñ çàäàííîé
ñêîðîñòüþ.

Â äàëüíåéøåì òåîðèÿ ïðîåêòèðîâàíèÿ àñèìïòîòè÷åñêèõ íàáëþäàòåëåé ïîëó÷èëà
øèðîêîå ðàçâèòèå è íà ñåãîäíÿøíèé äåíü ðàñïîëàãàåò îáøèðíîé áèáëèîãðàôèåé.

Ôèíèòíûå íàáëþäàòåëè, ò.å. íàáëþäàòåëè, ïîãðåøíîñòü îöåíêè êîòîðûõ åñòü ôè-
íèòíàÿ ôóíêöèÿ, âñòðå÷àþòñÿ â ëèòåðàòóðå ãîðàçäî ðåæå è, êàê ïðàâèëî, ñòðîÿòñÿ
äëÿ îáúåêòîâ, êîòîðûå óäîâëåòâîðÿþò íå òîëüêî óñëîâèÿì ïîëíîé íàáëþäàåìîñòè, íî
è íåêîòîðûì äîïîëíèòåëüíûì îãðàíè÷åíèÿì [3].

Â íàñòîÿùåì äîêëàäå äëÿ ëèíåéíûõ àâòîíîìíûõ äèôôåðåíöèàëüíûõ ñèñòåì íåé-
òðàëüíîãî òèïà äàåòñÿ ðåøåíèå çàäà÷è ïðîåêòèðîâàíèÿ ôèíèòíîãî íàáëþäàòåëÿ. Â
îñíîâå èäåè ëåæèò âûáîð ïàðàìåòðîâ ôèíèòíîãî íàáëþäàòåëÿ òàêèì îáðàçîì, ÷òîáû
åãî îøèáêà óäîâëåòâîðÿëà òî÷å÷íî âûðîæäåííîé ñèñòåìå (ñèñòåìà íàçûâàåòñÿ òî÷å÷-
íî âûðîæäåííîé â íàïðàâëåíèè âåêòîðà g, åñëè íàéäåòñÿ ìîìåíò âðåìåíè t1 > 0
òàêîé, ÷òî gT x(t) ≡ 0, t > t1, äëÿ âñåõ íà÷àëüíûõ ñîñòîÿíèé ýòîé ñèñòåìû).

Îáîçíà÷èì:

D(λ) =
m∑

i=1

λiDi, A(λ) =
m∑

i=0

λiAi, C(λ) =
m∑

i=0

λiCi,

Ii ∈ Ri×i � åäèíè÷íàÿ ìàòðèöà, W (p, λ) = p(In −D(λ))−A(λ) � õàðàêòåðèñòè÷åñêàÿ
ìàòðèöà ñèñòåìû (1) (ïðè λ = e−ph), C � ìíîæåñòâî êîìïëåêñíûõ ÷èñåë.

Òåîðåìà. Äëÿ òîãî, ÷òîáû çàäà÷à 1 áûëà ðàçðåøèìà íåîáõîäèìî è äîñòàòî÷íî
âûïîëíåíèÿ äâóõ óñëîâèé:

1) rank

[
W (p, e−ph)
C(e−ph)

]
= n ∀p ∈ C;

2) rank

[
In −D(λ)

C(λ)

]
= n ∀λ ∈ C.

Îòìåòèì, ÷òî òåîðåìà îïðåäåëÿåò êðèòåðèé ïîëíîé íàáëþäàåìîñòè ñèñòåìû (1)
ïî ïðîøëîìó âûõîäó. Äðóãèìè ñëîâàìè, óñëîâèÿ òåîðåìû ÿâëÿþòñÿ íåîáõîäèìûìè è
äîñòàòî÷íûìè äëÿ ñóùåñòâîâàíèÿ íåïðåðûâíîãî îïåðàòîðà âîññòàíîâëåíèÿ òåêóùåãî
ñîñòîÿíèÿ.

Äàëåå â äîêëàäå äàåòñÿ îïèñàíèå ðàçðàáîòàííûõ â [2, 3] ìåòîäîâ ñèíòåçà ðåãóëÿòî-
ðîâ, îáåñïå÷èâàþùèõ ðåøåíèå çàäà÷è 1. Îáñóæäàåòñÿ äâà âèäà ôèíèòíûõ íàáëþäàòå-
ëåé (è èõ ìîäèôèêàöèè). Ïåðâûé âèä îïèñûâàåòñÿ ñèñòåìîé çàïàçäûâàþùåãî òèïà ñ



106 ¾ÅÐÓÃÈÍÑÊÈÅ ×ÒÅÍÈß�2022¿

êîíå÷íûì ñïåêòðîì è ñ ñîñðåäîòî÷åííûìè è ðàñïðåäåëåííûìè çàïàçäûâàíèÿìè. Ïðè
ýòîì ñïåêòð òàêîé ñèñòåìû ìîæíî âûáðàòü çàðàíåå. Äðóãîé âèä íàáëþäàòåëÿ òàêæå
îïèñûâàåòñÿ ñèñòåìîé çàïàçäûâàþùåãî òèïà ñ êîíå÷íûì ñïåêòðîì, íî áåç ðàñïðåäå-
ëåííûõ çàïàçäûâàíèé. Îäíàêî ñïåêòð ýòîé ñèñòåìû âûáðàòü çàðàíåå íåâîçìîæíî.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÃÏÍÈ ¾Êîíâåðãåíöèÿ�2025¿.
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ÌÅÒÎÄ ÌÀËÎÃÎ ÏÀÐÀÌÅÒÐÀ Â ÇÀÄÀ×ÀÕ
Ñ ÍÅÔÈÊÑÈÐÎÂÀÍÍÎÉ ÄËÈÒÅËÜÍÎÑÒÜÞ ÏÐÎÖÅÑÑÀ

Ä.Þ. Ïðóäíèêîâà

Â êëàññå r-ìåðíûõ óïðàâëÿþùèõ âîçäåéñòâèé u(t), t ∈ T = [t0, t1], ñ êóñî÷íî-íå-
ïðåðûâíûìè êîìïîíåíòàìè ðàññìîòðèì çàäà÷ó îïòèìàëüíîãî óïðàâëåíèÿ:

ẋ = A(t)x + µf(x, t) + B(t)u, x(t0) = x0, (1)

x(t1) = x1, J(u) =
1

2

t1∫

t0

(1 + xT Q(t)x + uT P (t)u) dt → min, (2)

ãäå µ � ìàëûé (ïî ìîäóëþ) ïàðàìåòð, t0 � çàäàííûé íà÷àëüíûé ìîìåíò âðåìåíè, t1 �
íåôèêñèðîâàííûé êîíå÷íûé ìîìåíò âðåìåíè, x � n -âåêòîð, f(x, t), x ∈ Rn, t > t0, �
íåëèíåéíàÿ âåêòîð-ôóíêöèÿ, Q(t) � íåîòðèöàòåëüíî-îïðåäåëåííàÿ ñèììåòðè÷åñêàÿ
ìàòðèöà, P (t) � ïîëîæèòåëüíî-îïðåäåëåííàÿ ñèììåòðè÷åñêàÿ ìàòðèöà äëÿ âñåõ t > t0.

Ïðåäïîëîæåíèå 1. Ýëåìåíòû ìàòðèö A(t), B(t), Q(t), P (t), ∂f(x, t)/∂x, x∈ Rn,
t > t0, ïðèíàäëåæàò êëàññó Cp, p > 1.

Îïðåäåëåíèå 1. Óïðàâëåíèå u(N)(t, µ) , t ∈ [
t0, t

(N)
1 (µ)

]
, íàçîâåì àñèìïòîòè÷å-

ñêè ñóáîïòèìàëüíûì óïðàâëåíèåì N -ãî ïîðÿäêà (N = 0, 1, 2, . . . ) â çàäà÷å (1), (2),
åñëè îíî ïåðåâîäèò ñèñòåìó (1) â ñîñòîÿíèå O(µN+1) è îòêëîíÿåòñÿ ïî êðèòåðèþ êà-
÷åñòâà J(u) îò îïòèìàëüíîãî óïðàâëåíèÿ íà âåëè÷èíó òîãî æå ïîðÿäêà ìàëîñòè.

Îïðåäåëåíèå 2. Âåêòîð�ôóíêöèþ u(N)(x, t, µ) íàçîâåì àñèìïòîòè÷åñêè ñóáîï-
òèìàëüíîé îáðàòíîé ñâÿçüþ N -ãî ïîðÿäêà, åñëè äëÿ ëþáîãî íà÷àëüíîãî ñîñòîÿíèÿ
(x0, t0), t0 < t1, èìååò ìåñòî u(N)(x0, t0, µ) = u(N)(t0, µ), ãäå u(N)(t, µ), t ∈ T, � àñèìï-
òîòè÷åñêè ñóáîïòèìàëüíîå óïðàâëåíèå N -ãî ïîðÿäêà â çàäà÷å (1), (2).

Â [1] ïðåäëîæåí àëãîðèòì ïîñòðîåíèÿ àñèìïòîòè÷åñêèõ ïðèáëèæåíèé ïðîèçâîëü-
íîãî ïîðÿäêà ê ïðîãðàììíîìó îïòèìàëüíîìó óïðàâëåíèþ è îïòèìàëüíîé îáðàòíîé
ñâÿçè â ðåøåíèè ðàññìîòðåííîé çàäà÷è (1), (2). Ìåòîäèêà ñîñòîèò â àñèìïòîòè÷åñêîì
ðàçëîæåíèè ïî öåëûì ñòåïåíÿì ìàëîãî ïàðàìåòðà íà÷àëüíûõ çíà÷åíèé ñîïðÿæåí-
íûõ ïåðåìåííûõ, êîòîðûå â ñèëó ïðèíöèïà ìàêñèìóìà ñîîòâåòñòâóþò îïòèìàëüíîìó
óïðàâëåíèþ.
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Öåëüþ ðàáîòû ÿâëÿåòñÿ èññëåäîâàíèå ïîâåäåíèÿ àñèìïòîòè÷åñêè ñóáîïòèìàëüíîé
îáðàòíîé ñâÿçè äëÿ äàííîé çàäà÷è.

Ñëåäóÿ àëãîðèòìó, èçëîæåííîìó â [2], âû÷èñëåíèÿ ïðè ïîñòðîåíèè àñèìïòîòè÷å-
ñêèõ ïðèáëèæåíèé íà÷èíàþòñÿ ñ ðåøåíèÿ áàçîâîé çàäà÷è, êîòîðàÿ ïîëó÷àåòñÿ èç èñ-
õîäíîé ïðè µ = 0:

ẋ = A(t)x + B(t)u, x(t0) = x0, (3)

x(t1) = x1, J(u) =
1

2

t1∫

t0

(1 + xT Q(t)x + uT P (t)u) dt → min. (4)

Ïðåäïîëîæåíèå 2. Äèíàìè÷åñêàÿ ñèñòåìà â ðàññìîòðåííîé áàçîâîé çàäà÷å ÿâ-
ëÿåòñÿ âïîëíå óïðàâëÿåìîé [3].

Ïîñëå ðåøåíèÿ áàçîâîé çàäà÷è ôîðìèðóåòñÿ ìàòðèöà

I0 =




F12(t
0
1, t0) ẋ0(t01)

2
(
F22(t

0
1, t0)B(t01)u

0(t01)
)T d

dt1

(
u0T (t01)P (t01)u

0(t01)
)

,

ãäå F12(t
0
1, t0), F22(t

0
1, t0) � áëîêè ìàòðèöû F (t), t ∈ T 0, êîòîðàÿ ÿâëÿåòñÿ ðåøåíèåì

íà÷àëüíîé çàäà÷è
Ḟ = A(t)F, F (t0) = E2n,

â êîòîðîé
A =

(
A(t) B(t)P−1(t)BT (t)
Q(t) −AT (t)

)
.

Ïðåäïîëîæåíèå 3. Âûïîëíåíî óñëîâèå det I0 6= 0.
Ïîñòðîèòü àñèìïòîòè÷åñêè ñóáîïòèìàëüíûå óïðàâëåíèÿ òèïà îáðàòíîé ñâÿçè â ÿâ-

íîì âèäå íå óäà¼òñÿ èç-çà íåëèíåéíîñòè ïîëó÷åííûõ ñèñòåì, îäíàêî äëÿ êîíêðåòíûõ
çàäà÷ èíîãäà ýòî ñäåëàòü âîçìîæíî. Êàê èçâåñòíî, êëàññè÷åñêàÿ îáðàòíàÿ ñâÿçü ïðè
îòñóòñòâèè âîçìóùåíèé ïîëíîñòüþ ñîâïàäàåò ñ ïðîãðàììíûì óïðàâëåíèåì. Ïðè ïðè-
ìåíåíèè ìåòîäà ìàëîãî ïàðàìåòðà ñòðîÿòñÿ àñèìïòîòè÷åñêèå ïðèáëèæåíèÿ ê ïðî-
ãðàììíîìó îïòèìàëüíîìó óïðàâëåíèþ è îïòèìàëüíîé îáðàòíîé ñâÿçè.

Ïðèìåð. Ðàññìîòðèì ñëåäóþùóþ çàäà÷ó:

ẋ1 = µx2x3 + u1, ẋ2 = µx1x3 + u2, ẋ3 = −2µx1x2 + u3,

x1(0) = −1, x2(0) = 3, x3(0) = 1,

x1(t1) = 0, x2(t1) = 0, x3(t1) = 0,

J(u) =
1

2

t1∫

0

(1 + x1
2 + x2

2 + x3
2 + 4u1

2 + 4u2
2 + 4u3

2) dt → min .

Íàéäåì àñèìïòîòè÷åñêè ñóáîïòèìàëüíóþ îáðàòíóþ ñâÿçü íóëåâîãî ïîðÿäêà, êîòî-
ðàÿ ïðèíèìàåò ñëåäóþùèé âèä

u(0)(x, t) = − exp
(
t01(x, t)

)
+ exp(t)

2(exp
(
t01(x, t)

)− exp(t))




x1

x2

x3


, t ∈ [

t0, t
0
1(x, t)

]
,

ãäå t01(x, t) = t− 2 ln

((
2x2

1− 2
(
(x2

1 + x2
2 + x2

3)(x
2
1 + x2

2 + x2
3 + 1)

)1/2
+ 2x2

2 + 2x2
3 + 1

)1/2
)

.
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Âî âñåõ ïðèìåðàõ, ãäå óäàëîñü ïîñòðîèòü àñèìïòîòè÷åñêè ñóáîïòèìàëüíóþ îáðàò-
íóþ ñâÿçü îêàçàëîñü, ÷òî äàæå ïðèìåíåíèå àñèìïòîòè÷åñêè ñóáîïòèìàëüíûõ îáðàò-
íûõ ñâÿçåé íóëåâîãî ïîðÿäêà ïðèâîäèò ê òîìó, ÷òî íåâÿçêè â ñèñòåìå ñòàíîâÿòñÿ ðàâíû
íóëþ. Ïîýòîìó çà÷àñòóþ íåò íåîáõîäèìîñòè èñïîëüçîâàòü àñèìïòîòè÷åñêèå ïðèáëè-
æåíèÿ ïåðâîãî ïîðÿäêà ê îïòèìàëüíîé îáðàòíîé ñâÿçè.
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Î ÐÀÑÏÎËÎÆÅÍÈÈ ÍÓËÅÉ ÕÀÐÀÊÒÅÐÈÑÒÈ×ÅÑÊÎÉ ÔÓÍÊÖÈÈ
ÎÄÍÎÃÎ ÄÈÔÔÅÐÅÍÖÈÀËÜÍÎÃÎ ÓÐÀÂÍÅÍÈß

Ñ ÐÀÑÏÐÅÄÅË�ÍÍÛÌ ÇÀÏÀÇÄÛÂÀÍÈÅÌ

Ò.Ë. Ñàáàòóëèíà

Ðàññìîòðèì ëèíåéíîå àâòîíîìíîå äèôôåðåíöèàëüíîå óðàâíåíèå ñ ðàñïðåäåë¼ííûì
çàïàçäûâàíèåì

ẋ(t) + ax(t) + k

t∫

t−h

x(s) ds = f(t), t > 0, (1)

ãäå a ∈ R, k ∈ C, h ∈ R+, ôóíêöèÿ f : R+ → R ëîêàëüíî ñóììèðóåìà.
Ñëåäóÿ [1, ñ. 9-10], íàçîâ¼ì ðåøåíèåì óðàâíåíèÿ (1) ëîêàëüíî àáñîëþòíî íåïðåðûâ-

íóþ ôóíêöèþ, óäîâëåòâîðÿþùóþ (1) ïî÷òè âñþäó. Ïðè îòðèöàòåëüíûõ çíà÷åíèÿõ àð-
ãóìåíòà ïîëàãàåì, ÷òî ôóíêöèÿ x äîîïðåäåëåíà ñóììèðóåìîé íà÷àëüíîé ôóíêöèåé.

Õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ óðàâíåíèÿ (1) èìååò âèä

g(p) = p + a + k
1− e−ph

p
, p ∈ C.

Â ñèëó [2], ðàñïîëîæåíèå íóëåé ôóíêöèè g íà êîìïëåêñíîé ïëîñêîñòè íàïðÿìóþ âëè-
ÿåò íà àñèìïòîòè÷åñêèå ñâîéñòâà ðåøåíèé óðàâíåíèÿ (1). Â ÷àñòíîñòè (ñì. [3, ñ. 102]),
äëÿ òîãî ÷òîáû óðàâíåíèå (1) áûëî ýêñïîíåíöèàëüíî óñòîé÷èâûì, íåîáõîäèìî è äîñòà-
òî÷íî, ÷òîáû âñå íóëè åãî õàðàêòåðèñòè÷åñêîé ôóíêöèè ëåæàëè ñëåâà îò ìíèìîé îñè.

Îäíèì èç íàèáîëåå ýôôåêòèâíûõ ìåòîäîâ èññëåäîâàíèÿ àñèìïòîòè÷åñêèõ ñâîéñòâ
ðåøåíèé àâòîíîìíûõ óðàâíåíèé ÿâëÿåòñÿ ìåòîä D -ðàçáèåíèé [4]. Ïîâåðõíîñòü
D -ðàçáèåíèÿ îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì:

Re kh2 =
y

2

(
y − ah ctg

y

2

)
, Im kh2 = −y

2

(
y ctg

y

2
+ ah

)
, y ∈ R.

Îíà ñîäåðæèò òðè íåçàâèñèìûõ ïàðàìåòðà è èìååò äîâîëüíî ñëîæíóþ ñòðóêòóðó.
Â ñëó÷àÿõ a = 0 , k ∈ C è a, k ∈ R íàéäåíû íå òîëüêî îáëàñòè ýêñïîíåíöèàëü-

íîé óñòîé÷èâîñòè, íî è âî âñåõ ìíîæåñòâàõ D -ðàçáèåíèÿ îïðåäåëåíî ÷èñëî íóëåé
ôóíêöèè g, ëåæàùèõ ñïðàâà îò ìíèìîé îñè (ñì. ðèñ. 1).
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Ðèñ. 1. Ìíîæåñòâà D -ðàçáèåíèÿ.

Åñëè â ïîâåðõíîñòè D -ðàçáèåíèÿ y ∈ (y0, y0), ãäå y0 � íàèìåíüøèé ïîëîæèòåëü-
íûé êîðåíü óðàâíåíèÿ −y ctg y

2
= ah, òî ïîëó÷àåì ïîâåðõíîñòü, êîòîðàÿ îãðàíè÷èâà-

åò îáëàñòü D (ñì. ðèñ. 2). Óäàëîñü óñòàíîâèòü, ÷òî óðàâíåíèå (1) ýêñïîíåíöèàëüíî
óñòîé÷èâî òîãäà è òîëüêî òîãäà, êîãäà òî÷êà (Re kh2, Im kh2, ah) ïðèíàäëåæèò îáëà-
ñòè D .

Ðèñ. 2. Îáëàñòü D .

Ðàáîòà âûïîëíåíà â ðàìêàõ ãîñçàäàíèÿ Ìèíèñòåðñòâà íàóêè è âûñøåãî îáðàçîâàíèÿ
Ðîññèéñêîé Ôåäåðàöèè (çàäàíèå FSNM-2020-0028).
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ÀÑÈÌÏÒÎÒÈ×ÅÑÊÈÅ ÑÂÎÉÑÒÂÀ ÐÅØÅÍÈÉ
Â ÎÄÍÎÉ ÁÈÎËÎÃÈ×ÅÑÊÎÉ ÌÎÄÅËÈ

Ì.À. Ñêâîðöîâà

Â ðàáîòå ðàññìàòðèâàåòñÿ ìîäåëü èììóííîé ðåàêöèè ðàñòåíèé, îïèñûâàåìàÿ
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ñèñòåìîé äèôôåðåíöèàëüíûõ óðàâíåíèé ñ äâóìÿ çàïàçäûâàíèÿìè [1]:




d

dt
P (t) = k

(
S(t) + W (t)

)
− ke−ετ1

(
S(t− τ1) + W (t− τ1)

)
− εP (t),

d

dt
S(t) = ke−ετ1

(
S(t− τ1) + W (t− τ1)

)
− S(t)

(
λI(t) + δI(t− τ2) + εS(t)

)
,

d

dt
I(t) = I(t)

(
λS(t)− (z + σ)− δφI(t− τ2)

)
,

d

dt
R(t) = σI(t) + δφI(t)I(t− τ2)− εR(t),

d

dt
W (t) = δS(t)I(t− τ2)− εW (t).

Çäåñü P (t) � ÷èñëåííîñòü íåçðåëûõ êëåòîê, S(t) � ÷èñëåííîñòü âîñïðèèì÷èâûõ êëå-
òîê, I(t) � ÷èñëåííîñòü èíôèöèðîâàííûõ êëåòîê, R(t) � ÷èñëåííîñòü âîññòàíîâëåí-
íûõ êëåòîê, W (t) � ÷èñëåííîñòü íåâîñïðèèì÷èâûõ êëåòîê. Ïàðàìåòð çàïàçäûâàíèÿ
τ1 > 0 îòâå÷àåò çà âðåìÿ ñîçðåâàíèÿ êëåòêè, ïàðàìåòð çàïàçäûâàíèÿ τ2 > 0 � çà
âðåìÿ çàäåðæêè ðåàêöèè èììóííîé ñèñòåìû íà çàðàæåíèå âèðóñàìè.

Â ðàáîòå èçó÷àåòñÿ àñèìïòîòè÷åñêàÿ óñòîé÷èâîñòü äâóõ ïîëîæåíèé ðàâíîâåñèÿ, ñî-
îòâåòñòâóþùèõ ñîñòîÿíèþ ñèñòåìû â ñëó÷àå çàðàæåíèÿ è ñîñòîÿíèþ ñèñòåìû â ñëó÷àå
âûçäîðîâëåíèÿ. Óñòàíîâëåíû îöåíêè, õàðàêòåðèçóþùèå ñêîðîñòè ñòàáèëèçàöèè ðåøå-
íèé ê ïîëîæåíèÿì ðàâíîâåñèÿ íà áåñêîíå÷íîñòè. Ïîëó÷åíû îöåíêè äëÿ ìíîæåñòâ ïðè-
òÿæåíèÿ äàííûõ ïîëîæåíèé ðàâíîâåñèÿ. Âñå âåëè÷èíû, ïðèñóòñòâóþùèå â îöåíêàõ,
âûðàæåíû â ÿâíîì âèäå ÷åðåç êîýôôèöèåíòû ñèñòåìû. Ïðè ïîëó÷åíèè ðåçóëüòàòîâ
èñïîëüçîâàëèñü ðàçëè÷íûå ôóíêöèîíàëû Ëÿïóíîâà�Êðàñîâñêîãî [2].

Ðàáîòà âûïîëíåíà â ðàìêàõ ãîñóäàðñòâåííîãî çàäàíèÿ Èíñòèòóòà ìàòåìàòè-
êè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ (ïðîåêò � FWNF-2022-0008).

Ëèòåðàòóðà

1. Neofytou G., Kyrychko Y.N., Blyuss K.B. Time-delayed model of immune response in plants //
Journal of Theoretical Biology. 2016. V. 389. P. 28�39.

2. Äåìèäåíêî Ã.Â., Ìàòâååâà È.È. Àñèìïòîòè÷åñêèå ñâîéñòâà ðåøåíèé äèôôåðåíöèàëüíûõ
óðàâíåíèé ñ çàïàçäûâàþùèì àðãóìåíòîì // Âåñòíèê ÍÃÓ. Ñåðèÿ: ìàòåìàòèêà, ìåõàíèêà, èíôîð-
ìàòèêà. 2005. Ò. 5. � 3. Ñ. 20�28.

Î ÍÅÊÎÒÎÐÛÕ ÇÀÄÀ×ÀÕ ÓÏÐÀÂËÅÍÈß È ÍÀÁËÞÄÅÍÈß
ËÈÍÅÉÍÛÕ ÄÈÔÔÅÐÅÍÖÈÀËÜÍÎ-ÀËÃÅÁÐÀÈ×ÅÑÊÈÕ ÑÈÑÒÅÌ

Â.Å. Õàðòîâñêèé

Îáúåêò èññëåäîâàíèÿ � ëèíåéíàÿ àâòîíîìíàÿ âïîëíå ðåãóëÿðíàÿ äèôôåðåíöèàëüíî-
àëãåáðàè÷åñêàÿ ñèñòåìà ñ ïîñëåäåéñòâèåì Σ:

d

dt
(Dx(t)) =

m∑
i=0

(Aix(t− ih) + Biu(t− ih)) , t > 0, (1)
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x(t) = η(t), u(t) ≡ 0, t ∈ [−mh, 0], (2)

y(t) =
m∑

i=0

Cix(t− ih), t > 0, (3)

ãäå x(t) � ðåøåíèå óðàâíåíèÿ (1), u(t) � êóñî÷íî-íåïðåðûâíîå óïðàâëåíèå, y � íà-
áëþäàåìûé âûõîä; h = const > 0 , D, Ai,∈ Rn×n, Bi ∈ Rn×r, Ci ∈ Rl×n. Ñ÷èòàåì,
÷òî íà÷àëüíàÿ ôóíêöèÿ η ∈ PCD. Çäåñü äëÿ ïðîèçâîëüíîé ìàòðèöû A ∈ Rn×n çà-
ïèñü PCA îáîçíà÷àåò ìíîæåñòâî êóñî÷íî-íåïðåðûâíûõ ôóíêöèé η : [−mh, 0] → Rn

òàêèõ, ÷òî ôóíêöèÿ Aη íåïðåðûâíà.
Îáîçíà÷èì rank D = n1, n2 = n−n1. Ñèñòåìó Σ íàçîâåì âïîëíå ðåãóëÿðíîé, åñëè

deg |pD − A0| = n1.
Îïðåäåëåíèå 1. Íà÷àëüíóþ ôóíêöèþ η ∈ PCD â ôîðìóëàõ (2) íàçîâåì ïîëíî-

ñòüþ 0-óïðàâëÿåìîé, åñëè ñóùåñòâóþò ìîìåíò âðåìåíè t1 > mh è êóñî÷íî-íåïðå-
ðûâíîå óïðàâëåíèå u(t), t > 0 , òàêèå, ÷òî

x(t) ≡ 0, t > t1, (4)

è u(t) ≡ 0 ïðè t > t1 −mh.
Åñëè ïîëíîñòüþ 0-óïðàâëÿåìû âñå íà÷àëüíûå ôóíêöèè η ∈ PCD, òî ñèñòåìó (1)

íàçîâåì ïîëíîñòüþ 0-óïðàâëÿåìîé.
Îïðåäåëåíèå 2. Íà÷àëüíóþ ôóíêöèþ η ∈ PCD â ôîðìóëàõ (2) áóäåì íàçûâàòü

0-óïðàâëÿåìîé, åñëè ñóùåñòâóþò ìîìåíò âðåìåíè t1 > 0 è óïðàâëåíèå u(t), t > 0,
òàêèå, ÷òî èìååò ìåñòî òîæäåñòâî (4). Åñëè 0-óïðàâëÿåìû âñå ôóíêöèè η ∈ PCD, òî
ñèñòåìó Σ íàçîâåì 0-óïðàâëÿåìîé.

Îïðåäåëåíèå 3. Ñèñòåìó (1) ( u = 0) íàçîâåì ôèíàëüíî íàáëþäàåìîé â íàïðàâëå-
íèè ρ ∈ PCD , åñëè íàéäóòñÿ òàêèå ìîìåíò âðåìåíè t0 > mh è êóñî÷íî-íåïðåðûâíàÿ
ôóíêöèÿ v(t), t ∈ [mh, t0), ÷òî äëÿ ëþáîãî ðåøåíèÿ óðàâíåíèÿ (1) âûïîëíÿåòñÿ ñîîò-
íîøåíèå

t0∫

mh

v′(t)y1(t) dt = ρ′(0)Qx(t0) +
m∑

i=1

t0∫

t0−ih

ρ′(t0 − ih− t)Lix(t) dt.

Åñëè ñèñòåìà (1) ôèíàëüíî íàáëþäàåìà â ëþáîì íàïðàâëåíèè ρ ∈ PCD , òî ñèñòåìó
(1) íàçîâåì ïîëíîñòüþ ôèíàëüíî íàáëþäàåìîé.

Îáîçíà÷èì: W (p, λ) = pD −∑m
i=0 λiAi, B(λ) =

∑m
i=0 λiBi, C(λ) =

∑m
i=0 λiCi.

Ïóñòü Γ1 ∈ Rn2×n, Γ2 ∈ Rn×n2 � ìàòðèöû ôóíäàìåíòàëüíûõ ñèñòåì ðåøåíèé
àëãåáðàè÷åñêèõ ñèñòåì γ1D = 0 è Dγ2 = 0 ñîîòâåòñòâåííî (îòíîñèòåëüíî íåèçâåñò-
íûõ γi, i = 1, 2).

Òåîðåìà 1. Äëÿ òîãî ÷òîáû ñèñòåìà (1) áûëà ïîëíîñòüþ 0-óïðàâëÿåìà íåîáõî-
äèìî è äîñòàòî÷íî, ÷òîáû îäíîâðåìåííî âûïîëíÿëèñü äâà óñëîâèÿ:

1) rank
[
W (p, e−ph), B(e−ph)

]
= n ∀p ∈ C;

2) rank
[
Γ1A(λ)Γ2, Γ1B(λ)

]
= n2 ∀λ ∈ C.

Òåîðåìà 2. Äëÿ òîãî ÷òîáû ñèñòåìà (1) áûëà ïîëíîñòüþ 0-óïðàâëÿåìà íåîáõî-
äèìî è äîñòàòî÷íî, ÷òîáû îäíîâðåìåííî âûïîëíÿëèñü äâà óñëîâèÿ:

1) rank
[
W (p, e−ph), B(e−ph), G(e−ph)

]
= n ∀p ∈ C;

2) rank
[
Γ1A(λ)Γ2, Γ1B(λ), G(λ)

]
= n2 ∀λ ∈ C,



112 ¾ÅÐÓÃÈÍÑÊÈÅ ×ÒÅÍÈß�2022¿

ãäå G(λ) � íåêîòîðàÿ ïîëèíîìèàëüíàÿ ìàòðèöà.
Òåîðåìà 3. Äëÿ òîãî ÷òîáû ñèñòåìà (1) áûëà ïîëíîñòüþ ôèíàëüíî íàáëþäàåìîé

íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû îäíîâðåìåííî âûïîëíÿëèñü äâà óñëîâèÿ:

1) rank

[
W (p, e−ph)
C(e−ph)

]
∀p ∈ C;

2) rank

[
Γ1A(λ)Γ2,
C(λ)Γ2

]
= n2 ∀λ ∈ C.

Ñëåäñòâèå 1. Äëÿ òîãî ÷òîáû ñóùåñòâîâàëè ìîìåíò âðåìåíè t0, ìàòðè÷íàÿ
ôóíêöèÿ V (t, τ) è ïîëèíîìèàëüíàÿ ìàòðèöà P (λ) òàêèå, ÷òî ðåøåíèå ñèñòåìû (1)
ïðåäñòàâèìî â âèäå

x(t) =

t0∫

mh

V (t, τ)y(τ) dτ + P (λh)y(t), t ∈ (t0 −mh, t0],

Dx(t0 −mh) = D

t0∫

mh

V (t0 −mh, τ)y1(τ) dτ + QP (λh)y
1(t0 −mh),

íåîáõîäèìî è äîñòàòî÷íî âûïîëíåíèÿ óñëîâèé òåîðåìû 3.
Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÃÏÍÈ ¾Êîíâåðãåíöèÿ�2025¿.

Î ÐÀÂÍÎÌÅÐÍÎÉ ÎÒÍÎÑÈÒÅËÜÍÎÉ ÍÀÁËÞÄÀÅÌÎÑÒÈ
ËÈÍÅÉÍÛÕ ÍÅÑÒÀÖÈÎÍÀÐÍÛÕ ÑÈÑÒÅÌ

Î.Á. Öåõàí

Ðàññìîòðèì íà îòðåçêå T = [t0, t1] ëèíåéíóþ íåñòàöèîíàðíóþ ñèñòåìó íàáëþäåíèÿ

ΣA,c :
ẋ(t) = A (t) x(t), x ∈ Rn, t ∈ T,
y(t) = c (t) x(t), v ∈ R, t ∈ T,
x(t0) = x0,

(1)

ãäå (n× n)-ìàòðèöà A(t) è n -âåêòîð-ñòðîêà c(t) íåïðåðûâíû íà T.
Äëÿ ñèñòåìû (1) êëàññà n−1 [1] îïðåäåëèì n -âåêòîð-ñòðîêè s(A,c),j(t), j = 1, n− 1:

s(A,c),j(t) = s(A,c),j−1(t)A(t) + ṡ(A,c),j−1(t), s(A,c),0(t) = c(t)

è ñîñòàâèì èç íèõ (n× n) -ìàòðèöó íàáëþäàåìîñòè [1]

SA,c(t) =




s(A,c),0(t)
s(A,c),1(t)
. . . . . .

s(A,c),n−1(t)


 (t ∈ T ). (2)

Äëÿ âûõîäíîé ôóíêöèè y(t) ñèñòåìû (1) êëàññà n− 1 âåðíû ðàâåíñòâà

y(j)(t) = s(A,c),j(t)x(t) (j = 0, 1, . . . , n− 1). (3)
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Îïðåäåëèì n -âåêòîð-ñòîëáåö Y (t) =
(
y(t), y(1)(t), . . . , y(n−1)(t)

)′
, ãäå ′ � ñèìâîë

òðàíñïîíèðîâàíèÿ. Òîãäà ðàâåíñòâà (3) ñ ó÷åòîì (2) ìîæíî ïðåäñòàâèòü â âèäå

Y (t) = SA,c(t)x(t). (4)

Ïóñòü k 6 n, G ∈ Rk×n, G 6= 0. Ñëåäóÿ [1,2], ââåäåì
Îïðåäåëåíèå. Cèñòåìó (1) êëàññà n − 1 íàçîâåì ðàâíîìåðíî îòíîñèòåëüíî

G -íàáëþäàåìîé íà îòðåçêå T , åñëè ïðè ëþáîì x0 ∈ Rn îòîáðàæåíèå Gx(t) → y(t)
èíúåêòèâíî äëÿ êàæäîãî t ∈ T.

Ñâîéñòâî ðàâíîìåðíîé îòíîñèòåëüíîé G -íàáëþäàåìîñòè ðàâíîñèëüíî òîìó, ÷òî ïî
èçâåñòíûì A(t), c(t) (t ∈ T ), G ïðè êàæäîì t ∈ T çíà÷åíèÿ k ëèíåéíûõ êîìáèíà-
öèé Gx(t) êîîðäèíàò ñîñòîÿíèÿ x(t) ñèñòåìû (1) âîññòàíàâëèâàþòñÿ îäíîçíà÷íî ïî
èçâåñòíîìó Y (t) .

Ëåììà.Ïóñòü äàíû S ∈ Rn×n, G ∈ Rk×n. Ñëåäóþùèå óòâåðæäåíèÿ ýêâèâàëåíòíû:
1. Ïðè ëþáîì çàäàííîì Y, Y ∈ Rn×n, ïðîåêöèÿ Gx ëþáîãî âåêòîðà x ∈ Rn,

óäîâëåòâîðÿþùåãî ìàòðè÷íîìó óðàâíåíèþ Y = Sx, íà k íàïðàâëåíèé, çàäàííûõ
âåêòîð-ñòðîêàìè ìàòðèöû G , îïðåäåëÿåòñÿ îäíîçíà÷íî ïî èçâåñòíîìó Y.

2. Sg 6≡ 0, ∀g ∈ Rn : ||Gg|| 6= 0.
3. Ñïðàâåäëèâî ðàâåíñòâî

rank S = rank

[
G
S

]
. (5)

Äîêàçàòåëüñòâî. Äîêàæåì èìïëèêàöèþ 1 ⇒ 2. Ïóñòü ñóùåñòâóåò ëèíåéíûé îïå-
ðàòîð Z ∈ Rk×n òàêîé, ÷òî

ZY = Gx, ∀x ∈ Rn : Y = Sx, (6)

íî òåì íå ìåíåå äëÿ íåêîòîðîãî g ∈ Rn òàêîãî ÷òî ||Gg|| 6= 0, âåðíî Sg = 0. Òîãäà
ZSg = 0, îòêóäà ñ ó÷åòîì (6) ñëåäóåò ||Gg|| = 0. Ïîëó÷åííîå ïðîòèâîðå÷èå äîêàçû-
âàåò 1 ⇒ 2.

Äîêàæåì 2 ⇒ 1. Ïóñòü âåðíî 2. Åñëè Sg = 0 âîçìîæíî òîëüêî äëÿ g = 0, òî
det S 6= 0 è óðàâíåíèå Y = Sx îäíîçíà÷íî ðàçðåøèìî: x = S−1Y. Â ïðîòèâíîì
ñëó÷àå ñóùåñòâóåò g ∈ Rn, g 6= 0, òàêîé, ÷òî Sg = 0, è äëÿ ëþáîãî òàêîãî g
ñîãëàñíî óòâåðæäåíèþ 2 âåðíî Gg = 0, à çíà÷èò, ëþáîé ïðàâûé äåëèòåëü íóëÿ (â
òîì ÷èñëå, ìàêñèìàëüíîãî ðàíãà) [3] ìàòðèöû S ÿâëÿåòñÿ ïðàâûì äåëèòåëåì íóëÿ è
äëÿ ìàòðèöû G. Çíà÷èò [4], ìàòðè÷íîå óðàâíåíèå ZS = G ðàçðåøèìî îòíîñèòåëüíî
Z ∈ Rk×n. Òîãäà ïðîåêöèÿ Gx îïðåäåëÿåòñÿ èç Y = Sx ñ ïîìîùüþ äåéñòâèÿ îïåðà-
òîðà Z : Rn×n → Rk×n ïî ïðàâèëó Gx = ZY. Ïðè ýòîì âîññòàíîâëåíèå îäíîçíà÷íî,
òàê êàê åñëè ZY 1 = ZY 2, òî ZSx1 = ZSx2, è çíà÷èò, Gx1 = Gx2.

Äîêàæåì ýêâèâàëåíòíîñòü 2 ⇔ 3. Ïóñòü Sg 6≡ 0, ∀||Gg|| 6= 0, íî íå âûïîëíåíî (5).
Òîãäà ñóùåñòâóåò g0 6= 0 òàêîé, ÷òî ||Gg0|| 6= 0 è Sg0 = 0, ÷òî ïðîòèâîðå÷èò 2.
Îáðàòíî, èç (5) âûòåêàåò, ÷òî ñóùåñòâóåò íåíóëåâàÿ n × n ìàòðèöà Z òàêàÿ, ÷òî
G = ZS. Ïîýòîìó ∀g ∈ Rn, ||Gg|| 6= 0, âåðíî ||ZSg|| 6= 0, à çíà÷èò, Sg 6≡ 0, ÷òî è
çàâåðøàåò äîêàçàòåëüñòâî ëåììû.

Òåîðåìà. Ñèñòåìà (1) êëàññà n − 1 ðàâíîìåðíî îòíîñèòåëüíî G -íàáëþäàåìà
íà T òîãäà è òîëüêî òîãäà, êîãäà rank S (t) = rank

[
G

S (t)

]
äëÿ ëþáîãî t ∈ T.

Äîêàçàòåëüñòâî. Bî-ïåðâûõ, çàìåòèì, ÷òî èç îïðåäåëåíèÿ ðàâíîìåðíîé îòíîñè-
òåëüíîé G -íàáëþäàåìîñòè ñèñòåìû (1) è ïðåäñòàâëåíèÿ (4) âûòåêàåò, ÷òî ñèñòåìà (1)
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ðàâíîìåðíî îòíîñèòåëüíî G -íàáëþäàåìà íà îòðåçêå T òîãäà è òîëüêî òîãäà, êîãäà
äëÿ ëþáîãî t ∈ T îäíîçíà÷íî îïðåäåëÿåòñÿ ïðîåêöèÿ Gx(t) âåêòîðà x(t), óäîâëåòâî-
ðÿþùåãî ìàòðè÷íîìó óðàâíåíèþ (4), íà k íàïðàâëåíèé, çàäàííûõ âåêòîð-ñòðîêàìè
ìàòðèöû G. Äàëåå ñïðàâåäëèâîñòü óòâåðæäåíèÿ ñëåäóåò èç ýêâèâàëåíòíîñòè ïîëîæå-
íèé 1 è 3 Ëåììû.

Çàìå÷àíèå 1. Äëÿ ñòàöèîíàðíûõ ñèñòåì ïðè k = n îïðåäåëåíèå ðàâíîìåðíîé
îòíîñèòåëüíîé G -íàáëþäàåìîñòè ñîâïàäàåò ñ îïðåäåëåíèåì îòíîñèòåëüíîé íàáëþäà-
åìîñòè èç [2], à êðèòåðèé èç òåîðåìû � ñ êðèòåðèåì (1.3) èç [2].

Çàìå÷àíèå 2. Èç ðàâíîìåðíîé íàáëþäàåìîñòè ñëåäóåò ðàâíîìåðíî îòíîñèòåëüíàÿ
G -íàáëþäàåìîñòü ïðè ëþáîé ìàòðèöå G ïîäõîäÿùåé ðàçìåðíîñòè. Îáðàòíîå â îáùåì
ñëó÷àå íå âåðíî (ñì. ïðèìåð).

Çàìå÷àíèå 3. Èç äîêàçàòåëüñòâà òåîðåìû ñëåäóåò ñïîñîá îïðåäåëåíèÿ ïðîåêöèè
Gx(t) ïî èçâåñòíîìó Y (t) äëÿ ñèñòåìû êëàññà n− 1:

1) ïî çàäàííûì A(t), c(t), t ∈ T, ôîðìèðóåì ìàòðèöó íàáëþäàåìîñòè (2);
2) ðåøàåì óðàâíåíèå Z(t)S(t) = G îòíîñèòåëüíî Z(t);
3) ïî èçâåñòíîìó Y (t) âû÷èñëÿåì ïðîåêöèþ Gx(t) ïî ôîðìóëå Gx(t) = Z(t)Y (t).

Ïðèìåð. Äëÿ ñèñòåìû (1) ñ ïàðàìåòðàìè

n = 3, m = 1, C(t) = (t t 0) , A(t) =




0 1 −t
1 0 t
|t| 0 0




ìàòðèöà íàáëþäàåìîñòè (2) èìååò âèä

S(t) =




t t 0
1 + t 1 + t 0
2 + t 2 + t 0


.

Òàê êàê rank S(t) = 1 ∀t ∈ R, òî ñèñòåìà (1) íå ÿâëÿåòñÿ ðàâíîìåðíî íàáëþäàåìîé [1]
íè íà êàêîì èíòåðâàëå èç R. Ïðè k = 1, G =

(
1 1 0

)
îíà ðàâíîìåðíî îòíîñèòåëü-

íî G-íàáëþäàåìà íà ëþáîì èíòåðâàëå T ⊂ R , ïðè ýòîì îïåðàòîð Z(t) ìîæåò áûòü
âûáðàí â âèäå Z(t) =

(
0

1

1 + t
0

)
.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ìèíèñòåðñòâà îáðàçîâàíèÿ Ðåñïóá-
ëèêè Áåëàðóñü (ÃÏÍÈ �Êîíâåðãåíöèÿ-2025�, çàäàíèå 1.2.04).
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ÎÁ ÎÑÖÈËËßÖÈÈ ÐÅØÅÍÈÉ
ËÈÍÅÉÍÛÕ ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ ÓÐÀÂÍÅÍÈÉ

ÏÅÐÂÎÃÎ ÏÎÐßÄÊÀ Ñ ÏÎÑËÅÄÅÉÑÒÂÈÅÌ
Ê.Ì. ×óäèíîâ

Îïðåäåëåíèå 1. Áóäåì ãîâîðèòü, ÷òî íåïðåðûâíàÿ ôóíêöèÿ, çàäàííàÿ íà ïîëóîñè
R+ ≡ [0, +∞), îñöèëëèðóåò, åñëè îíà èìååò íåîãðàíè÷åííóþ ñïðàâà ïîñëåäîâàòåëü-
íîñòü íóëåé.

Îïðåäåëåíèå 2. Áóäåì íàçûâàòü äèôôåðåíöèàëüíîå óðàâíåíèå îñöèëëèðóþùèì,
åñëè âñå åãî ðåøåíèÿ îñöèëëèðóþò.

Êàê èçâåñòíî [1], àâòîíîìíîå ëèíåéíîå äèôôåðåíöèàëüíîå óðàâíåíèå ñ çàïàçäû-
âàíèåì ẋ(t) + ax(t − r) = 0 ÿâëÿåòñÿ îñöèëëèðóþùèì, åñëè è òîëüêî åñëè ar > 1/e.
Ïåðâûå äîñòàòî÷íûå óñëîâèÿ îñöèëëèðóåìîñòè íåàâòîíîìíîãî óðàâíåíèÿ áûëè ïîëó-
÷åíû À.Ä. Ìûøêèñîì â ñåðåäèíå XX â. Ñïóñòÿ 30 ëåò ýòîò ðåçóëüòàò áûë óñèëåí
Ð. Ã. Êîïëàòàäçå è Ò.À. ×àíòóðèÿ.

Ïóñòü íåïðåðûâíûå ôóíêöèè a è h çàäàíû íà ïîëóîñè R+ , ïðè ýòîì h(t) 6 t.
Ðàññìîòðèì ëèíåéíîå íåàâòîíîìíîå óðàâíåíèå ñ îäíèì çàïàçäûâàíèåì

ẋ(t) + a(t)x(h(t)) = 0, t ∈ R+. (1)

Òåîðåìà 1. [2] Åñëè a(t) > 0, lim
t→∞

h(t) = +∞ è

lim
t→+∞

t∫

h(t)

a(s) ds > 1/e, (2)

òî óðàâíåíèå (1) ÿâëÿåòñÿ îñöèëëèðóþùèì.
Ñëó÷àé àâòîíîìíîãî óðàâíåíèÿ ïîêàçûâàåò, ÷òî êîíñòàíòà 1/e â íåðàâåíñòâå (2)

íå ìîæåò áûòü óìåíüøåíà. Áîëåå òîãî, ñòðîãîå íåðàâåíñòâî íå ìîæåò áûòü çàìåíåíî
íåñòðîãèì.

Äëÿ àâòîíîìíîãî óðàâíåíèÿ ñ íåñêîëüêèìè çàïàçäûâàíèÿìè ñïðàâåäëèâà
Òåîðåìà 2. [3] ×òîáû óðàâíåíèå ẋ(t) +

m∑
k=1

akx(t− rk) = 0 áûëî îñöèëëèðóþùèì,

äîñòàòî÷íî, ÷òîáû
m∑

k=1

akrk > 1/e.

Ðàññìîòðèì íåàâòîíîìíîå óðàâíåíèå ñ íåñêîëüêèìè çàïàçäûâàíèÿìè

ẋ(t) +
m∑

k=1

ak(t)x(hk(t)) = 0, t ∈ R+, (3)

ãäå ôóíêöèè ak è hk êóñî÷íî-íåïðåðûâíû è hk(t) 6 t, k = 1,m.
Ïóñòü ak(t) > 0 è âûïîëíåíî óñëîâèå lim

t→∞
hk(t) = +∞, k = 1,m. Òîãäà â ñèëó

òåîðåì 1 è 2 åñòåñòâåííî ïðåäïîëîæèòü, ÷òî îñöèëëèðóåìîñòü óðàâíåíèÿ (3) îáåñïå-
÷èâàåòñÿ íåðàâåíñòâîì

lim
t→+∞

m∑

k=1

t∫

hk(t)

ak(s) ds > 1/e. (4)

Óäèâèòåëüíî, íî íåñìîòðÿ íà òî, ÷òî ïîñëå 1982 ã. â ëèòåðàòóðå áûëî ñäåëàíî ìíîãî
ïîïûòîê ïðèáëèçèòü äîñòàòî÷íûå óñëîâèÿ îñöèëëèðóåìîñòè óðàâíåíèÿ (3) ê íåðàâåí-
ñòâó (4), âîïðîñ î òîì, âåðíî ëè âûñêàçàííîå âûøå ïðåäïîëîæåíèå, â ÿâíîì âèäå
ïîñòàâëåí íå áûë.
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Âûäåëèì ñëåäóþùèé ðåçóëüòàò.
Òåîðåìà 3. [4] Åñëè hk(t) = t− rk, ãäå rk = const > 0, k = 1,m, è

lim
t→∞

m∑

k=1

t+rk∫

t

ak(s) ds > 1/e, (5)

òî óðàâíåíèå (3) ÿâëÿåòñÿ îñöèëëèðóþùèì.
Â ðàáîòå [5] ïîêàçàíî, ÷òî åñëè ïðîìåæóòêè èíòåãðèðîâàíèÿ [t, t+rk] â óñëîâèè (5)

çàìåíèòü ïðîìåæóòêàìè [t − rk, t], òî â ñëó÷àå m > 1 òåîðåìà 3 îáðàòèòñÿ â íåâåð-
íîå óòâåðæäåíèå. Ñëåäñòâèåì ýòîãî ÿâëÿåòñÿ îïðîâåðæåíèå ñôîðìóëèðîâàííîãî âûøå
ïðåäïîëîæåíèÿ.

Îáîáùèòü òåîðåìó 1 íà ñëó÷àé óðàâíåíèÿ (3) óäàëîñü ñëåäóþùèì îáðàçîì.
Äëÿ k = 1,m îïðåäåëèì ñåìåéñòâî ìíîæåñòâ Ek(t) = {s > t : hk(s) < t}, t ∈ R+.
Ðàñøèðèì êëàññ óðàâíåíèé (3). Ïóñòü ôóíêöèè ak ëîêàëüíî ñóììèðóåìû, ôóíê-

öèè hk èçìåðèìû è hk(t) 6 t äëÿ ïî÷òè âñåõ t ∈ R+, k = 1,m, à ðåøåíèå óðàâíå-
íèÿ (3) îïðåäåëèì â êëàññå ëîêàëüíî àáñîëþòíî íåïðåðûâíûõ ôóíêöèé.

Ïóñòü ak(t) > 0 äëÿ ïî÷òè âñåõ t ∈ R+ è hk(t) →∞ ïðè t →∞, k = 1,m.
Òåîðåìà 4. [6] Åñëè

lim
t→∞

m∑

k=1

∫

Ek(t)

ak(s) ds > 1/e,

òî óðàâíåíèå (3) ÿâëÿåòñÿ îñöèëëèðóþùèì.
Òåîðåìà 4 ñóùåñòâåííî óñèëèâàåò òåîðåìó 1 äàæå â ñëó÷àå m = 1.
Ñëåäñòâèå. Åñëè ôóíêöèè hk, k = 1,m, íåïðåðûâíû è ñòðîãî âîçðàñòàþò ê

áåñêîíå÷íîñòè íà ïîëóîñè R+ è ïðè ýòîì

lim
t→∞

m∑

k=1

h−1
k (t)∫

t

ak(s) ds > 1/e,

òî óðàâíåíèå (3) ÿâëÿåòñÿ îñöèëëèðóþùèì.
Çàìåòèì, ÷òî èçëîæåííûé ïîäõîä ê îáîáùåíèþ òåîðåìû Êîïëàòàäçå�×àíòóðèÿ íà

ñëó÷àé óðàâíåíèÿ (3) íå åäèíñòâåííûé. Ñóùåñòâóåò èäåéíî èäóùèé îò ðàáîòû [7] èòå-
ðàöèîííûé ìåòîä, ñîñòîÿùèé â óòî÷íåíèè ëåâîé ÷àñòè íåðàâåíñòâà. Óïîìÿíåì òàêæå
òåîðåìó Õàíòà�Éîðêà [8], ïðåäëàãàþùóþ íå èíòåãðàëüíîå, à ¾òî÷å÷íîå¿ íåðàâåíñòâî.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ìèíèñòåðñòâà íàóêè è âûñøåãî
îáðàçîâàíèÿ Ðîññèéñêîé Ôåäåðàöèè, ãîñçàäàíèå FSNM-2020-0028.
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ÝÊÑÏÎÍÅÍÖÈÀËÜÍÀß ÓÑÒÎÉ×ÈÂÎÑÒÜ ÐÅØÅÍÈÉ ÑÈÑÒÅÌ
ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ ÓÐÀÂÍÅÍÈÉ ÍÅÉÒÐÀËÜÍÎÃÎ ÒÈÏÀ

Ñ ÐÀÑÏÐÅÄÅËÅÍÍÛÌ ÇÀÏÀÇÄÛÂÀÍÈÅÌ

Ò. Ûñêàê

Ðàññìîòðèì ñèñòåìó ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ðàñïðåäåëåííûì
çàïàçäûâàíèåì ñëåäóþùåãî âèäà

d

dt
(y(t) + D(t)y(t− τ)) = A(t)y(t) +

t∫

t−τ

B(t, t− s)y(s) ds, (1)

ãäå D(t) � ìàòðèöû ðàçìåðà n×n ñ íåïðåðûâíî äèôôåðåíöèðóåìûìè, T -ïåðèîäè÷åñ-
êèìè ýëåìåíòàìè, A(t) � ìàòðèöû ðàçìåðà n×n ñ íåïðåðûâíûìè, T -ïåðèîäè÷åñêèìè
ýëåìåíòàìè, B(t, s) � ìàòðèöû ðàçìåðà n × n ñ íåïðåðûâíûìè, T -ïåðèîäè÷åñêèìè
ïî ïåðâîé ïåðåìåííîé ýëåìåíòàìè, ò.å.

D(t) ≡ D(t + T ), A(t) ≡ A(t + T ), B(t, s) ≡ B(t + T, s).

Öåëü ðàáîòû ñîñòîèò â èññëåäîâàíèè ýêñïîíåíöèàëüíîé óñòîé÷èâîñòè íóëåâîãî ðåøå-
íèÿ ñèñòåìû (1) è ïîëó÷åíèè îöåíîê ðåøåíèé, õàðàêòåðèçóþùèõ ýêñïîíåíöèàëüíîå
óáûâàíèå íà áåñêîíå÷íîñòè.

Ïðè èññëåäîâàíèè óñòîé÷èâîñòè íóëåâîãî ðåøåíèÿ ñèñòåìû (1) èñïîëüçóåòñÿ ôóíê-
öèîíàë Ëÿïóíîâà�Êðàñîâñêîãî, ïðåäëîæåííûé â [2]:

v(t, y) =
〈
H(t)

(
y(t) + D(t)y(t− τ)

)
,
(
y(t) + D(t)y(t− τ)

)〉
+

+

τ∫

0

t∫

t−η

〈
K(t− s)y(s), y(s)

〉
dsdη +

t∫

t−τ

〈
M(t− s, s)y(s), y(s)

〉
ds.

Äàííûé ôóíêöèîíàë ÿâëÿåòñÿ àíàëîãîì ôóíêöèîíàëà Ëÿïóíîâà�Êðàñîâñêîãî èç [1].
Ââåäåì îáîçíà÷åíèÿ:

R(t) =
1

τ

(
M(τ, t− τ)−D∗(t)M(0, t)D(t)

)−D∗(t)K(0)D(t),

pH
min(t) � ìèíèìàëüíîå ñîáñòâåííîå çíà÷åíèå ìàòðèöû

PH(t) = H− 1
2 (t)P (t)H− 1

2 (t),

ãäå

P (t) = τQ11(t)− τQ12(t)Q
−1
22 (t)Q∗

12(t)−
τ∫

0

Q13(t, s)Q
−1
33 (s)Q∗

13(t, s) ds,
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Q11(t) = −1

τ

( d

dt
H(t) + H(t)A(t) + A∗(t)H(t) + M(0, t)

)
−K(0),

Q12(t) =
1

τ

(
H(t)A(t) + M(0, t)

)
D(t) + K(0)D(t), Q22(t) = R(t),

Q13(t, s) = −H(t)B(t, s), Q33(s) = K(s).

Òåîðåìà.Ïóñòü ñóùåñòâóþò T -ïåðèîäè÷åñêàÿ ãëàäêàÿìàòðèöà H(t) = H(t)∗ > 0
è ìàòðèöû K(s) = K∗(s) > 0, d

ds
K(s) < 0, s ∈ [0, τ ], è M(s, ξ) = M∗(s, ξ) > 0,

∂
∂s

M(s, ξ) < 0, s ∈ [0, τ ], ξ ∈ R, òàêèå, ÷òî

R(t) > 0, t ∈ [0, T ],

T∫

0

γH(s)ds > 0,

ãäå γH(t) = min
{
pH

min(t), k
}
, k > 0 � ìàêñèìàëüíîå ÷èñëî òàêîå, ÷òî

d

ds
K(s) + kK(s) 6 0,

∂

∂s
M(s, ξ) + kM(s, ξ) 6 0, s ∈ [0, τ ], ξ ∈ R.

Òîãäà íóëåâîå ðåøåíèå ñèñòåìû ýêñïîíåíöèàëüíî óñòîé÷èâî.
Îòìåòèì, ÷òî ïîìèìî ïðåäñòàâëåííûõ äîñòàòî÷íûõ óñëîâèé ýêñïîíåíöèàëüíîé

óñòîé÷èâîñòè ïîëó÷åíû êîíñòðóêòèâíûå îöåíêè ðåøåíèé ñèñòåìû (1), êîòîðûå õàðàê-
òåðèçóþò ýêñïîíåíöèàëüíîå óáûâàíèå ðåøåíèé íà áåñêîíå÷íîñòè.
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ON THE ROBUST STABILIZABILITY ANALYSIS OF
THREE-TIME-SCALE LINEAR TIME-INVARIANT SINGULARLY

PERTURBED SYSTEMS WITH DELAY

C.A. Naligama, O.B. Tsekhan

Let p , d
dt

be the di�erentiation operator, h = const > 0, e−ph be the delay operator:
e−phv(t) = v(t − h), e−jphv(t) = v(t − jh). The following Three-time-scale Singularly
Perturbed Linear Time-invariant System with Multiple Commensurate Delays in the slow
state variables (TSPLTISD) is considered in the matrix-operator form:




ẋ (t)
ẏ (t)
ż (t)


 = A

(
ε1, ε2, e

−ph
)



x (t)
y (t)
z (t)


 + B (ε1, ε2) u(t), x ∈ Rn1 , y ∈ Rn2 , z ∈ Rn3, (1)

with initial conditions: x (0) = x0, y (0) = y0, z (0) = z0, x (θ) = ϕ (θ) , θ ∈ [−h, 0).
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Here,

A
(
ε1, ε2, e

−ph
)

=




A11

(
e−ph

)
A12 A13

A21

(
e−ph

)

ε1

A22

ε1

A23

ε1

A31

(
e−ph

)

ε2

A32

ε2

A33

ε2



, B (ε1, ε2) =




B1

B2

ε1

B3

ε2



, (2)

Ai1

(
e−ph

)
,

l∑
j=0

Ai1je
−jph, i = 1, 3,

be matrix operators, Ai1j, Ai2, Ai3, Bi, i = 1, 2, 3, j = 0, l, be constant matrices of
appropriate dimensions; 0 < ε2 ¿ ε1 ¿ 1; x , y , z are the slow, fast and fastest
variables, respectively; x0 ∈ Rn1 , y0 ∈ Rn2 , z0 ∈ Rn3 , ϕ(θ), θ ∈ [−h, 0) , is a piecewise
continuous n1-vector function; u ∈ U, U is a set of piecewise continuous r -vector
functions for t > 0.

De�nition. For a given ε1 > 0, ε2 > 0 TSPLTISD (1) is considered to be stabilizable
if there exists the linear feedback controller,

u(t) =
(
F1(e

−ph) F2 F3

)



x (t)
y (t)
z (t)


, (3)

with, F1(e
−ph) ∈ Rr×n1, F2 ∈ Rr×n2 and F3 ∈ Rr×n3, such that the closed-loop system

(1), (2) is exponentially stable for the given, ε1 > 0, ε2 > 0 and t > 0.
If there exist numbers, ε∗1 > 0, ε∗2 > 0; for which TSPLTISD (1) is stabilizable for

any ε1 ∈ (0, ε∗1] and ε2 ∈ (0, ε∗2], the complete stabilizability is robust with respect to the
parameters ε1, ε2.

By C, the set of complex numbers is denoted. Let's consider S (C) to be in the set of
all the complex numbers C with negative real parts: S (C) = {λ ∈ C : Re λ < 0}.

Applying for a given ε1 > 0 , ε2 > 0 to the TSPLTISD (1) the criterion [1] (Theorem
2.) for the stabilizabilty of the state delay system, we obtain:

Theorem 1. For a given ε1 > 0 and ε2 > 0 the system (1) is stabilizable if and only if:

rank
[
λIn1+n2+n3 − A(ε1, ε2, e

−λh), B (ε1, ε2)
]

= n1 + n2 + n3 ∀λ ∈ C \ S (C). (4)

Assumptions. det A33 6= 0 and det [A22 − A23A
−1
33 A32] 6= 0.

Under the Assumptions the following n1-dimensional degenerate system with delay
(slow subsystem, DS), the n2-dimensional ε1-Boundary Layer System ( ε1-BLS) without
delay and the n3-dimensional ε2-Boundary Layer System ( ε2-BLS) without delay can be
obtained:

ẋs (t) = As

(
e−ph

)
x (t) + Bsu(t), xs ∈ Rn1, (5)

dŷ(τε1)

dτε1

= Afε1
ŷ(τε1) + Bfε1

ufε1
(τε1), ŷ ∈ Rn2, (6)

dẑ(τε2)

dτε2

= Afε2
ẑ(τε2) + Bfε2

ufε2
(τε2), ẑ ∈ Rn3. (7)

Theorem 2. The Degenerate System (5) of the TSPLTISD (1) is stabilizable if and
only if:

rank
[
λIn1 − As(e

−λh), Bs

]
= n1, λ ∈ C \ S (C). (8)
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Similarly, theTheorems on the stabilizabilty of the ε1-BLS(6), ε2-BLS(7) are established.
Theorem 3. Let the Assumptions be satis�ed, the DS (4), the ε2-BLS (6) and the

ε1-BLS (7) be stabilizable by a linear state feedback controls Fs(e
−ph), Fε2 , Fε1 , respectively,

conditions
det (A33 + B3F3) 6= 0,

det [(A22 + B2F2)− (A23 + B2F3)(A33 + B3F3)
−1(A32 + B3F2)] 6= 0, (9)

where the matrix operator F1(e
−ph) and matrices F2 and F3 are expressed in terms of

the matrix parameters of the system (1) and Fs(e
−ph), Fε2 , Fε1 , are satis�ed. Then, there

exist ε1
∗ > 0 and ε2

∗ > 0 such that the TSPLTISD (1) is stabilizable for all ε1 ∈ (0, ε∗1]
and ε2 ∈ (0, ε∗2], (i.e. robust with respect to the small parameters ε1, ε2) by a controller
in the composite form (3).

Sketch of Proof. The proof follows [3,4] using the results from [2,5]. Consider a
feedback law of the following form u(t) = us(t) + u1(τε1) + u2(τε2) where

us(t) = Fs(e
−ph)xs(t), u1(t) = Fε1 ỹ(τε1), u2(t) = Fε2 z̃(τε2).

Then by replacing xs by x , ỹ by y − ys , z̃ by z − zs , we obtain the control law of
the form (3). Applying the feedback law (3) to TSPLTISD (1) we obtain a closed-loop
system of the form of TSPLTISD (1). Since (9), then for su�cient small parameters the
closed-loop system can be decomposed into the exact slow, fast and fastest subsystems by
the appropriate nonsingular transformation [2, 5]. Then it is proved that the decoupled
closed-loop system is asymptotically close to closed-loop subsystems: DS and BLSs, which,
according to the assumption of the theorem, are stabilizable. Considering the preservation
of the full rank of a matrix under the small regular perturbation, and by the Theorem 2,
there exists ε∗1 > 0, ε∗2 > 0 , for which the TSPLTISD (1) is stabilizable for any ε1 ∈ (0, ε∗1]
and ε2 ∈ (0, ε∗2] with the composite control (3).

The results obtained are extensively discussed in an illustrative example for the further
veri�cation and demonstration of the �ndings of this study.
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